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Records of cosmic-ray intensity obtained on the R. M. S. 
Aorangi during 15 new voyages between Vancouver, 
Canada, and Sydney, Australia, from July 28, 1937, to 
September 23, 1938, with a Carnegie model C cosmic-ray 
meter, are discussed and compared with records taken 
during 11 voyages on the same route previously reported 
by Compton and Turner. The observed minimum of 
cosmic-ray intensity near the equator averages 10.3 per- 
cent less than the intensity at Vancouver, in good agree- 
ment with the value given by Compton and Turner. The 
correlation between the cosmic-ray intensity and the 
atmospheric temperature is confirmed. An atmospheric 
temperature coefficient is found to be a function of latitude, 
with its highest numerical value of —0.25 percent per °C for 
latitudes higher than 40° (N and S). With this variable 
temperature coefficient a latitude effect (about 8.5 percent) 


of magnetic origin alone is found. The mean latitude effect 
curve for 25 trips, corrected for external temperature, is 
flat beyond the critical latitudes (about 40°N and 38°S). 
The difference in cosmic-ray intensity between the North- 
ern and Southern Hemispheres beyond the critical latitudes 
after this temperature correction is found to be 0+0.1 
percent (probable error). This is inconsistent with a 
galactic rotation effect as great as the 0.5 percent pre- 
dicted by Compton and Getting, but does not definitely 
rule out a more recent modification of their calculation. 
The origin of the latitude effect knee is ascribed to the 
minimum energy required for a primary electron to pro- 
duce mesotrons capable of traversing the atmosphere. The 
small magnitude of the latitude effect is shown to supply 
strong evidence of the secondary nature of mesotrons. 





H. COMPTON and R. N. Turner have 

e recently described and discussed the 
records of cosmic-ray intensity obtained on the 
R. M.S. Aorangi during eleven voyages between 
Vancouver, Canada, and Sydney, Australia, from 
March 17, 1936, to January 18, 1937, with a 
Carnegie Model C cosmic-ray meter.' The 
present paper describes the cosmic-ray records 
obtained on the R. M. S. Aorangi during fifteen 
additional voyages over the same route from 
July 28, 1937, to September 23, 1938, with the 
same meter. From January 29, 1937, to July 13, 
1937, the meter was on the S. S. Talune, traveling 
between Newcastle (New South Wales) and 


Hobart (Tasmania). The method of collection 


1A. H. Compton and R. N. Turner, Phys. Rev. 52, 799 
(1937). 


and reduction of the data has already been 
explained.! 


ANALYSIS OF THE DATA 


In analyzing the data, the procedure of Comp- 
ton and Turner was followed. The barometer 
efiect was determined by correlating the daily 
mean values of the ionization J» with the daily 
mean values of barometer B in inches of Hg. For 
1936-37 a barometer effect of —10.9 millivolts 
per hour per atmosphere of argon per inch of 
mercury was determined, which value was used 
throughout. This corresponds to —1.74 percent 
per cm of mercury. Compton and Turner used 
the value — 10 millivolts per hour per atmosphere 
of argon per inch of mercury, or —1.6 percent per 
cm of mercury for the barometer effect. The 
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Fic. 1. Cosmic rays on the Pacific Ocean. 


daily mean values of the barometric pressure for 
1936-37 were obtained from a barograph calibra- 
tion not significantly different from that found 
for the new series of data used in this paper. The 
absolute ionization at the latitude of Chicago is 
given by Compton and Turner as 249 millivolts 
per hour per atmosphere of argon, which cor- 
responds to 84 ions per cm® per sec. in 50 atmos- 
pheres of argon, or 1.22 ions per cm? per sec. in 
standard air. The final observed intensities, after 
applying the barometric correction, are ex- 
pressed in percentages of this normal ionization. 

It has not been considered necessary to give 
all fifteen curves, each representing one trip, 
while the ship was at sea. All the data have been 
grouped, however, into two seasons, colder 
months (November 6-May 7) and warmer 
months (May 8-November 5), in order to discuss 
the dependence of cosmic-ray intensity on 
seasonal temperature. It has been previously 
shown by Compton and Turner! and Forbush? 
that the temperature coefficient of the meter is 
insignificant. 

2S. E. Forbush, Terr. Mag. 42, 1 (1937); Phys. Rev. 54, 
975 (1938). 


ANNUAL MEAN AND SEASONAL DIFFERENCES 


The solid curve in Fig. 1 shows the 12-month 
mean of all the observations taken between 
Auckland and Vancouver, while the broken curve 
shows the corresponding data (Fig. 6) of Comp- 
ton and Turner. Each point represents the 
arithmetic average of the values observed at the 
corresponding 2.5° interval. The total change 
between Vancouver and the equator is 10.3 
percent, which is the average of seasonal means 
that vary from 9.8 percent in the warmer months 
to 10.9 percent in the colder months. 

This value of 10.3 percent is identical with that 
reported by Compton and Turner. Previous 
measurements over the same route include the 
value of 13 percent given by Compton,’ as based 
on measurements with a shield equivalent to 
6.5 cm of lead, and the value of 11 percent given 
by Millikan and Neher,‘ who used a shield 
equivalent to 12 cm of lead, the same as that for 
measurements here reported. 

Minor differences between the present and the 


3A, H. Compton, Rev. Sci. Inst. 7, 71 (1936), Fig. 1. 
*R. A. Millikan and H. V. Neher, Phys. Rev. 50, 
(1936), Fig. 14. 
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COSMIC RAYS ON THE PACIFIC 1153 


earlier data of Compton and Turner are that the 
knee in the Southern Hemisphere comes at a 
higher latitude than in their curve, and that at 
latitudes higher than the knee the increase in 
intensity with latitude is smaller than theirs in 
both hemispheres. The intensity at Sydney is 0.4 
percent higher than the intensity at Auckland, 
while Fig. 6 of Compton and Turner shows 0.2 
percent higher intensity at Auckland than at 
Sydney. 

The latitude curve of Fig. 1 is extended farther 
south from Sydney (42.2°S)* to Hobart (Tas- 
mania) (51.6°S) by adding the data collected 
on S. S. Talune. Because the meter on S. S. 
Talune was placed under deck, the mean value of 
I, at Sydney was 3.88 percent lower than the 
mean value of J» at the same place while the 
meter was on R. M.S. Aorangt. Since no essential 
changes in the meter were made when it was 
transferred from R. M. S. Aorangi to S. S. 
Talune, it was assumed that the daily mean 
values of Jo at Sydney were unchanged. As the 
ship traveling between Newcastle (NSW) and 
Hobart (Tasmania) was seldom in port at 
Sydney over five hours, the mean I» at the port 
was obtained from daily means of J» for the days 
when the ship was between Newcastle (41.2°S) 
and 43.5°S. 

Figure 1 now shows the knees more distinctly. 


* Geomagnetic latitudes are used throughout. 











e.° 
avje ° 
> 
seue TO wart o ° 
‘4 co ° ° 
eete, 7 ° 
®o. 
6 oe 
“state, oe 5 ~ 
o°? oo $ e*e,0 ad 
° @6e 
° o. 
° 
- es 
a “4 eee? 
° 
° 
L. 
° 
° 
° 
~“ #o snes 
6 * way @ to se ee 
° ,e° 
ee? 
a stinan® ae 
oo set tte tel 
2° ° - 6 S 
8 ° ° ° 
e* Peo oO, 
. . 84 
gers 1 ' i ' ' ’ ' ' 
-40 -30 ~20 -10 ° 10 ae ae - ve 


SLOwAGHETIC tarityuote 


Fic. 3. Departures for colder and for warmer months 
from annual mean of ionization (AJ) and shade temperature 
of the outside air (AT), plotted for the various latitudes. 


They lie at about 40° in the Northern Hemisphere 
and at about 38° in the Southern Hemisphere. 
The increase in ionization beyond the knees is, 
within experimental error, the same in both 
hemispheres. 

The fluctuations of J») from 40°N to 52.5°N 
and from 10°N to 7.5°S are not ascribable to 
experimental error, but are due to diurnal changes 
in cosmic-ray intensity. For most of the trips 
the ship crossed at about noon the latitudes 
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Fic. 2. Latitude effect curves for colder months (Nov. 6 to May 6) and for 
warmer months (May 7 to Nov. 5) for 1937-38 data. 
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Fic. 4. Scatter diagram showing nonlinear correlation 
of Al vs. AT. 


where the intensity is slightly higher and at night 
where the intensity is lower. 


EFFECT OF ATMOSPHERIC TEMPERATURE 
ON IONIZATION 


Figure 2 shows that, in both the Northern and 
Southern Hemispheres, the intensity is greater 
during the cold months, as was likewise evident 
from Fig. 7 of Compton and Turner. They 
ascribed this variation to atmospheric rather 
than astronomical changes, a conclusion which 
was confirmed by the writer’ from data obtained 
at four widely separated stations, which showed 
no significant correlation with various astro- 
nomical variables. 

For each of the two curves of Fig. 2, the 


TABLE I. Atmospheric temperature coefficient of cosmic-ray 
tonization (reduced to standard barometer). 





| Coerri- | Pros- 
CIENT ABLE 
Avu- | PER- ERROR CORRELATION 
THORITY YEAR LOCATION | CENT PERCENT FACTOR 
Compton | Mar. 17,| Vancouver; —0.22 | +0.02 ~0.85+0.04 
and 1936, to | (54.8) 
Turner | Jan. 18, | 
1937 Auckland 0.16 +0.04 0.47 +0.15 
(41.1) 
| Sydney 0.10 +0.02 0.67 +0.10 
42.2) 
At Sea 0.18 +0.01 0.68 40.03 
This July 28, | Vancouver 0.13 +0.02 0.62 +0.07 
Paper | 1937, to (54.8) 
| Sept. 23, 
} 1938 Auckland 0.12 +0.04 —0.50+0.12 
(41.1 
Sydney —0.085 +0.03 0.36 +0.12 
>?) 
At Sea 
| between 
| 
A=15SS& 
iSN —0.05 +0.04 0.17 40.13 
h=I7h & 
| 40N&S5 | 0.31 +0.03 0.87 +0.04 
—0.29 +0.04 0.72 +0.07 


5 P. S. Gill, Phys. Rev. 55, 429 (1939). 
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Fic. 5, Atmospheric temperature coefficient as a function 
of geomagnetic latitude. 


departure of the ionization from the annual mean 
was noted for each 2.5° interval of latitude. 
These departures in the ionization were compared 
(Fig. 3) with the departure in the outside shade 
temperature from its annual mean at the same 
latitude. This analysis shows a definite correla- 
tion of opposite sign between the external shade 
temperature and the observed ionization only in 
regions outside an equatorial belt extending 
approximately 10° either side of the magnetic 
equator. In Fig. 3 are shown at each latitude the 
departures from the annual mean values of the 
external temperatures for cold and hot months 
of the year. Outside of the equatorial belt, the 
opposing trends of this temperature and ioniza- 
tion are evident in both curves. The opposing 
trends of temperature and ionization in the 
equatorial belt for summer and winter are not 
evident in Fig. 8 of Compton and Turner,' but 
do appear in their curves for spring and autumn. 
From the data in the scatter-diagrams of the 
atmospheric temperature vs. ionization, tem- 
perature coefficients of the ionization for two 
different latitude zones were computed. Table I 
gives the values of these coefficients together 
with those obtained last year by Compton and 
Turner! (Table 1). Values of the atmospheric 
temperature coefficient calculated in a similar 
manner for various land stations have recently 
been reported by the writer.® 

A scatter diagram of AJ vs. AT for all the data 
shown in Fig. 3 indicates (Fig. 4) that AJ is not 
a linear function of AT. It will be noted, however, 
that the smaller values of AT are obtained at 
lower latitudes than are the higher values. The 
fact that the slope of AJ vs. AT is steeper at the 
larger values of AT thus means that at the higher 
latitudes the atmospheric temperature coefficient 
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Fic. 6. Magnetic and atmospheric 


The values of a, the atmospheric temperature 
coefficient of the ionization, at intervals of 2.5° 
geomagnetic latitude can be found as follows: 
By definition a=(1/J,)(AI/AT), where J, is the 
absolute ionization due to cosmic rays and Al 
and AT are the mean ranges between summer 
and winter deviations from the annual mean at 
the latitude for which a@ is evaluated. The value 
of a was calculated separately from the data for 
10 trips reported by Compton and Turner and 
for the 15 trips analyzed in the present paper, and 
the mean was weighted accordingly. The results 
for latitudes greater than 10°N and S are shown 
in Fig. 5. At lower latitudes, because of the 
smallness of AT, the values of a become experi- 
mentally indeterminate. 

The open circles represent the coefficients thus 
calculated for the Northern Hemisphere, the 
crosses for the Southern Hemisphere, and the 
solid circles the mean between the two values. 
One of the most important sources of error is the 
occurrence of world wide changes in cosmic-ray 
intensity.2 When such a change persists for a 
prolonged period, it increases the apparent tem- 
perature coefficient in one hemisphere and 
decreases it in the other. For this reason the 


LATITUDE 


latitude effect for twenty-five trips. 


value of the mean between the two hemispheres 
is much more reliable than either individual 
value. Thus the atmospheric temperature coef- 
ficients beyond 40°, being based on measure- 
ments in the Northern Hemisphere alone, cannot 
be relied upon with the confidence that we have 
in the data between 30° and 40°. It is evident, 
however, that beyond 42.5°a appears to stay 
constant, and has its greatest numerical value. 
On the other hand, a decreases rapidly from 42.5° 
to 25° where it again appears to approach a 
constant minimum numerical value. This is in 
accord with Blackett’s® view, in which he points 
out that the temperature coefficient at the 
equator should be lower than at bordering 
latitude zones. 

It will be noted in Table I that the value of the 
temperature coefficient at Vancouver for this 
paper is 60 percent of that given by Compton 
and Turner, while those at Auckland and Sydney 
are the same within the probable error. The 
difference at Vancouver may be caused by 
sudden changes in ionization due to magnetic 
storms or other causes independent of the tem- 
perature of the atmosphere. 

“*P. M. S. Blackett, Phys. Rev. 54, 973 (1938). 
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ATMOSPHERIC AND MAGNETIC 
LATITUDE EFFECTS 


The upper part of Fig. 6 shows the corrections 
to be applied to the two curves of Fig. 2, and also 
to the two similar curves obtained from the data 
used by Compton and Turner, to correct for the 
changes in the atmospheric temperature. These 
corrections are made by reducing the data to the 
mean value of 21°C, supposing that the at- 
mospheric temperature coefficient is the function 
of geomagnetic latitude shown in the curve of 
Fig. 5. These correction curves thus represent 
a latitude effect of atmospheric origin, differing 
with colder and warmer months, which must be 
subtracted from the observed latitude effect 
curves to obtain the effect caused by the earth’s 
magnetic field. The solid curve of Fig. 6 is the 
mean (weighted, ratio 10:15) of 10 trips 
reported by Compton and Turner and 15 trips 
analyzed here. This curve thus represents the 
part of the latitude effect which is of magnetic 
origin. 

The lower (solid) 35°N is 
obtained by applying the temperature coefficient 
as given in Fig. 5. This curve shows a slight 
decrease for latitudes higher than the knee 
(40°N). Since from theoretical reasons it is very 
improbable that the corrected cosmic-ray in- 
tensity should thus diminish with increasing 
latitude, the decrease shown by the solid curve 
presumably indicates that an over-correction has 
been made for the atmospheric temperature coef- 
ficient. By the method of trial and error, it is 
found that if for these latitudes the value of a 
is taken as —0.19 percent per degree C, instead 
of —0.25 as given in Fig. 5, the magnetic latitude 
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Fic, 7. Comparison of corrected latitude effect for Northern 
and Southern Hemispheres. 
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Fic. 8. Magnetic latitude effect averaged for 
both hemispheres. 
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Fic. 9. Cosmic-ray ionization as a function of geomagnetic 
energy threshold. 


effect curve becomes horizontal. It is thus that 
the broken curve of Fig. 6 is calculated. The 
assumption of a flat geomagnetic latitude effect 
curve beyond the knee thus affords an inde- 
pendent method of determining the atmospheric 
temperature coefficient. Since the result does not 
differ too greatly from that obtained directly,* 
we may conclude that the assumption of flatness 
is consistent with the experimental data. That 
is, there is no evidence of a geomagnetic latitude 
effect beyond the knee. 


COMPARISON OF INTENSITY IN THE NORTHERN 
AND SOUTHERN HEMISPHERES 


Compton and Getting’ predicted an excess of 
cosmic-ray intensity of about 0.5 percent in the 


*It may be noted that the temperature correction 
applied in Fig. 6 should be correct only if, for a sea-level 
temperature of 21°C, the temperature at every altitude is 
the same at all latitudes. It is clear that this is not in 
general true. The method of correction can thus be expected 
to remove differences of only the first order 

7A. H. Compton and I. A. Getting, Phys. Rev. 47, 817 
(1935). 
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north, due to the motion of the earth with the 
rotation of the galaxy. The comparison of 
intensity in the Northern and Southern Hemi- 
spheres should be significant only for latitudes 
where the influence of the earth’s magnetic field 
becomes negligible, that is, beyond the latitude 
knees (40°N and 38°S). This portion is shown in 
Fig. 7, where the corrected intensity curves for 
latitudes higher than 30°N and S are given. The 
question arises, which of the two curves in the 
north (broken or solid, as explained in the last 
section) is to be taken as the more reliable. Sup- 
posing that the curve which shows a flat plateau 
is the better measure, we find an exact equality 
of intensity in the two hemispheres. 

A rough estimate of the probable error of this 
equality gives +0.1 percent, in which estimate 
the largest factor is that introduced by the 
uncertainty in the temperature correction. 

This result indicates that a difference of 0.5 
percent between the Northern and Southern 
Hemispheres are predicted by Compton and 
Getting is very improbable. It should be noted, 
however, that if the sun’s motion with the rota- 
tion of the galaxy is, as indicated by the recent 
study by Camm,’ only 200 instead of 300 km per 
sec., as assumed in the earlier calculations, the 
precision of the present measurements is inade- 
quate definitely to rule out the possibility of the 
predicted effect. 


DISCUSSION OF LATITUDE CURVE 


In Fig. 8 is shown the mean cosmic-ray in- 
tensity J for 25 trips, corrected for external tem- 
perature, as a function of \. This curve, based 
upon the broken curve of Fig. 6, shows no in- 
crease in intensity for latitudes higher than 40°. 
That is, at sea level, beyond Compton's latitude 
knee, no detectable latitude effect of geomagnetic 
origin exists. Lemaitre and Vallarta® have given 
the threshold energy Eo as a function of \ for 
vertically incident electrically charged primaries 
(electrons). Thus at a certain latitude only those 
electrons can enter the earth’s atmosphere which 
have energies greater than Eo. From this relation 
between E, and \, the curve of Fig. 9 shows the 
cosmic-ray intensity vs. threshold energy Eo. As 


*G. L. Camm, Roy. Astr. Soc. 99, 71 (1938). 
*G. Lemaitre and M. S. Vallarta, Phys. Rev. 50, 493 
(1936). 
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this curve is obtained at sea level with a lead 
shield around the ionization chamber of 12 cm, 
the curve represents the latitude sensitive part of 
the penetrating radiation, presumably mesotrons, 
as a function of the threshold energy Eo of the 
primary electrons. 

One can compare the mesotron intensity at 
different latitudes corresponding to certain 
threshold energies E» as given in Fig. 9 with the 
energy distribution curve of mesotrons obtained 
by the Wilson chamber method” and as cal- 
culated by Euler and Heisenberg." In order to 
calculate the energy spectrum at sea level Euler 
and Heisenberg assumed that all of the mesotrons 
are produced as secondaries by the soft com- 
ponent at the same altitude (about 16.6 km) in 
the atmosphere. For the spectrum of the primary 
electrons they consider a distribution function of 
the following kind: F(E)=I»XE-? where F(£) 
represents the number of the vertically incident 
electrons having energies greater than E, J» and 


e(in iP ev). 
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Fic. 10. Energy distribution curves: (A) for electrons at 
the top of the atmosphere; (B) mesotrons at sea level; 
(C) latitude vs. threshold energy. 


10 P. M. S. Blackett, Proc. Roy. Soc. A159, 1 (1937). 
1H. Euler and W. Heisenberg, Ergeb. Exakt. Naturwiss. 
17, 1-70 (1938). 
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y are empirical constants. On the further as- 
sumption that the created mesotrons have the 
same energy distribution as the primaries, Euler 
and Heisenberg calculate the variation of the 
energy spectrum as the mesotrons travel through 
the earth’s atmosphere losing energy by ioniza- 
tion” and by spontaneous decay.'* Thus at sea 
level they obtain an energy distribution of 
mesotrons given by the broken line B of Fig. 10. 
This curve is represented in a double logarithmic 
diagram where log F(£) (number of vertically 
incident mesotrons per minute per cm*) is ordi- 
nate and log £& is abscissa. The curvature in the 
energy spectrum of the mesotrons at sea level 
compared with the straight line distribution at 
the top of the atmosphere is caused by the spon- 
taneous decay of mesotrons in air which in- 
creases with decreasing energy of the particles. 
The straight line A in Fig. 10 represents the 
corresponding energy distribution of electrons at 
the top of the atmosphere when y is given the 
value 1.8.'* The broken curve is in good agree- 
ment with the energy distribution curve obtained 
from Wilson cloud-chamber measurements in the 
same range of energies by Blackett.” 

Curve C represents the observed ionization, 
produced at sea level by mesotrons, as a function 
of the threshold energy of the primary electrical 
particles. The following characteristics are evi- 
dent: (1) For energies smaller than 6X 10° ev 
(knee) the ionization produced by the mesotrons 
is independent of the energy of the primaries, and 
does not follow the energy spectrum determined 
by (A) and (B). (2) For energies greater than 
6X 10° ev (knee) the ionization produced by the 
mesotrons varies with the threshold energy of the 
primaries, but much less rapidly than does the 
number of the primary electrons (A). 

These differences between curves C and A give 
clear evidence that the mesotrons which produce 
the ionization in our lead-shielded chamber at 
sea level are not the primary particles which are 
affected directly by the earth’s magnetic field. 
Rather it appears that the mesotrons are created 
as a secondary radiation in the atmosphere, and 


2H. A. Bethe and W. Heitler, Proc. Roy. Soc. A146, 83 
(1934). 

8 Yukawa and M. Taketani, Proc. Phys. Math. Soc. Jap. 
20, 720 (1938). 

“1. W. Nordheim, Phys. Rev. 53, W. 
Heitler, Proc. Roy. Soc. A161, 261 (1937). 
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hence reflect only that dependence on the earth's 
magnetic field to which the much higher energy 
This 


meso- 


primaries that excite them are subject. 
evidence for the secondary nature of the 
trons from a consideration of the latitude effect 
has been discussed by Euler and Heisenberg." 
Professor Compton has suggested that the 
knee of the latitude curve should occur for that 
minimum energy of the secondary mesotrons 
which enables them to penetrate the barrier of 
the earth’s atmosphere. This hypothesis is based 
on the now evident fact that neither electrons nor 
photons of any reasonable energy are able to 
penetrate the atmosphere, and that the pre- 


dominant ionization at sea level seems to be 
caused by mesotrons and their secondaries. If we 
make the reasonable assumption that some of 
these mesotrons traverse the atmosphere with no 
energy loss other than that caused by ionization, 
for the minimum 


It may be 


various calculations’ give 
required energy about 2.5X10° ev. 
noted that the mean decay constant for meso- 
trons taken as fp9=2X10~' their 
effective height of production as 25 km, con- 


sidering merely the decay, there should remain 


is Ssec., and 


at sea level about 30 percent of the initial meso- 
trons of this threshold energy. Thus the sharply 
limiting factor is not the decay rate, but the 
ionization. 

The minimum energy of the primary particle 
required to excite such secondary mesotrons will 
depend upon the nature of the exciting process. 
Perhaps as probable a mechanism as any is that 
the primary cosmic ray is an electron, positive 
an atomic 


or negative, which on collision with 


nucleus in the atmosphere produces a photon 
(x-ray) whose energy will be of the order of, but 
less than, that of the primary electron. As in 
electron pair production, we may suppose that 
if the resulting photon generates a mesotron, a 
pair of positive and negative mesotrons is pro- 
duced, between which the energy is approxi- 
mately equally divided. Thus if EF, is the energy 
of the primary electron, E, that of the photon, 
and £,, that of each of the mesotrons, 


E,> E,=2Ean. 
From £,,=2.5X10° ev, we thus find for the 
4H. J. Bhabha, Proc. Roy. Soc. Al64, 257 (1938). 
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threshold energy of the primary electrons, 
E.>5X10° ev. 


This is in satisfactory agreement with the 
threshold energy of the latitude effect, which 
according to Fig. 9 occurs at about 6X 10° ev. 

Primary particles with energies less than 
510° ev should thus not produce any ionization 
at sea level, which would account for the absence 
of any latitude effect beyond 40 degrees. At 
higher altitudes, since the minimum energy 
required to penetrate the atmosphere is less, one 
should expect a shift of the knee to higher lati- 
tudes. This is in qualitative agreement with the 
recent experimental results. 

On the other hand, mesotrons of energies less 
than 2X10° ev, which constitute the more 
abundant part of those observed at sea level, 
have too little energy to penetrate the atmos- 
phere. These must therefore have been produced 
far below the height (about 25 km) at which the 
first production occurs, and hence must be the 
result of several stages of energy transfer. That 
such production of mesotrons at relatively low 
altitudes does indeed occur is demonstrated by 
the recent airplane experiments of Schein and 
Wilson.'* It follows that the energies of the 
primaries producing them must have been many- 
fold greater than the mesotron energies. It is 
thus not to be expected that they would be 
influenced by the earth’s magnetic field. In this 


1M. Schein and V. C. Wilson, Phys. Rev. 54, 304 
(1938). 


manner we can account for the small magnitude 
of the observed latitude effect, and the difference 
between curves B and C of Fig. 10. 

For threshold energies higher than 6X 10° ev 
(knee) a certain number of the primary electrons, 
producing those mesotrons which are capable of 
penetrating the barrier of the earth’s atmosphere, 
is cut off at certain latitudes by the earth's 
magnetic field. Therefore a definite latitude effect 
of the penetrating radiation at sea level is present 
for energies between E=6X10° ev and E=15 
< 10° ev, beyond which energy the earth’s field, 
even at the equator, ceases to act as a barrier. 

The author wishes to express his sincere 
appreciation to Professor A. H. Compton for 
assigning the problem and for his inspiring 
guidance throughout the investigation. It is a 
pleasure to thank Mr. R. N. Turner for his 
careful and remarkable work in taking care of 
the meter. Thanks are due likewise to the 
Canadian Australasian Steamship Company for 
permission to build the cosmic-ray observatory 
on the R. M. S. Aorangi, to the Union Carbide 
and Carbon Corporation for supplying the bat- 
teries required for operating the meter, and to the 
Carnegie Institution of Washington for the use of 
the cosmic-ray meter. The author also wishes to 
thank Mrs. Ardis T. Monk for help in calcula- 
tions, and Dr. M. Schein for valuable discus- 
sions. Professor P. W. Burbidge of Auckland 
University College and Mr. F. L. Code of Van- 
couver have given valued help in the adjustments 
of the meter. 
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A Compact Pressure-Insulated Electrostatic X-Ray Generator 
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A compact, pressure-insulated, electrostatic x-ray gener- 
ator has been developed for scientific and medical purposes. 
A major object of the work was the investigation, with a 
small and thus flexible machine, of the principles and design 
factors involved in pressure-insulated electrostatic genera- 
tors with a view to the subsequent development of higher 
voltages in compact apparatus. The generator is housed in 
a steel tank 34 in. in diameter and 100 in. high. At air 
pressures of 11 atmospheres absolute, 1250-kv x-rays are 
obtained with target currents of over one milliampere 
supplied by the single 14-in. belt. With Freon gas the same 


1.25-MEGAVOLT x-ray generator using 

compressed-gas insulation has been de- 
veloped at the Massachusetts Institute of Tech- 
nology for scientific and medical purposes. This 
is a continuation of the Institute’s program of 
developing penetrating x-ray sources, using elec- 
trostatic generators. A previous 1.0-megavolt 
air-insulated x-ray generator’ has been in use 
at the Huntington Memorial Hospital in Boston 
since March 1, 1937, during which period about 
700 complete treatment series totaling about 
10,000 individual treatments have been given. 
The clinical results obtained with the Huntington 
generator have indicated, in a preliminary way at 
least, the advantage of very high voltage x-rays 
for certain types of malignancy.”: * The present 
development was undertaken with the object of 
producing a more simple and compact source of 
such radiation. A further object was to investi- 
gate the design factors involved in the applica- 
tion of pressure insulation to electrostatic gener- 
ators and acceleration tubes, with a view to 
later developing very compact generators capable 


of many megavolts. 


HiGH VOLTAGE SOURCE 


Figure 1 shows a sectional view of the appa- 
ratus. The generator and acceleration tube are 





1]. G. Trump and R. J. Van de Graaff, J. App. Phys. 8, 
602 (1937). 

2? R. Dresser and J. Spenser, New England J. Med. 218, 
415 (1938). 

*R. Dresser and J. Rude, J. Am. Med. Assoc. 111, 1834 
(1938). 


voltages and currents can be obtained at one-third the 
pressure required with air. The problem of belt charge is 
analyzed and a method is described for controlling the 
electrostatic fields within the column in order to realize 
the high charge densities possible at high pressure. The 
construction of a supporting column of high breakdown 
strength, and other features of the design are described 
At 1250 kv the x-ray intensity per milliampere of target 
current is about 340 roentgens per minute at 50 cm from 
the target in the direction of the electron beam with five 
mm of lead equivalent filtration. 


contained within a vertical steel tank 34 in. in 
inside diameter and 100 in. in length. The tank 
is divided into three sections, the upper two being 
completely removable for accessibility to the 
apparatus within. The high voltage source is an 
electrostatic generator of the belt type,‘ in which 
electric charge is continuously transferred be- 
tween a high voltage terminal and ground by a 
rapidly moving belt of insulating material. The 
terminal consists of a brass spinning set on a 
brass casting, and is 24 inches in diameter and 
19 inches in over-all height. The gap from 
terminal to tank is 5 inches at the sides of the 
terminal and about 7 inches at the top. 


GENERATOR COLUMN 


The high voltage terminal is supported on 
three Textolite pillars built up of a series of 
corrugated Textolite disks 3 inches in diameter 
with laminations These disks are 
separated by thin brass sheets which extend 
across the column so as to define a succession of 


horizontal. 


flat conducting surfaces between the high voltage 
terminal and the ground plane. These transverse 
sheets each support a brass hoop made of 3-inch 
tubing so as to present a smooth exterior column 
surface.’ The total potential on the terminal is 
divided equally between these transverse con- 
ducting members by connecting a spiral-type 
high voltage resistance of 400 megohms across 
*R. J. Van de Graaff, Phys. Rev. 38, 1919 (1931). 

3 


R. G. Herb, D. B. Parkinson and D. W. Kerst, Phys. 
Rev. 51, 75-83 (1937). 
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Fic. 1. Sectional view of pressure-insulated x-ray generator. 


each gap, following a previously described prin- 
ciple.* The length of the column is about 50 
inches. There are a total of 40 insulating sections 
in this distance, and the lowest of the transverse 


*R. J. Van de Graaff, K. T. Compton and L, C. Van 
Atta, Phys. Rev. 43, 149 (1933). 





conducting members establishes the ground plane. 
The use of solid insulation with the laminations 
flatwise so as to present the direction of greatest 
dielectric strength to the voltage was found 
necessary to insulate the generator voltage in 
the short column length. At 11 atmospheres 
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pressure absolute the flashover strength of the 
corrugated disk insulators between the conduct- 
ing planes has been found by test to be 220 
kilovolts whereas when the generator is operating 
at 1000 kilovolts the stress is only 25 kilovolts 
per insulator, thus giving a safety factor of 
about nine. 


CHARGING SYSTEM 


The charge is carried on a single, three-ply, 
rubber-fabric belt 14 inches wide and running at 
5000 ft. per minute. This belt is driven by a 
10-horsepower, 3450-r.p.m., 3-phase induction 
motor. Negative electric charge is sprayed on the 
belt at the lower grounded end from a row of 
corona points directed at the pulley and supplied 
with power from a controllable 40-kv trans- 
former-rectifier set. Within the high voltage 
terminal this charge is collected by a corona-point 
collector and serves to bring the insulated upper 
pulley to such a potential relative to the terminal 
that a second corona rod connected to the 
terminal and directed at the upper pulley sprays 
an approximately equal amount of positive 
charge on the downward run of belt. 


THE ELEcTRIC FIELD DUE TO 
BELT CHARGE 


CONTROL OF 


If the charge distribution is assumed to be 
uniform on all belt surfaces, the current of 370 
microamperes which is now transferred by the 
14-inch wide belt at one atmosphere pressure of 
air corresponds to a gradient due to the belt 
charge of about 12,000 volts per centimeter. 
This gradient is directed outward from each 
surface of each run of the belt. At the higher 
currents obtained at higher pressures this surface 
gradient is proportionately higher; for example, 
at 1.85 milliamperes, the gradient is about 
60,000 volts per centimeter. The 
gradient due to belt charge, though rarely a 
source of difficulty at atmospheric pressure, may 
difficulties at higher 


transverse 


cause serious sparking 
pressure unless the problem is recognized and 
suitable control of the fields due to belt charge 
established. 

In the usual 
pressure-insulated electrostatic generators the 
electric field due to the belt charge extends the 


arrangement*:* employed in 
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entire distance from the belt surface to the equi- 
potential rings, and hence causes the potential 
of the belt to be greatly different from the 
potential of the ring at that same level. More. 
over, since the belt looks out upon a ring which 
is at a varying distance due to its curvature, the 
potential across the width of the belt is also 
varying at any transverse level. On the inner 
surfaces of the belt, the field due to belt charge 
usually extends across the distance between belt 
runs, the lines of force from a negatively charged 
belt terminating on the positive charges carried 
by the adjacent run. Here the relatively large 
spacing between belt runs again results in a 
high difference of potential in the same trans- 
verse plane between the two runs of the belt. 
When the runs of belt are carrying unequal 
currents the variation of potential in the trans- 
verse plane is evidently even greater than with 
the assumed balanced charge distribution. Thus 
in the usual construction large potential varia- 
tions exist in the transverse plane due to the 
charge carried by the belt, potential variations 
which may be of the order of hundreds of 
thousands of volts. This 
found to limit the steady current which can be 
carried under high pressure to a value not much 


situation has been 


greater than can be carried by a belt under 
normal pressure. It is evidenced by great current 
unsteadiness and by sparking or gliding dis- 
charges along the belt even with the terminal 
grounded, and it results in a limitation of the 
steady voltages which can be insulated by the 
pressure generator when an increase in current is 
attempted ; this limitation is due to the condition 
of ionization and local breakdown which sets in 
along the belt. 

These difficulties due to the charge on the belts 
can be substantially eliminated by localizing the 
resultant field by means of conducting tubes 
connected to the 
spaced and parallel to each face of each belt. 
These tubes which are shown endwise in Fig. 1, 
and again in the partially assembled column in 
Fig. 2, evidently reduce to a relatively small 
value the variation in potential in the transverse 
plane due to the belt charge. While these parallel 


column hoops and closely 


tubes have an important corrective effect even 
when spaced several inches from the belt, it has 
been found best to place them almost in contact 
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Fic. 2. View of partially assembled generator column. 


with the belt surface. In this generator the 
spacing is one-quarter inch from the belt surface 
to control tube. If a surface gradient of 60,000 
volts per centimeter is assumed, the potential 
difference between the charged belt and the 
column in any transverse plane is only about 
40,000 volts. Without such control, the expected 
increase in the charge densities and current 
output of the belt with pressure could not be 
obtained. 

This arrangement of field-control tubes closely 
spaced to each side of each run of the belt at 
the same time effectively divides the belt length- 
wise into a series of short sections with a con- 
trolled potential applied to each, and thereby 
increases the breakdown strength along the belt. 
Since the length of the column is governed 
primarily by the length of belt required to 
insulate the desired terminal voltage, this in- 
crease in the dielectric strength along the belt 
is significant. Moreover, the requirement of 
equal charge on each run of belt, which is difficult 
to realize for all currents and all pressures, par- 
ticularly when a self-inducing charging arrange- 
ment is used in the high voltage terminal, is 
eliminated by the shielding effect of the con- 
ducting tubes which pass between the two runs 
of the belt. The acceleration tube is likewise 
shielded from the electrostatic field due to the 
belt charge. 

With this method of belt charge control the 
expected steady increase with pressure of the 
charge-carrying capacity can be obtained. This is 





shown in Fig. 3 for the case of air and Freon. 
All currents are measured with the terminal 
approximately at ground potential. The increase 
in current is nearly linear with pressure, steady 
currents of almost two milliamperes being ob- 
tained at 11 atmospheres of air absolute. Freon 
is seen to give the same currents at one-third 
the pressure required in the case of air. The 
above principle of controlling and limiting the 
electric field due to the belt charge appears to 
be fundamental to the realization of the full 
current-carrying capacity and full compactness 
of pressure-insulated electrostatic belt generators. 


EFFECT OF PRESSURE AND GAS ON VOLTAGE 


Figure 4 shows the variation of maximum 
voltage with pressure for air and Freon. In all 
cases the voltage limitation, as was desired in the 
design, was due to sparking from the high voltage 
terminal to the side of the tank. With air at 
165 lb. per square inch absolute, maximum 
voltages of 1.4 megavolts can be obtained. With 
pure Freon at 50 lb. per square inch absolute, 
voltages up to 1.5 megavolts are obtained. The 
voltage rises nearly linearly, and insulation for a 
million volts is obtained at 30 Ib. per square inch 
absolute. It is seen that with this gas the same 
voltage is insulated at somewhat less than one- 
third the pressure required with air. The use of 
Freon (dichlorodifluoromethane) for the time in- 
volved in these tests did not produce any in- 
jurious effect on the material, although consider- 
able sparking and hence decomposition of the 
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and Freon. 


gas was permitted in order to determine the 
maximum voltage. The study of this and other 
gaseous compounds for use as the insulating 
medium in pressure-insulated electrostatic gener- 
ators is being carried on as a separate research. 


X-Ray ACCELERATION TUBE 


The x-ray tube is of the cascade type and 
consists of sixteen porcelain sections mounted 
vertically; the voltage is distributed equally 
between sections by connection to the transverse 
conducting planes of the column. The porcelain 
sections are corrugated inside and outside, and 
have an external diameter of six inches. The 
method of assembly differs from that used in the 
Huntington Hospital x-ray tube in the elimi- 
nation of the tie rods, as the separate porcelain 
sections are permanently cemented together at 
assembly. Rings of wire are attached to the 
corrugations of the tube, both inside and outside, 
to improve the potential distribution. On the 
inside of the tube these rings have the additional 
effect of preventing axially unsymmetrical space 
charges on the tube walls, which would have a 
deflecting effect on the cathode stream. 


AND R. 
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Electrons are emitted from a 10-mil flat spiral 
filament in a hemispherical cup at the upper end 
of the tube, and directed in a parallel beam by 
electrostatic lenses which acquire their potential 
from the column. At the cathode end of the tube 
a series of annular rings are mounted on rods fixed 
to each of the transverse conducting planes as 
shown in Fig. 1. Except for these first few 
acceleration stages, the accelerating electrodes 
each consists merely of a flat metal disk with a 
large central hole. This general construction is 
simple, permits higher pumping speed due to 
elimination of the usual tubular electrodes, and 
allows excellent focusing. The electron source is 
mounted with a metal bellows to permit the 
centering of the focal spot on the target. The 
position of the focal spot does not shift over the 
entire range of voltage; the size of the spot 
diminishes from approximately three-quarters of 
an inch in diameter at 200 kv to three-eighths of 
an inch in diameter at No 
magnetic focusing is used. The x-ray target 
consists of a double copper cup between which 
water is circulating, the inside of which is coated 
with a 10-mil thickness of gold. The target is 
insulated from the tube extension so that the 
current to the target can be read on a milliamme- 
ter at the control panel. The x-rays are defined to 
a beam by a four-inch lead sheath with a bottom 
portal so that the rays utilized in treatment are 
the downward direction 


1.25 megavolts. 


those transmitted in 
through the target and water-cooling jacket. 


OPERATION 


Instruments for reading the current arriving at 
the target, the accelerating voltage, and the 
X-ray intensity, are mounted on a remotely 
located control panel. The controls may be left at 
a predetermined voltage and current setting, and 
full voltage and current applied in about a 
second without injury to the tube. The generator 
remains stable at the same voltage and current 
values over long periods of time and requires only 
occasional adjustment to prevent slow drifting. 
The voltage is read with an accuracy of about one 
percent by means of a generating voltmeter 
of special design, mounted on the top of the 
tank. 
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X-Ray Output 


The generator can be operated at all voltages 
from 200 kv to 1250 kv with a current on the 
target of well over one milliampere. At 1250 kv 
with about 5 mm of lead equivalent filtration, the 
x-ray intensity per milliampere in the downward 
direction 50 centimeters from the target is about 
340 roentgens per minute. Various measurements 
of the physical properties of the radiation pro- 
duced are now being made. 


ACKNOWLEDGMENTS 


We are glad to take this opportunity of 
acknowledging the very able assistance in this 
development of Mr. Robert W. Cloud and Mr. 
Augustus T. Norton, Jr., as well as the help of 
Mr. Francis J.Safford during the summer of 1938. 

In conclusion we gratefully acknowledge the 
generous grant of the Godfrey M. Hyams Trust 
which made possible the work described in this 


paper. 





JUNE 15, 1939 


PHYSICAL 


REVIEW VOLUME 55 


Dipole-Dipole Resonance Forces 


G. W. Kina,* Sterling Chemistry Laboratory, Yale University, New Haven, Connecticut 


AND 


J. H. Van Vieck, Harvard University, Cambridge, Massachusetts 
(Received April 12, 1939) 


London has shown that at fairly large interatomic 
distances r, the polarization energy of a molecule composed 
of two identical atoms varies not as the customary r~*, but 
rather as r~ in case one atom is in the ground state, and 
the other is in an excited state which can combine by 
dipole transitions with the ground level. The present paper 
is concerned with the size and sign of this dipole-dipole 
resonance energy obeying the inverse cube law. The sign 
has no immediate relation to the sign of the exchange and 
penetration forces which predominate at closer approach. 
This possibility of a change from repulsion to attraction 
results in one of the stable levels of the group of first 


INTRODUCTION 


T IS well known that the polarization of van 

der Waals energy of a molecule composed of 
two unexcited atoms varies as the inverse sixth 
power of the interatomic distance r. The inverse 
third power, however, occurs for a molecule com- 
posed of two identical atoms when one of them 
is in the ground state, and the other is in an 
excited state which can ‘‘combine,”’ in the spec- 
troscopic sense, with the normal state. The 
mathematical origin of this anomalous inverse 
cube energy is quite clear. In the energy matrix 
the elements connecting the different approxi- 
mate states are, at large distances, dipole-dipole 


* This work was done as a National Research Fellow, 
1937. 


excited states (derived from separate atom configuration 
S+P for example) having a lip of activation energy before 
decomposition into atoms. There will also be a ‘‘repulsive’’ 
state having a shallow minimum at large separations. 
Molecules of the heavy atoms have an activation lip so 
large that the whole stable region is above the dissociation 
energy. Potential curves of this type have previously been 
derived empirically from spectroscopic analysis in the case 
of Hg: and Cd». The lip is less pronounced in lighter atoms 
but is none the less real, and has experimental confirmation 
in the Naz spectrum. 


interactions proportional to 1/r*. In the diagonal- 
ization of the matrix by perturbation theory 
such nondiagonal terms in general occur as the 
square, ~1/r*, in the energy expression, corre- 
sponding to the potential of the familiar van der 
Waals forces. If, however, there is degeneracy, 
the nondiagonal elements appear to the first 
power, ~1/r’ in the energy expression. Physically 
this kind of. coupling could be described as 
exchange of excitation—the de-excitation of one 
atom with excitation of the other. The existence 
of a 1/r term was first pointed out by Eisen- 
schitz and London! in the first excited states of 
H>. Such a term, however, will occur in certain 


~ 1R. Eisenschitz and F. London, Zeits. f. Physik 60, 491 
(1930). See also H. Margenau and W. W. Watson, Rev, 
Mod. Phys. 8, 33 (1936). 
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levels of any molecule formed of like atoms, and 
often is of considerable magnitude and long 
range. It is the purpose of the present paper to 
examine it somewhat more thoroughly than 
previously. 


CALCULATION OF THE INTERACTION 


The only molecular states in which such 
forces occur are those composed of atoms in 
states between which there is a dipole moment, 
e.g., S+P, P+D, etc. The most important cases 
are the states arising from the configuration 
S+P. 

At distances where electronic exchange inte- 
grals are small, molecular binding is Hund’s case 
b; single electronic eigenfunctions need be used no 
longer, but simply functions of the atom as a 
whole, say S and P. That is, the approximate 
molecular functions may be taken as SP and PS, 
the notation PS indicating interchange of the 
whole atoms. We must make a definite conven- 
tion once and for all about this operation of 
“interchange of atoms,”’ say 


Xi, Vi, 2; (atom 1)—>x;, yi, 2; (atom 2), (1) 


where the x, y, 2, coordinates of each atom are 
parallel. In what follows, we shall take the z 
axes to be parallel to the internuclear axis. This 
definition of ‘interchange’ means simple trans- 
lation, with no reflection in center of gravity. 
The latter definition, of course, would be just 
as good. 

The mathematics of finding the energy levels 
and the wave functions is the same as in the 
Heitler-London treatment of the hydrogen mole- 
cule. The energy matrix (Slater’s notation) is, 
allowing for nonorthogonality 


(SP,H ag 


(SP, H SP) 
(PS, H PS) 


(PS, H SP) 


Nm 


1 (SP, PS “I 
x ( PS, SP) 1 ) 
with energy levels 


W=[(SP, H SP)+(SP, H PS)] 
[i+(SP, PS)*] (3 


for eigenfunctions symmetric S4 and antisym- 
metric A‘ with respect to interchange of the 


a; 3 
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atoms. The corresponding wave functions are 
¥y=(SP+PS)/[2+2(SP, PS)*}}. (4) 

We shall henceforth disregard the small non- 

orthogonality corrections and so treat the de- 

nominator of (3) as unity. 

Perturbation energy 


In the general case of m electrons in each atom 
the perturbing part of the Hamiltonian is 


ws 


oe a. 


yay, | fEs eB — 


TipA ria B at; r 


that is, the potential of the electrons of one atom 
in the field of the other nucleus, and the mutual 
repulsions of all the electrons and of the two 
nuclei. 

Whatever the value of this potential func- 
tion may be expanded in a Taylor series to give, 


in terms of the Cartesian coordinates of the 
electrons, 
na n , n 
re? HT! = (> xis) (> xis) + (> via) (Do yis 
' : : , 
nh n 
-2(¥'s Ss: 6) 


plus higher terms. The terms written are dipole- 
dipole interactions. 

Thus the matrix element (SP, H’ SP) is zero, 
while the atom exchange element (SP, H’ PS) 


becomes 


er | ( fsz=rar) +(fsx»rar) 
-2( fsx=rar) | 7) 


Now in the spherical symmetry of the atomic 
field the dipole moment induced in any one of the 
Zeeman components of the atomic transition 


SP is (x, y, 2, being equivalent 


Lm =e { SXaPar g=x,vy,2). (8) 


Thus the difficult part of the molecular calcula- 
tion is referred back to the theory of atomic 
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structure. The dipole moment yu,, may be obtained 
either from theory (as in the case of H or Na) or 
from experimentally determined values of the 
number of dispersion electrons, 


Um? =fiiR Visi, (9) 


where g; is the weight factor of the lower state, 
and »;;/R is the energy of the transition in atomic 
units (R being the Rydberg constant). Note that 
the square of the dipole moment associated with 
a normal atomic transition is three times this 
expression (9), as one sums over the three Zeeman 
components, i.e., over m. There are then no un- 
determined constants in our calculations, as uz, 
can thus be regarded as known. 

The energy of interaction is then proportional 
to z’,,/r’, the proportionality factor depending on 
the orientation of the P state to the molecular 
axis. In the language of resonance phenomena, as 
an S and a P atom approach, each atom reso- 
nates between its S and its P state. The coupling 
energy is due to the interaction of the two di- 
poles induced by this resonance, or atom- 
exchange, the magnitude and sign depending on 
the orientation of the dipoles with respect to the 
internuclear axis. 

Our molecular states SP+ PS have a threefold 
orbital degeneracy at infinite internuclear dis- 
tance because of the three possible orientations 
of the orbital angular momentum. At closer ap- 
proach, however, the energy is different for the 
> and II levels, which have, respectively, A=0 
and A?=1, where A is the component of orbital 
angular momentum parallel to the figure axis, 
measured in multiples of 4/27. The II levels are, 
of course, doubly degenerate because of the two 
sign possibilities for A. Now the matrix elements 
of z vanish unless AA =0, while those of x, y obey 
the selection rule AA=+1. Hence for = states, 
the expression (7) becomes — 2y,,”/r°, because the 
integrals (8) over x and y are zero. For II states, 


TABLE I. Coupling energies of the four distinct states. 


STATI WAVE FUNCTION COUPLING ENERGY 
Ze SP+PS —2 
Il, +1 
Zs SP—PS +2 
Il —1 


on the other hand, (7) gives u,”/r’ since here the 
integral* over z and over x or y disappears. 

It is customary to classify molecular states as 
g or u according as they are even or odd under 
reflection in the center of symmetry, midway be- 
tween the nuclei, defined by the operation 


Xi, Vi, 2: (atom 1) — x, — yi, — 2; (atom 2). (10) 


Now the reflection (10) can be interpreted as a 
translation (1) followed by a reflection in a 
nucleus. Furthermore the atomic wave functions 
S and P must have opposite symmetries or 
Laporte parities as regards nuclear reflection be- 
cause otherwise the S and P states could not 
combine in dipole transitions, as we have sup- 
posed. It therefore follows that the substitution 
(10) takes the wave function SP into — SP, and 
that the upper and lower sign choices in (3) or 
(4) correspond to u and ¢g states, respectively. 
Taking into account the results of the preceding 
paragraph, we thus find that the inverse cube 
term in the energy has the values given in Table I. 
The coefficients for the II but not the = states 
were also previously calculated by Eisenschitz 
and London. Table I is applicable regardless of 
the multiplicity, i.e., whether the state is a 
singlet, triplet, etc., since the symmetry as re- 
gards electron in distinction from atom exchange 
has not entered into our calculations in any way. 
It is also to be noted that our computations are 
independent of the number of electrons in the 
system : the energetics of a diatomic molecule, at 
fairly large distances, has been reduced to a two- 
body problem, although the two bodies indi- 
vidually may be very complex, the only require- 
ment for our calculations being that the transi- 
tion probabilities between their states are 
available. 

Since electron-exchange integrals die out ex- 


— —> 


? Each II level is twofold except insofar as the degeneracy 
is lifted by molecular rotation giving the phenomenon of 
“A-type doubling’ which we neglect. We need not enter 
into the question of the precise linear combinations of wave 
functions appropriate to the two components of the 
A-doublet, and instead for our purposes the II levels may be 
supposed to have a cosine or sine azimuthal factor, so that 
either the x or y component drops out. With exponential 
azimuthal functions, there are both x and y contributions, 
but then there is an additional factor 4, so that in any case 
the absolute value of the coefficient of our 1/r* term is half 
as large for the II as the = states. That u,*+,* gives no 
bigger effect than yu, is essentially a reflection of the fact 
that the x, y intensity must be apportioned between the two 
practically coincident II states. 
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Fic. 1. First excited states of H,. The curves C 'Ill,, B 'S,, *2, 


sy, are known experimentally in the 


neighborhood of their minima. The course of the II states have been calculated theoretically as far 
as 4a) by Kemble and Zener (reference 4). The = states have been sketched in by analogy, the 


- curves at the asymptotic u*/r’ curves. 


ponentially the above calculations will give the 
correct interaction at large distances. At shorter 
distances, exchange becomes predominant, but 
the sign of the total exchange terms has no relation 
to the sign of the 1/r° term. Some states then may 
be repulsive at large distances, but attractive and 
stable closer in, and vice versa. For atoms with 
one valence electron, each one of the states listed 
in Table I corresponds to a singlet and a triplet, 
and in general one of these multiplets will change 
the sign of its interaction as the atoms approach 
to distances where electron exchange pre- 
dominates. 

Thus it is possible to have an activation energy 
of dissociation, the 1/r*° force causing a peak or 
lip in the potential curve, above the limit of dis- 
sociation energy (see figures). 

Similarly, the 1/r* term may be attractive re- 


verting to a repulsive electronic exchange term, 
thus giving rise to a stable molecule only at fairly 
large distances. 

The actual magnitude of the activation lip, or 
the small dissociation energy just mentioned, is 
very sensitive to the balance of the exchange and 
1/r? terms at moderate distances. All molecules in 
the states discussed, i.e., those formed from S+P 
atom states, will have the y»’?/r* energy at some 
separation r. In some molecules we believe this 
activation energy is detectable. 

In other cases the effect of this term is detected 
only in the anharmonicity in the upper slopes of 
the potential curve, showing up as a change 1n 
the course of the Birge-Sponer extrapolation of 
the vibrational levels.* 


*W. Jevons, Band Spectra of Diatomic Molecules (Cam- 
bridge Univ. Press, 1932), p. 194. 
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Fic. 2. First excited states of Na». The circles represent points calculated from the experimental data. 


APPLICATIONS 


Hydrogen 

The asymptotic interaction energies calculated 
for He and Naz are plotted in Figs. 1 and 2. The 
dipole moment uz for these atoms can be obtained 
from theory. For the 1s—2 transition of hydro- 
gen, w»=0.745 atomic unit, so the interaction 
energy of H(.S) and H(P) becomes 15 ev/r’, with 
r measured in atomic units (Bohr radii). The 
potential curves of all the states arising from this 
configuration are drawn in Fig. 1. 

The effect of the —2,*/r* term is definitely 
detected in the shallow experimentally deter- 
mined curve of B'S,. The curve of C'Il, has not 
been followed experimentally close enough to the 
dissociation limit to make connection with the 
predicted +,*/r’ lip, but its sharp rise and low an- 
harmonicity relative to B indicates the course 
may be as in Fig. 1. 

The electronic exchange energy in the II states 
has been calculated by Kemble and Zener,‘ and 
the courses of the':*2 states have been sketched 


4 E. Kemble and C. Zener, Phys. Rev. 33, 512 (1929). 





in by analogy. Both 'Il, and *2, are repulsive 
except for shallow minima at 4a, but as far as 
we know these stable levels have never been 
observed. 

Since the basis functions (1s and 2p) used by 
Kemble and Zener, are the true atomic function 
in this case of hydrogen, namely our S and P, the 
curves calculated for the II states should agree 
exactly with our dipole-dipole calculation at 
larger distances of separation. 


Alkali molecules 


The potential curves® of the 'Z, and 'II, states 
of Lis, Naz and Ky very definitely show the 
effect of the 1/r* term, the 'Il, potential curve 
rising sharply and the '2, curve being very shal- 
low. The vibrational levels have been measured 
to very high quantum numbers permitting the 
construction of the potential curves almost to 
the dissociation limit. 

In the case of Nag there is a possibility of an 
actual activation lip, i.e., there are vibrational 


'See, for example, H. Sponer, Molekulspekiren II 
(Julius Springer, Berlin, 1935), p. 155, Fig. 53. 
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TABLE II. Table of f values and dipole-dipole interactions, 
calculated from Eq. (9). 


Atom | AA(SeoP */R atu {gp By? at.u tm?/r? ev/A?* 
H | 1215 (|0.7500'*| 0.416! 0.555 2.2 
Li 6708 0.1358 0.7500 5.52 22.0 
Na 5893 10.1546 0.9755 6.317° 25.2 
K 7699 0.1184 |~0.98 8.28 33.0 
Rb | 7900 (0.1154 |~0.98 8.47 33.8 
Cs | 8943 (0.1019 0.98 9.62 38.4 
Zn | 2139 (0.4261 |~1.2 2.82 11.2 
Cd | 2289 (0.3981 1.20 3.01 12.0 
Hg | 1850 |0.4926 1.19 2.42 9.6 
’E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 


(Cambridge University Press, 1935), p. 133 

’ Y. Sugiura, J. de phys. et rad. 8, 133 (1927) 

» Y. Sugiura, Phil. Mag. 4 502 (1927) calculates a value « 
Lmitm? = 3ym,? for Na 


{ 18.89 tor 


levels beyond the dissociation limit as deter- 
mined from the chemical estimate of the dissocia- 
tion energy. The Birge-Sponer extrapolation, 
plotting the vibrational energy against the differ- 
ence in successive levels, given by Loomis and 
Nusbaum,* has been followed experimentally to 
within 0.02 ev of the limit, and predicts a disso- 
ciation energy (of the ground state) of 0.76+0.02 
ev, the last measured point, Fig. 2, corresponding 
to a value of 0.74 ev. The chemical evidence of 
Lewis’ gives 0.728+0.013 ev. The sharp break 
in the extrapolation curve,® marks the onset of 


the 1/r° law. 


In Fig. 2, curve A is the potential curve of the 'I, state 
of Naz constructed from the experimental data* by O 
Klein's* formulation of Rydberg’s method, £¢ pdr =(v+4)h, 
1 can be considered as having been 
experimentally. The 


known 


etc. That is, curve . 


width of each level, 


the 


determined 


Tmax —Tmin, 1S accurately from vibrational 
energy. The positions of the walls of the potential curve 
are fixed by 1/frmax—1/rmin, determined from B,. Since 
the latter are not known at the higher levels except by 
extrapolation of B,—a(v+4) the curve as drawn may not 
be pushed sufficiently far out. However, even in the most 
extreme case’ the upper slopes of 'II, show that it will be 
difficult to extrapolate to the dissociation energy calculated 
as 22,952 cm™ from the chemical determination of the 
plus 


the 


ground state dissociation energy,’ 5900+100 cm 


atomic activation 16,966, (represented by D; on 
diagram). 
On the contrary the curve definitely tends to the limiting 


+?/r’ law (curve B) plotted upwards from 22,952 cm 


*F. W. Loomis and R. E. Nusbaum, Phys. Rev. 40, 384 
(1932). The convergence limit thus calculated is marked as 
D, in Fig. 2. 

7 C. Lewis, Zeits. f. Physik 69, 786 (1931 

*Q. Klein, Zeits. f. Physik 76, 226 (1932). 

* The fact that the inner wall cannot have an overhang, 
i.€., fmin undoubtedly decreases as the energy increases, 
affords a limit to the possible displacement of the (known 
width frmax—lmin- 
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can be 


fitted by E=23,840 


— 3520/r*, which function was used to interpolate (curve C) 


The upper slopes of A 


between the “‘experimental’’ curve A and the limiting 
curve B., 

Predissociation.—Examination of the observed intensi- 
ties* of the v’-progressions leads one to expect some v’ =27 


bands to appear with considerable intensity, whereas in 


actual fact there is a complete cut-off after v’ = 26, indi- 
cating some sort of predissociation 
mi f(E—Vir 
300 for v' =26 


idr obtained from our 
and is 40 for 


Thus a sudden decrease occurs after v’=26, but 


The value of 2!xh 
combination curve C, B, is 
vy’ = 29. 
these estimates are too large for appreciable predissociat ion 
even in the latter case, as the significant exponential factor 
- ior zero 
J lie 


above that of Fig. 2, and the average probability of pre- 


would be about However, these values are 


angular momentum; the curves for nonzero values of 


dissociation for the whole band is somewhat greater 


The error in the construction of the curve mentioned 


above would favor a lower potential hill. However, it is 


the thickness, i.e., the 1/r* effect, rather than the 


that prevents predissociation 

Che other possible cause of predissociation, proximity of 
another state into which a radiationless transition can oc- 
cur, may be effective here. The only permissible perturbing 
might cross 'II, at 


and not 


state of Naz is the 'Z,, which conceivably 


a radius less than the equilibrium value, near ri: 


having the lip, could permit predissociation. If so, the 'Z, 


state would have to be sharply repulsive at small distances, 
line in Fig. 2. The 'S, and ‘I, 


as shown by the dotted ig. 2 


ion terms in the 


levels can interact when rotational distort 


¢ 
that 


Hamiltonian function are included. The possibility 


s 


at small distances the 'Z, above the 


actually crosses 


for it 


curve 
is indicated by 


II, is not merely an ad ha: tion 


sugges 
viz. by the higher vibration 
that Il, 


united 


two lines of evidence frequency 


coales« es 


and also by the fact 


the 


for 'Z, than for 'Il, 


into a state of lower energy for atom than 


does > 


The experimental data for the 'S, state have 
not been extended to high enough v's to make the 
connection with — 2,z?/r*°. Curve M is constructed 
by the Klein-Rydberg method, curve N by Con- 


3 


don’s formulae” as given by Loomis and Nile.' 

In Lig too, the vibrational levels have been ob- 
served'* to within a few hundredths of a volt of 
the dissociation limit. The value calculated for 
the dissociation energy of the ground state is 1.14 
ev, considerably higher than the value of 1.02 ev 
obtained by other means.’ 


Band Spectra and | 


Chap. II. 


1° R. de L. Kronig, 
Cambridge University Press, 1930), 


1 R.S. Mulliken, Rev. Mod. Phys. 4, 1 (1932), especially 
Fig. 43. 

2 E. U. Condon, Phys. Rev. 28, 1182-1201 (1926 

3F. W. Loomis and S. W. Nile, Phys. Rev. 32, 873 
1928). 

4 F.W. Loomis and R. E. Nusbaum, Phys. Rev. 38, 1447 
1938). 
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The chemical dissociation energy'® of Kg is 
within the experimental error the value obtained 
by extrapolation of the vibrational levels. The lip 
must be very small in the case—the negative 
exchange integrals extending a little further 
out than in Naz. 

In Rbe the value of the dissociation energy ob- 
tained by extrapolation of the levels of ‘I, 
state,'® is very high, showing the steep rise due 
to the positive +4°/r* term. 

In these alkali molecules the dipole moment 
produced in the atomic transition is extremely 
large, making the 1/r* interaction unusually large 
and of long range, as shown in Fig. 2 and Table 
Il. This effect will then cause considerable self- 
broadening in the atomic lines of the alkalis. 


Cadmium 

The calculation of the 1/r* interaction energy 
is independent of the number of electrons. Con- 
sequently the same formulas (Table I) apply to 
the first excited states of Hee, Hge, Cde, Zne, even 
though there are now two valence electrons per 
atom, so that the coupling is of the type s*—sp 
rather than s—p. There is experimental evi- 
dence on the importance of this type of inter- 
action in the spectra of Hgs and Cds. 

Cram" has analyzed the bands of Cd: lying 
on either side of the 'S»—'P,; atomic line and 
can only account for the spectra by assuming a 
curve of the type drawn in Fig. 3 for the state 
A=1["Il, ] arising from the configuration 5S+5P. 

The dipole moment of the atomic transition 
S++P of Cd can be calculated from the experi- 
mentally determined f values (see Table II). In 
Fig. 3, the course of the molecular energy of Cds 
at large distances is drawn, B, from the state 
having the asymptotic energy +u°/r*. The curve 
A is the experimentally determined potential 
curve for the state A= 1 which differs from + ?/r* 
by the predominance of stabilizing exchange, etc. 
energy at closer approach. Thus the difference of 
A and B, represented by C, is an empirical deter- 
mination of exchange and penetration energies. 
This curve compares favorably with that for the 
binding energy in normal molecular states 
where the asymptotic expression is of the van 

18 C. Lewis, reference 7, corrected by F. W. Loomis and 
R. E. Nusbaum, Phys. Rev. 39, 89 (1932). 


16 P. Kusch, Phys. Rev. 49, 218 (1936 
17 Winston Cram, Phys, Rev. 46, 205 (1934). 
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Fic. 3. First excited states of Cds, bordering the atomic 
line 5Sp—5P;. Curve A was determined by Cram (reference 
17). B and F are the y*/r* limiting laws. 


der Waals 1/r* type. Curve D is an example of 
the latter as obtained from the calculated 1/r* 
curve for normal Hg: (see below) modified for 
the larger dipole of Cd. Comparison of D with B 
or F shows the essential difference between 1/r° 
and 1/r® forces, i.e., between resonating and in- 
duced dipole-dipole interactions. 

Curve F is the —2,?/r’ energy of another 
stable state of Cde, A=0, sketched as E. 


Mercury 

This same type of potential curve, with a 
minimum above the dissociation limit has been 
deduced* from the spectrum analysis of Hg for 
the state A=1 arising from the configuration 
6S)+6P;, and is likewise predicted by theory. 
The curves of Fig. 4 show the experimental, cal- 
culated, y*®/r? exchange and van der Waals 
energies, as described under ‘‘Cadmium.”’ The » 
of the calculated curves of Hg (B and F) were ob- 
tained from the f values of the 'S;—'P, transi- 
tion of atom Hg (Table II). The van der Waals 


1W. Finkelnburg, Kontinuierliche Spektren (Julius 
Springer, Berlin, 1938), p. 204. 
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Fic. 4. First excited states of Hgs, bordering the atomic 
line 6S9—6P,. The course of the level A=0 was predicted 
by spectroscopic analysis by various observers (refer- 
ence 21). 


expression for normal Hg», curve D has been calcu- 
lated as —159 ev/r® (r in A) by F. London.” 


SUMMARY 


One level of the group of first excited states of 
all identical molecules has an asymptotic coup- 
ling energy + 4°*/r* above the dissociation limit. 
In molecules composed of atoms of low atomic 
number, the stabilizing energy (exchange, etc.) 
has fairly long range and quenches the 1/r° term 


2 F. London, Zeits. f. physik. Chemie B11, 222 (1930). 


» BE. VaR VESCE 

to an almost insignificant lip (that is, the nega- 
tive energy does not change over to + ,?/r* until 
r is very large). However, in heavy atoms, the 
1/r* term is powerful enough to keep the whole 
stable region above the dissociation limit. There 
levels may lose much of their sharpness due to 
penetration of the potential barrier. 

This type of curve should be found in excited 
states of Znz and molecules of other heavy atoms 
and also in polyatomic molecules composed of 
two like radicals such as CH», C2Hy, CoHo, N2O,. 

Information of a more general nature can be 
deduced from the above discussion. The exis- 
tence of the positive, hence repulsive, limiting 
law even in stable states, and the large negative 
energy in the other cases, affords a means of dis- 
cerning the London-van der Waals type of force, 
and distinguishing it from exchange and penetra- 
tion, whereas in normal states, in particular the 
most important ground state, the transition of 
the limiting 1/r® interaction into the short range 
interactions cannot be detected from the nature 
of the potential curve. Since the course of our 
curves, especially those of Nag, are fixed fairly 
accurately by experiment and by theory, we can 
make a definite observation as to the importance 
and extent of the London-van der Waals forces. 
In the cases of Cd: and Hg: the 1/r* law pre- 
dominates even at the equilibrium distance; in 
Naz it accounts for about 0.1 ev, but in Hg it 
represents only a small fraction of the total 
binding energy. 

In closing, we may suggest the possibility that 
the repulsive 1/r*° type of van der Waals force 
furnish the activation hill in, perhaps, e.g., the 
dimerization of NOsz. 

Acknowledgment. 
appreciation of the hospitality of the Physics 
Department of Princeton University, where this 


The authors express their 


work was done. 














e nega- 
/P until 
pms, the 
e whole 
t. There 
due to 


excited 
’ atoms 
osed of 
» N2O,. 
can be 
e exis- 
miting 
gative 
of dis- 
force, 
netra- 
ar the 
on of 
range 
ature 
f our 
fairly 
> can 
ance 
rces., 
pre- 
-; in 

l» it 
otal 


hat 
rece 
the 


eir 
ics 


his 





JUNE 15S, 1939 


PHYSICAL REVIEW 


VOLUME S55 


Binding Energy of He® and Nuclear Forces 


H. MARGENAU 
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(Received April 14, 1939) 


A second-order perturbation calculation of the energy difference He*—Li* is made with 
inclusion of all doubly excited oscillator states. The result, which improves the first-order 
energy by about 100 percent, alters this difference only slightly and leaves agreement with 
experiment, already found in first order by Feenberg and Wigner, practically intact. Certain 
conclusions which may be drawn concerning the detailed nature of the spin forces are discussed. 


HE spin dependent constituents of the 

nuclear forces affect the binding energies 
of the lightest nuclei (up to He‘) only in an 
unimportant way, so that their study cannot 
lead to detailed information regarding the spin 
parts of the nuclear Hamiltonian operator. The 
simplest instance which may illuminate these 
matters is afforded by the pair of nuclei He* and 
Li*. It is therefore of interest to calculate the 
energy difference between the normal states of 
He® and Li® on the basis of an assumed Hamil- 
tonian and to see what restrictions must be im- 
posed upon the spin parts of the latter. Although 
it is now fairly certain that a symmetrical 
Hamiltonian with central pair forces does not 
afford an entirely adequate description of the 
nuclear situation, its use in this work was dic- 
tated by the complex nature of the calculations 
involved in dealing with the six-body problem. 
The conclusions, however, are probably of sig- 
nificance for other forms of interaction. 

If the energy difference in question is calcu- 
lated by means of the Hartree method as was 
done by Feenberg and Wigner,’ it turns out to 
be proportional to the total spin force, i.e., to the 
sum of the parameters measuring the Heisenberg 
and Bartlett parts. It is only by going to higher 
approximations that terms proportional to the 
difference of these parameters are introduced, 
and since our interest is focused upon them, we 
must take the trouble to compute the second- 
order Schrédinger perturbation upon the Hartree 
energy of He® in a manner similar to that ex- 
plained in a previous paper on Li*.? 

The difference in energy of the two nuclei is 


1E. Feenberg and E. Wigner, Phys. Rev. 51, 95 (1937). 
*H. Margenau and K. G. Carroll, Phys. Rev. 54, 705 
1938). 


known from the experiments of Bjerge and 
Brostrém.* They found that He*, produced by 
the bombardment of Be*® with neutrons, is un- 
stable and transforms into Li*® with emission of 
8-rays, the fastest of which have an energy of 
3.7 Mev. We thus conclude that the energy 
difference which is due to specifically nuclear 
forces, exclusive of Coulomb energy, is 


E(He*) — E(Li®) = (4n+-2p) —(3n+3p) 
—AEc+3.7 Mev+mec. 


The difference in Coulomb energies, AEc, may 
be estimated in first order to be 1.1 Mev; (n—)), 
the mass difference between a neutron and a 
proton, corresponds to 0.7 Mev; mc* is the mass 
energy of the emitted electron, 0.5 Mev. Hence 
E(He*) — E(Li*) =3.8+0.6 Mev, the indicated 
error allowing for uncertainties in the experi- 
mental data and (+0.1 Mev) in AEg. 

Li*, having two unlike particles outside the 
a-particle configuration, has a *S state as its 
lowest state. He*, however, having two protons 
in the p shell, is forced by the exclusion principle 
to assume a ‘S state which has a higher energy. 
3.8 Mev must, therefore, represent the difference 
in the binding energies of the *.S and the ‘S states 
of the nuclear six-body problem. 

All calculations here discussed are based upon 
the work on Li*.? Reference is made to that paper 
for more specific explanation of terminology and 
symbolism here employed. The Hamiltonian is 
written in the form 


H=E,in—AD (w+mP,; +60; +hP Ox) 


i>j 


Xexp (—7r;;*/a*). (1) 


A and a are again given the values 35.6 Mev and 
*T. Bjerge and K. J. Brostrém, Nature 138, 400 (1936). 
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2.25<10-" cm. The ground state function hav- 
ing the correct symmetry for the ‘S state is 


¥(4S) = (1/6!)4(1/3)! 
Xi) Sis SneSns* Sa Pins: pins 
+ | Smi-* Sma Pins: pins 
+ | Si * Sa: Pons: pons) }- (2) 


s and pi, o denote the 1s and 2 functions de- 
scribing the motion of a single particle in the 
field of an isotropic oscillator, the potential being 
4 (h®o*/ Ma*)(r/a)*. The parameter o is adjusted 
for minimum energy. 

¥(*S) differs from (2) only by having 72 in 
place of n3 associated with the orbital of the fifth 
particle. This means that there are exactly as 
many functions combining perturbationally with 
¥('S) as with ¥(°S), and these functions may be 
obtained by simple changes from the list of 
functions tabulated for Li®. Their contributions, 
of course, are different. With the use of (1) and 


(2) we find 
(18| 7) 4S) = Exin — [5 +10w—2b—10h 
+[8—20w—14b+2h Ju 
+[5—10(b+h) ]u?}(ou)!A, (3 


where u has been written for (¢+2)—'. With the 
parameters labeled choice (a) in reference 2, this 
expression has a minimum of —8 Mev, occurring 
at ¢ = 1.3, which of course is a very poor approach 
to the experimental binding energy of 29 Mev. 
Eq. (3) differs from (@S|7|*S) by 


A, E=2(b+h) (1 —2u4+5u?)(ou)iA. 4) 


Exin is equal in the two cases. Feenberg and 
Wigner have pointed out that E(He*) — E(Li‘), if 
computed from (4), agrees quite well with the 
experimental value. Indeed for o=1.3, this ex- 
pression takes on the value 15.2(6+/), so that we 
are led to conclude 0.21 < (6+) <0.29. This is 
about the range in which the parameter )+h/ 
(usually denoted by g) is known to lie from other 
considerations. Thus far, nothing can be said 
about 6 and h separately. 

In the further pursuit of the problem it is 
necessary to calculate the matrix elements Ho; 
where the index 0 refers to the |S state (2) and 
i to any function which combines with it. The 
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Hp; are then to be substituted into the second- 
order perturbation formula in order to find the 
effect on the energy. It is impossible to include 
all excited states. From the Li*-problem, how- 
ever, it is apparent that the doubly excited 
states make the largest contribution, and that 
the labor of going beyond them would be quite 


was shown that 


considerable. Furthermore, it 
higher orders of the perturbation calculus reduce 
the contribution of the second, which means that 
the inclusion of all excited states in the second 
order would give too low an energy. In the 
present work, therefore, only doubly excited 
states will be considered. 

In finding the matrix elements use is made of 
a simple parallelism between the perturbation 
scheme for Li® and for He®. The functions per- 
taining to excited configurations may be ar- 
ranged and numbered in such a way that every 
Ho; for He® is identical with that for Li®, except 
for the substitution of —/ for b, and of —d for h. 
The reason for this is that the same operation 
which converts ¥(*S) into Y('S) changes (0+hPQ 
into —bPQ—AdQ. 

Every /; for Li® may be written in the form 


Ho:= (wS,+mS,,+65,+hS),)(ou)!'A+SrTo, 


various S are polynomials in 
u=(o—2)", and T=h?/Ma*. The term 


represents the kinetic energy. Hence we have in 


where the 


last 
view of the foregoing remarks: 
H;7) He = 2(.S,+S) 


e - 


X[(wS.+mS,,)(ou)1A+Sr7 a | b+h)(anu)!A 


sn 


+ (S,?— S,7)(6+h)(b—h)(ou)*A? 


The first term on the right is proportional to 
(6+h) and produces in general only a slight modi- 
fication of the Hartree result. The second, how- 
ever, depends besides on b—/; it may become 
appreciable unless } and / are nearly equal. 

The second-order energy difference is given by 


2To)"D[(Ho®) ne— (Hot) ui], (6 


’ 


A,E= 


where the divisor 27¢ represents the difference 
between the unperturbed energy of the doubly 
excited states and the ground state of the 
assemblage of oscillators. There are 152 terms in 


the summation indicated in (6), but many of 
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TABLE I. Constituents of E(He*) — E(Li*) for different values 
of the variation parameter a. Energies are in Mev. 


e Ail A:E’ Ak 

. 1 12.2¢ (10.6w+7.8m—4.9)¢ 2.92(h—b)g 
1.2 14.3¢ (11.lw+8.3m—5.4)g | 2.87(h—b)g 
1.4 | 15.9 (11.1lw+8.0m—5.6)g | 2.66(h—b)g 


them are equal. We split A,£ into two parts, in 
which A,’ is the sum of all the terms propor- 
tional to g=b+h, and A:E” is proportional to 
g(b—h). One then obtains 


AsE’ = (2To)~'g(ou)!Al(114.8C\yw+ 34.8C ym) 
X (ou) !u2?A —9.62C3T ou |}. 


The coefficients C are the following functions of u: 


C,=1—5.82u4+16.2u?—19.2u?+ 11.54, 
Co=1—3.07u+ 10.30? — 23.2u? + 37.9u', 
C3=1—3.96u4+6.9322. 


The energy minimum for Li® lies in the range 
1<o<1.4. For the purposes of the present in- 
vestigation it is permissible to assume that the 
minimum for He® occurs at the same value of ¢ 
as for Li®; the minimum is very shallow. Now in 
the above range of ¢, C,; varies from 0.289 to 
0.287, Ce from 0.732 to 0.686, Cs from 0.45 to 
0.42: while u goes from 0.333 to 0.294. Insertion 
of these values leads to the entries in Table I. 
A2E’ adds but little to A,£ as calculated from 
Eq. (4). For whatever the magnitude of w and 
m, their sum must be g and hence in the neighbor- 
hood of 0.25. But as long as this is true the 
kinetic energy term in A:E’ (last one written) 
nearly cancels the contributions of the Wigner 
and the Majorana forces. A,E’ is approximately 
0.1 Mev for the three values of a listed; it is the 
same for both choices of nuclear constants con- 
sidered.? (Cf. caption of Table II.) 

We turn next to the calculation of A:E”. On 
summing over all the states in (6) there results 


A2E” = (2Ta)—!-250*u5 


X (1 —9.6u+24u? —22.4u*)2(b—h)A?. 


The polynomial in parenthesis is negative for 
values of u which are here of interest. A,E”’ is 
entered in the last column of Table I. It has the 
value —0.4 Mev. for the three values of o and 
is also the same for both choices of constants.” 


Choice (b), which gives the poorer result for the 


Tase II. E(He)— E(Li) for two typical choices of force 
constants: (a) w= —2/15, m= 14/15, b=7/15, h= —4/15; 
(b) w= —1/12, m=10/12, b=5/12, h= —2/12, 


FEENBERG-WIGNER APPROXIMATION 


E(He*) —E(L*) 
(A: BE) 








| ; 
¢ | (a b) (a) (b) 


im bo 


binding energy of Li*, yields better values for 
the energy difference of the singlet and triplet 
states. 

It is to be noted that the higher approxima- 
tions here computed have only a small effect on 
this difference, although they improve the total 
binding energy by 100 percent. The contrary was 
found to be true in connection with the spacing 
between the *S and the *D states of Li‘, two 
states of different orbital symmetry.? Agreement 
with experiment is in the present instance made 
slightly poorer by the inclusion of higher ap- 
proximations, but is not destroyed.‘ 

If the energy difference in question were known 
with greater experimental precision, the present 
calculation would permit the determination of 
the quantity (h—»d) asa function of (4+). Thus, 
let us suppose it to be 3.8 Mev exactly. Taking 
the best value of ¢ to be 1.3 (maximum binding 
for Li*) and determining the coefficients of the 
force constant by interpolation from Table I, we 
find that the following correlation must hold 
between (h+5) and (h—)d): 


(h+b) (h—b) 
0.20 1.1 
0.25 —(.1 
0.30 —0.9 


To derive it, it is only necessary to replace w+-m 
by its equivalent 1—h—b, and to use an ap- 
proximate value (—0.1) for w in the small term 
which contains this coefficient. Unfortunately, 
with an experimental error of +0.6 in AE, the 
uncertainty in (h—b) is of the order +1. Reduc- 
tion of this uncertainty by further experiments 
would seem desirable because of the information 
which it can furnish regarding spin forces. 

‘ Contradictory results stated in Abstract 31 at the New 
York meeting were based upon an unsatisfactory choice of 
force constants and are herewith corrected. 
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The Nuclear Magnetic Moments of N"“, Na”, K* and Cs’*** 
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(Received May 1, 1939) 


The nuclear gyromagnetic ratios of N'*, Na®*, K® and 
Cs'44 have been measured by the molecular beam magnetic 
resonance method. The values of the nuclear magnetic 
moments, obtained from these the 
known spins, are 0.402, 2.216, 0.391 and 2.572 nuclear 
magnetons for N'*, Na**, K® and Cs'*4, respectively. The 
shape of the resonance curves in some cases indicates a 


measurements and 


INTRODUCTION 


RIEF preliminary reports on the application 

of the molecular beam magnetic resonance 
method to the determination of the nuclear 
magnetic moments of N', Na**, K® and Cs! 
have already been published.’ In the present 
paper we will give a more complete report of the 
work on these nuclei. 

The method, which has been described in a 
recent paper,? measures the Larmor precession 
frequency, v, in a known magnetic field, H, of a 
nucleus which possesses spin, J, (in units of 4/27) 
and magnetic moment, uw. These quantities are 
related by the formula, v=yH//hI. A knowledge 
of the precession frequency and the magnetic 
field permits an immediate evaluation of the 
ratio of nuclear magnetic moment to nuclear 
spin. The determination of the magnetic moment 
is then possible for all cases for which the spin 
is known. 

Apart from the high precision of which it is 
capable, a most important advantage of this 
method lies in the fact that the moment is ob- 
tained from experimental data directly by means 
of the simplest physical concepts. The values of 
the nuclear moments which we obtain are in- 
teresting not only for nuclear physics but also 
for a discussion of the large body of experimental 
and theoretical work which concerns the measure- 
ment and evaluation of the hyperfine structure 
of atomic energy levels. 

* Publication assisted by the Ernest Kempton Adams 
Fund for Physical Research of Columbia University. 

1S. Millman, P. Kusch and I. 1. Rabi, Phys. Rev. 54, 968 
ee P. Kusch and S. Millman, Phys. Rev. 55, 596 


21. I. Rabi, S. Millman, P. Kusch and J. R. Zacharias, 
Phys. Rev. 55, 526 (1939). 


type of interaction of the nucleus with the rest of the 
molecule which may arise from the nuclear electric quadru- 
pole moment. It is of interest to note that for the case of 
the alkali nuclei the magnetic moments calculated from 
the observed hyperfine splitting of atomic energy states 
by use of the Goudsmit, Fermi-Segré formula agree fairly 
well with the results here given. 


In a recent paper Millman’ has pointed out 
that it is possible to determine the sign of nuclear 
moments by taking advantage of certain asym- 
metries in the resonance curves introduced by 
the end effects of currents in the wires which 
produce the oscillating magnetic field. 

The N* nucleus belongs to the group of stable 
nuclei characterized by an odd atomic number 
and even mass number, and whose other mem- 
bers are the nuclei ,D?, ;Li® and ;B". These 
nuclei should, on the basis of simple models,‘ 
have the same spin and the same magnetic 
moment. In fact ,D? and 3Li®, both of which have 
a spin of 1, have moments of 0.853 and 0.820 
nuclear magneton, respectively,”: ° in first-order 
agreement with these predictions. The nuclear 
spin of N'‘ is known® to be 1 from observations 
on the alternation of intensities in the band 
spectrum of the Nz molecule but Bacher’ who 
attempted to observe the h.f.s. of N'* concluded 
from its nonappearance that the moment is less 
than 0.2 nuclear magneton. 

The hyperfine splitting of the atomic energy 
states of Na**, K® and Cs'** has been studied 
extensively® both by spectroscopic means and by 
the use of atomic beam methods, from which the 
spins are known to be 3/2, 3/2 and 7/2, 
tively. The h.f.s. of the ground states of these 
~ §§. Millman, Phys. Rev. 55, 628 (1939). 

*M. E. Rose and H. A. Bethe, Phys. Rev. 51, 205 (1937). 

5J. M. B. Kellogg, I. I. Rabi, N. F. Ramsey, Jr. and 
J. R. Zacharias, Phys. Rev. 55, 595 (1939). 

*L.S. Ornstein and W. R. Van Wijk, Zeits. f. Physik 49, 
315 (1928). 

7 R.F. Bacher, Phys. Rev. 43, 1001 (1933 

8 References to the work on these nuclei are given in the 
article on nuclear moments by H. A. Bethe and R. F. 
Bacher, Rev. Mod. Phys, 8, 82 (1936). 

*I. I. Rabi and V. W. Cohen, Phys. Rev. 46, 707 (1934); 
S. Millman, Phys. Rev. 47, 739 (1935); V. W. Cohen, 
Phys. Rev. 46, 713 (1934). 
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TABLE I. The values of g here given are defined by the ratio of the magnetic moment, u, of the nucleus in units of eh/4 Myc 
to the nuclear spin, I, in units of h/2x, or by w/I. The diamagnetic correction A is calculated from a simple electron precession 
model using appropriate screening constants. The correction B is calculated from the Fermi-Thomas model. The values for 





the magnetic moments from hf.s. 


have been calculated from the ground state with the formula of Fermi and Segre. 











DIAMAGNETIC MoMENTS 
“ CORRECTION CORRECTED FROM 
NUCLEUS I OBS. OBS. A (%) B (%) my HFS. 
N 1 0.402 0.402 0.03 0.04 0.402 w<0.2° 
Na™ 3/2 1.476 2.214 0.08 0.08 2.216 2.01 
kK” 3/2 0.260 0.390 0.13 0.16 0.391 0.374 
Cs'* 7/2 0.730 2.555 0.57 0.67 2.572 2,53 


= = 








* Absence of hf.s. 


alkali atoms as determined by the two methods 
are in excellent agreement. Data for the splitting 
of excited energy levels are available only from 
spectroscopic investigations. Our results indicate, 
as seen from Table I, that with the exception 
of N'4 the nuclear moments which were obtained 
from h.f.s. with the use of the Goudsmit, Fermi- 
Segré formula’® were accurate to within a few 
percent. The values of nuclear magnetic moments 
as obtained from the h.f.s. of different levels and 
as obtained by different methods of calculation 
applied to a single level disagree between them- 
selves far beyond the limits of error of the experi- 
mental data.* The results of the present method 
furnish a criterion by means of which the validity 
of various methods of analysis of h.f.s. data may 
be tested and can thus lead to a deeper insight 
into the nature of atomic energy levels. 


EXPERIMENTAL 


The apparatus and experimental procedure 
used in this work have been described elsewhere.” 
We shall merely discuss the molecular com- 
pounds used in these determinations. A nucleus 
whose magnetic moment is to be determined by 
means of the present apparatus must occur in a 
molecule having several special properties. The 
molecule must contain an alkali atom, since the 
detector is of the surface ionization type and 
can detect only substances whose ionization po- 
tential is less than the work function of the 
tungsten filament. The molecule must be suff- 
ciently stable so that it will not decompose to any 
large degree at temperatures at which its vapor 
pressure is sufficiently high (about 1 mm of Hg) 
to produce an intense beam. Finally the molecule 


” S. Goudsmit, Phys. Rev. 43, 636 (1933); E. Fermi and 
E. Segré, Zeits. f. Physik 82, 729 (1933). 





must be in such a state that no appreciable mag- 
netic moment is contributed by the electronic 
structure of the molecule, in order that the de- 
flections in the inhomogeneous magnetic fields 
arise chiefly from the nuclear moments. In prac- 
tice the last requirement introduces no difficulty 
since the ground states of most molecules are 
characterized by the absence of resultant elec- 
tronic moment. 

The molecules NaCN, KCN and RbCN were 
used for the work on N". At temperatures of 
about 1000°K, to which these compounds had to 
be raised in order to obtain a sufficiently intense 
beam, considerable dissociation occurred. In the 
absence of any fields the alkali atoms constituted 
about 50 percent of the beam intensity. However, 
when the inhomogeneous fields were turned on, 
the atomic portion of the beam, possessing large 
extranuclear moment, was deflected onto the 
pole faces of the magnets producing the fields 
and was thus lost. The free atoms, then, inter- 
fered in no way with a study of the nuclear 
moments of the atoms in the molecule. An at- 
tempt was made to observe the N'* resonance 
minimum in molecules other than the cyanides. 
The two compounds, NaNO; and NaNHg, de- 
composed to such a degree that the observed 
molecular beam was of insufficient intensity and 
altogether too unsteady to permit of the observa- 
tion of resonance curves. 

Naz, Ke and Cs: were the simplest molecules 
used in the study of the nuclear moments of 
Na**, K® and Cs'**, These molecules were pro- 
duced by heating the metallic element in an oven. 
The beam observed in the absence of magnetic 
field consisted for the most part of atoms. The 
molecular content was less than 1 percent of the 
total beam for K, and Cs; and about 1.5 percent 
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Fic. 1. Resonance curves for N“ observed in NaCN. An 
oscillating current of about 40 amperes produced a field of 
amplitude of the order of 100 gauss. The length of the 
oscillating field was about 7 cm. 


for Nag. It depended upon a number of factors 
such as the slit width of the oven and the tem- 
perature. When the inhomogeneous magnetic 
fields were turned on, the atomic content, as in 
the case of the cyanides, was removed from the 
beam. In spite of the low molecular content of 
the original beam the molecular beam so obtained 
was very steady and could be maintained at 
sufficient intensity to study the resonance 
minima. Other sources yielding resonance curves 
were : for Na?*, the molecules NaF, Na2B,O; and 
NaCN; for K®, the molecule KCN; and for 
Cs'*3, the molecules CsF and CsCl. 

Resonance curves for each nucleus were ob- 
served for a wide range of values of the homo- 
geneous magnetic field for each of the molecules 
used. The resonance curves were taken alter- 
nately with the homogeneous field in one direc- 
tion and with the field direction reversed. This 
procedure permits the determination of the signs 
of the nuclear moments and leads to more 
accurate measurements of magnetic moments 
than would otherwise be possible.* 


RESULTS 

Resonance curves in which the beam intensity 
is plotted as a function of the magnetic field for 
a fixed frequency of the oscillating field are 
shown in Figs. 1, 2, 3 and 4 for the nuclei N", 
Na?®*, K* and Cs!*’, respectively. The two curves 
in Fig. 1 were observed for N'* in NaCN under 
identical conditions except that the homogeneous 
field in one curve was opposite in direction to 
that for the other curve. The shift in the apparent 
minimum is due to end effects in the oscillating 
field and a determination of the sign of the 
nuclear moment may be made from an observa- 
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tion of the direction of shift on reversal of field.* 
Figs. 2 and 3 show the resonance curves of Na? 
and K*® observed for the molecules Naz and Kg. 
The central minimum in each curve corresponds 
to the resonance minimum due to the nuclear 
magnetic moment as can be determined by com- 
parison with the resonance minima observed for 
other molecules. Additional evidence on this 
point is the fact that the central minimum is the 
only one for which the ratio of the frequency to 





8 




















= — — oO 
p ‘oe, | f 
¥ os rn 
30 E 
3 | \ d 
z | /| | 
3 E:T Me es be 
| L/ | 
= oii 3.017 megacycies 
2550 2600 2650 2700 2750 2800 
H «gauss? 


Fic. 2. Resonance curve for Na* observed in Naz» with an 
oscillating current of about 3 amperes. 


the applied magnetic field, f/H7, is independent 
of field. The structure observed on both sides of 
these minima will be discussed in a following 
section. No appreciable shift of the minima oc- 
curred due to field reversal in the resonance 
curves for Na®* and Cs" shown in Figs. 2 and 4, 
because of the small amplitude of the oscillating 
magnetic field. The observation of the shift of 
the minimum for the determination of the sign 
of the moment was made when larger amplitudes 
of oscillating field were used. A small shift was 
observed for the case of K*® shown in Fig. 3. 
The assignment of an observed resonance 
minimum to a nuclear moment may be made 
unambiguously in the case of each of the three 
alkali atoms, since only one common resonance 
minimum occurs for a wide variety of molecular 
compounds. The case of the nitrogen moment 
presents a somewhat more difficult problem be- 
cause of the similarity of all the molecules for 
which the resonance minimum was observed. A 
resonance minimum characterized by a constant 


f/H was observed for the molecules NaCN and 


KCN. The same resonance minimum was ob- 
served for RbCN although in this the 
insufficient beam intensity prevented an accurate 
test of the constancy of f/H. The question occurs 
as to whether this observed resonance minimum 
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is due to N'‘ or to some other moment common to 
the molecules. The minimum cannot be due to 
C® since the nucleus possesses no magnetic mo- 
ment. The observed effect is much too large to 
be due to C'* which has an abundance of only 
about 1 percent. It seems unlikely that the 
observed moment is due to a rotation of the 
molecule as a whole because of the fact that the 
three cyanide molecules will have different mo- 
ments of inertia and hence probably different 
gyromagnetic ratios. The assumption that the 
rotation of the CN group, as such, which might 
be common to the three molecules studied, has a 
moment which is the cause of the observed 
resonance, is ruled out by the fact that f/H is 
constant. This means complete decoupling of the 
hypothetical rotation from the rotation of the 
molecule as a whole which seems absurd at the 
low magnetic fields used in this work. (/7 varied 
from 1000 to 5000 gauss.) 

An approximate estimate of the over-all mag- 
netic moment of a molecule may be made by 
observing the deflection of a molecular beam in 
a single inhomogeneous magnetic field. In this 
way the average over-all magnetic moment of the 
KCN molecule was found to be about one nuclear 
magneton. The smallest moment of inertia which 
the cyanides may have is that of the CN group 
about its center of gravity. The separation of 
the carbon and nitrogen atom is known" to be 
1.15X10-° cm in the HCN molecule and this 
value probably is not very different from that of 
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Fic. 3. Resonance curve for K®® observed in K, with an 
oscillating current of about 30 amperes. 


the corresponding value in KCN. With this value 
the moment of inertia of the CN group becomes 
I=14.210-” g cm?. The most probable rota- 
tional angular momentum at the temperature of 
the oven (about 1000°K) can be found from 
Jh/2x=(2IkT)' and is about 194/27. Since the 
observed g is 0.402, this would result in a mag- 
netic moment of 190.4~8 nuclear magnetons. 
Any larger moment of inertia, such as that of 


11H. Sponer, Molekulspektren (J. Springer, 1935). 








the molecule rotating as a whole, would give rise 
to a still larger magnetic moment. These mag- 
netic moments do not occur and the observed 
gyromagnetic ratio cannot, therefore, be assigned 
to the rotation of the molecule or any part of it. 
It seems certain that the common minimum 
observed for the cyanides can only be due to the 
nuclear magnetic moment of nitrogen. 

No resonance minimum was observed which 
could be attributed to K“. The low abundance 
of this isotope is not the only reason why it is 
unobserved in our apparatus. A nucleus with a 
small g value is subject to a small deflecting 
force in the inhomogeneous magnetic fields. If 
the deflection is small compared with the width 
of the beam, the change in orientation, which 
occurs in the homogeneous field, produces only a 
small change in the beam intensity at the 
detector. 

It is noteworthy that the depths of the reso- 
nance minima vary widely for the same nucleus 
in different molecules. For example, the max- 
imum observed drop in intensity at the minimum 
of Na** was 4 percent in NaF, 9 percent in NaCN 
and 50 percent in Nag. Similar effects are ob- 
served in the other cases. The specific nature of 
this effect, which probably depends on the inter- 
action of the nuclear spin with the molecule, is 
not yet understood. Fortunately this effect does 
not interfere with the measurement of nuclear 
magnetic moment, because the results for the 
same nucleus in different molecules, yielding 
resonance curves of widely varying depths and 
widths, are in excellent agreement. 

The observed values of the gyromagnetic 
ratio, the known spins and the resultant magnetic 
moments are listed in Table 1. The values given 
refer to the value of the nuclear moment of 
Li? (ui? = 3.250). The corrections listed in columns 
5 and 6 arise from the diamagnetism of the 
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Fic. 4. Resonance curve for Cs™ observed in Cs; with an 
oscillating current of about 2 amperes. 








1180 KUSCH, 
atoms and tend to raise the value of the nuclear 
moment. The evaluation of these corrections is 
discussed in a later section. The corrected values 
of the nuclear moments are given in column 7. 
As was pointed out in an earlier paper, all mag- 
netic moment measurements on the present 
apparatus are in doubt by about 0.5 percent 
because of an uncertainty in the calibration of 
the magnetic fields. From the point of view of 
the internal consistency of the data alone the 
relative values of the nuclear moments of N", 
Na**, K® and Cs'* referred to that of Li’? have 
a precision of about 0.4, 0.1, 0.3 and 0.2 percent, 
respectively. Since the curves for the three 
alkali atoms are very narrow (in all cases the 
half-width is of the order of 1 percent), it seems 
unlikely that any interaction not contemplated 
by the simple theory could shift the minimum 
from its ideal position by an amount great enough 
to affect seriously these precision values. In the 
case of the N'* nucleus, however, the resonance 
curves were obtained for large amplitudes of 
oscillating field in order to give an observable 
effect. The observed resonance curves were broad 
(the half-widths were of the order of 5 to 10 
percent) and it is possible that asymmetries in 
the structure of the curve, not corrected for, may 
shift the minimum in some systematic way so as 
to introduce an additional error. It is to be ex- 
pected that this error will be no greater than 0.5 
percent. 

The signs of all nuclear moments here reported 
were found to be positive. No previous deter- 
minations are available for the sign of the 
moment of N'*. The results for the alkali nuclei 
are in agreement with those obtained from h.f.s. 
and atomic beam methods.*: 


DISCUSSION 


It will be observed (Figs. 2 and 3) that the 
resonance minima for both sodium and potassium 
are accompanied by subsidiary minima on both 
sides of the principal minimum. For all values of 
the applied frequency these subsidiary minima 
occur at values of the magnetic field which differ 
from that at which the principal minima occur 
by a constant amount. The principal minimum, 
however, always occurs at the same value of f/H. 


2H. C. Torrey, Phys. Rev. 51, 501 (1937); S. Millman 
and J. R. Zacharias, Phys. Rev. 51, 1049 (1937). 


MILLMAN 





AND RABI 

These facts imply the existence of some form of 
interaction between the nuclear spin and the 
rest of the molecular structure. Such an inter. 
action, in sufficiently high external magnetic 
fields, will no longer depend on the applied field 
but will be given by some terms such as Amym, 
as in the Paschen-Back effect. There may possibly 
be a nuclear quadrupole interaction with the rest 
of the molecule which will also give a term inde- 
pendent of field. It is evident that such an inter- 
action will give a group of lines rather than a 
single line because of the many values which 
may be assumed by the rotational quantum 
numbers J and m,. Such a group of lines, prob- 
ably overlapping, when combined with the ap- 
propriate statistical weights, may result in a 
simple broadening of the resonance minimum or 
even the appearance of wings. However, these 
perturbation effects must be symmetrical about 
the principal energy value which corresponds to 
the precession of the nucleus in the external field 
and the central minimum is, therefore, the ap- 
propriate point from which to evaluate the 
nuclear moment. This is confirmed by the fact 
that only the central minimum has the constant 
value of f/H. 

The observed field the 
central minimum and either of the satellites in 
Naz is 47 gauss and in the case of Kz is about 
100 gauss. These results may be expressed in 
wave numbers by the use of the expression, 
Av(cm—) = 2.54 10-*gAH. The separations are 
1.7610-* cm and 0.6610-* cm for Nag 
and Ke, respectively. These intervals, though 
apparently small, are, from the point of view of 


difference between 


our experiments, very large as may be seen from 
an inspection of the resonance curves. 

As a model, merely to fix orders of magnitude, 
consider the field due to a unit charge rotating 
about the nucleus in question at a distance equal 
to the internuclear distance. This distance is 
3.07 KX 10-* cm for Naz and 3.91 K 10-* cm for Ke. 
A simple calculation shows that this extra field, 
in gauss, is J/33 for Naz and J/117 for Ke, where 
J is the rotational angular momentum quantum 
number. At the oven temperatures we use, the 
most probable value of J is about 55 for Na» and 
about 80 for Ky. The field at the nucleus due to 
the rotation of 1 The 
magnetic dipole interaction of the two nuclei 


is of the order gauss. 
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gives a field of the order of u/r* where yu is the 
nuclear moment and r the internuclear distance. 
The fields due to the dipole interaction are 0.4 
and 0.03 gauss for Naz and Keg, respectively. It 
is apparent that we have to deal with effects of 
a much higher order of magnitude to account for 
the observed separations of 47 gauss for Naz and 
100 gauss for Ke. 

It appears likely to us that these large effects 
may be due, in part, to the presence of a quadru- 
pole electrical moment in the nucleus which 
interacts electrostatically with the rest of the 
molecule. Our knowledge of the molecules con- 
cerned is, at present, too meager to test this 
hypothesis. 

Finally we must consider an effect arising from 
the diamagnetic susceptibility of the atom which 
introduces a small correction in the evaluation of 
the magnetic moment of the heavier nuclei with 
the molecular beam magnetic resonance method. 
The Larmor rotation of the electrons in the 
molecule produces a magnetic field at the nucleus 
which opposes the external field. The real field 
acting on the nucleus is less than the applied 
field, so that the value of f/H which we take 
from the observed resonance minima is too small. 
The correction serves to increase the value of the 
moment. For the purposes of this evaluation we 
may neglect the influence of the molecular forces 
on the atom of the nucleus in question since the 
contribution to the local field by an inner electron 
is greater than that by an outer electron, in 
contradistinction to their contributions to the 
diamagnetic moment. Consider the field pro- 
duced by the Larmor rotation of a ring-shaped 
element of charge rotating about the 2z axis, 
which coincides with the direction of the applied 





field. Every point of this element has polar co- 
ordinates r and @. The field df in the z direction 
at the origin due to this element of charge is 
2xpwr sin* 6drd@ where p is the charge density 
and w is the Larmor frequency eH/2mc. For a 
single electron the integral of the charge density 
over an infinite volume is e/c. The value of the 
integral A for a single electron then becomes 
eH /3mc?. If the electron has a quantum number 
n, 1/f=Z/agn* where Z is the atomic number 
and ad» the Bohr radius. Since there are 2n* 
electrons for each quantum number n, the con- 
tribution to the field at the nucleus by the elec- 
trons is 2Ze*H/3mcaoX(number of electron 
shells), if penetration and screening are neg- 
lected. The correction to the field is therefore 
A /H=2Ze/3mcay for each electron shell. The 
inclusion of screening constants lowers this value. 
The corrections obtained from this formula by 
the use of screening constants given by Slater" 
are tabulated in column 5 of Table I. A calcula- 
tion by Dr. W. E. Lamb, Jr. of the Columbia 
University Physics Department with the use 
of the Fermi-Thomas atom model yields the 
more convenient expression, A/H=CZ*“*, where 
C=0.32010-*. The corrections obtained from 
this formula are listed in column 6 of Table I. 
It is seen that they are in substantial agreement 
with the corrections obtained from the simple 
electron precession model. It is evident that the 
correction is of importance only for atoms of 
high atomic number ; the corrections may almost 
be neglected for K and Na. 

This research has been aided by a grant from 
the Research Corporation. 


3 J.C. Slater, Phys. Rev. 36, 57 (1930). 
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Coulomb Energies and Nuclear Models 


HARRISON BROWN 


anD D. R. INGLIs 


Remsen Chemical Laboratory and Rowland Physical Laboratory, The Johns Hopkins University, Baltimore, Maryland 
(Received April 22, 1939) 


Electrostatic energy differences of isobaric light nuclei, estimated by use of the alpha-model, 


do not agree with experiment as well as those given by Bethe for the central model. The com- 


parison with experiment of the binding energies of alphas in the light 4n-particle nuclei, given 
by Hafstad and Teller for the alpha-model, is improved by inclusion of the Coulomb energy. 


N THE face of the intricacy of nuclear struc- 
ture, attempts have been made to correlate 
certain properties by means of simplifying 
models. In particular, two models have been 
useful: the central model in which the particles 
(protons and neutrons) are initially considered as 
moving independently in a central field ;! and the 
alpha-model in which the particles are pictured as 
clustered into alpha-particles as far as possible.’ 
In the (4n+1)-particle nuclei, the alpha-model 
has one particle moving in the field of the alphas. 
In the (4n—1)-particle nuclei, one of the alphas 
lacks a particle; the deficit is exchanged rapidly 
between the alphas. Geometrically the two 
models are opposite extremes, although they 
exhibit striking similarity where angular momenta 
are concerned.?® 
The Coulomb energy of nuclei should depend 
principally on the geometrical properties of the 
nuclei and not directly on the nature of the 
binding forces, of which we must still profess 
ignorance. It is therefore of interest to determine 
whether calculation of this energy can furnish a 
criterion of the relative value of the two extreme 
models. The electrostatic energy differences of 
isobaric pairs of light nuclei according to the 
central model have been compared with experi- 
mental values by Bethe.* He considered two 
1(a) W. Heisenberg, Zeits. f. Physik 96, 473 (1935); 
(b) E. Feenberg and E. Wigner, Phys. Rev. 51, 95 (1937); 
(c) M. E. Rose and H. A. Bethe, Phys. Rev. 51, 205 (1937); 
(d) D. R. Inglis, Phys. Rev. 55, 329 (1939), (erratum: 13 
and 14 lines from the end of p. 335, and in the third line of 
p. 336, the words ‘‘positive’’ and ‘‘negative’’ should be 
exchanged) ; (e) H. Margenau and K. G. Carrol, Phys. Rev. 
54,705 (1938); (f) W. J. Kroeger, Phys. Rev. 54, 1048 (1938). 
*(a) J. H. Bartlett, Jr., Nature 130, 165 (1932); (b) E. 
Teller and J. A. Wheeler, Phys. Rev. 53, 778 (1938); 
(c) L. R. Hafstad and E. Teller, Phys. Rev. 54, 681 (1938) ; 
(d) W. Wefelmeier, Zeits. f. Physik 107, 332 (1937); (e) H. 
A. Bethe, Phys. Rev. 53, 843 (1938); (f) B. O. Grénblom 
and R. E. Marshak, Phys. Rev. 55, 229 (1939); (g) R. G. 
Sachs, Phys. Rev. 55, 825 (1939). 
*H. A. Bethe, Phys. Rev. 54, 436 (1938). Note added in 
proof (suggested by Professor Teller) :—The central-model 


approximations to the central model, (1) one in 
which the particle density is constant throughout 
a sphere, and (II) one in which the most loosely 
bound proton has a preferentially large radius. 
Using only one value (marked with an asterisk) 
to determine parameters, he was able to repro- 
duce the other experimental values rather well, 
as indicated in columns I and II of Table I. In 
the alpha-model the geometrical environment of 
the “most loosely bound” particle is quite 
different in the (4mn—1)- and (4n+1)-particle 
nuclei, so that comparison of nuclei in different 
groups involves unjustifiably detailed assump- 
tions about the model. Comparison of the few 
nuclei within one group, however, involves only 
the more immediate features of the model. 

For the purpose of estimating the Coulomb 
energy (neglecting exchange, as done in reference 
3), a (4n—1)-particle nucleus is pictured as 
n—1=0, 1, 2, or 3 alpha-particles and a triton 
(or He*); the alpha-alpha distances all have the 
same value faa and the triton-alpha distances all 


TABLE I. Coulomb energies involved in isobaric transitions 
(in mM U). 
Ct RAL MoOpEI 
ISOBARK ALPHA 
" PAIR I II MODI OBSERV 
(4n—1) 1 H?— He? | 0.87 0.84 0.74* 0.74 
2 Li?— Be’ 2.0 1.99 1.92 <1,94 
3 Bu—Cu 2.7 3.0 3.1° 3.1 
4); N4—QO54 3.5 3.8 4.28 3.7 
4n+1)3| C8—N*® | 3.21* | 3.21* 3.54 3.21 
4); OV-—F" 3.9 3.9 4.26 3.9 


calculation of Coulomb energies, taking into account the 
concentration in angle of the p-protons, was carried out 
earlier by Feenberg and Wigner, Phys. Rev. 51, 95 (1937). 
Their values, in the order of listing in Table I, are 0.74, 
1.4), 2.2, 3.0, 2.5, 3.1. These are consistently small, param- 
eters having been determined by other data. They would 
be increased (the first less than the others) if the better 
inverse-square-range parameter a=22 were used. Simple 
multiplication of each value but the first by 1.28 gives 
about as good agreement as does column II. 
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have the value riq. In this model, the transition 
from one isobar to the other involves the transi- 
tion H*+He’, the energy of which is taken from 
experiment to be 0.74 mMU. In the field of n—1 
alphas at a distance ria, the Coulomb energy due 
to each of the alphas is D = 2e?/rig. The Coulomb 
energy C involved in an isobaric transition is then 


C=(n—1)D+0.74 mMU. 


From the experimental difference B“-+C"(n = 3), 
we determine D=1.18 mMU. The consequent 
values for m= 2 and 4 are listed in Table I. 

The lack of agreement for N“-+O* is rather striking. 
It might be associated with the low stability of Be* thus: 
the three alphas in N"* may be closer together than the two 
alphas in B", and the more crowded alphas might hold 
the triton further off by the exclusion principle, and thus 
reduce C for the case n=4, However, this is hardly com- 
patable with a rapid exchange of alpha and triton, and 
such an artificial modification of the model practically 
destroys its utility. 

The case (4n+1) is less definitely determined by the 
alpha-model, since the extra particle is not pictured as 
having a definite position in the framework, but merely as 
having nodes at the alphas.*“ Furthermore, the data on 
this type are rather sparse. The particle taken to be situated 
just where a triton would be in the previous case (and 
taking faa=Tia) gives the values listed in parentheses in 
Table I, but this has relatively little meaning. It is qualita- 
tively understandable that the values so obtained are too 
high; the superfluous triton binding has drawn the particle 
inward unduly. 

Such comparison of the ground states of 
isobaric pairs is not possible for the 4m nuclei. 
The binding energies of the 4n nuclei have been 
correlated by Hafstad and Teller, with the 
alpha-model. In their interesting considerations, 
the Coulomb energy was neglected. Although the 
Coulomb energy is very small compared with the 
total binding energy in light nuclei, it is actually 
not so very small compared with the binding 
between alphas which one treats by the alpha- 
model. It has therefore some interest to modify 
their correlation by taking into account the 
Coulomb energy. In so doing we take faa= Tia in 
the 4n—1 case (as is reasonable because of the 
exchange), and take for D the average value 
D=1.1 mMU (or faa = 2.8 X 10-* cm) determined 
by both »=3 and n=4 of the 4n—1 nuclei. This 
is probably an underestimate of the Coulomb 
energy of the 4m nuclei; alphas are somewhat 
smaller and more closely packed than tritons. 
The geometrical configurations are taken from 
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Fic. 1. Bond energy of the 4” nuclei (mass defect relative to 
alphas, plus Coulomb energy). 


reference 2(c). The results are plotted in Fig. 1, 
which is to be compared‘ with Fig. 2 of reference 
2(c). In Fig. 1 the experimental values represent 
the magnitude of the energy due to the binding 
forces between alphas (mass defect relative to 
alphas, plus estimated Coulomb energy), which 
should be proportional to the number of bonds. 
(The pairs of limiting values indicate the experi- 
mental uncertainty only.) The Coulomb energy 
alone is also proportional to the number of bonds 
up to O"*, after which it increases more rapidly 
than the number of bonds and raises the experi- 
mental lines. The discrepancy for Be* is thus not 
affected in magnitude by these considerations, 
that for Ne®® is removed, and instead one has 
discrepancies for the heavier elements, for which 
the use of the model is more questionable. The 
Be® discrepancy is less striking in Fig. 1 than in 
Fig. 2 of reference 2(c), mostly because of in- 
clusion of the Coulomb energy and consequent 
change of scale, but also to a slight extent because 
of more recent experimental data.*® 

The application of the alpha-model to the light 
4n nuclei is thus rather satisfactory, due probably 
to the great stability of the alphas. The less 
satisfactory result for the (4n—1) nuclei may be 
ascribed to the fact that the internal binding of 
the triton is small compared to several triton- 
alpha bonds, insufficient to retain the identity of 
the triton in N"*, for example. It is not small 
compared to one bond, so this view is compatible 
with the relative success of the alpha-model in 
regard to the Li’ magnetic moment.?®: «” 


‘Note change of scale by a factor 2, due to Coulomb 


energy. 


§ Allison, Graves, Skaggs and Smith, Phys. Rev. 55, 107 
(1939). 
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Application of Heat Transfer Data to Arc Characteristics 


C. G. Suits AND H. Poritsky 
Research Laboratory and Engineering General Department, General Electric Company, Schenectady, New York 
(Received April 27, 1939) 


The chief experimental results of a study of the electric 
gradient E (v/cm) and current density J (amp./cm*) in the 
arc in various gases and pressures can be correlated by 
means of conduction-convection heat loss data from solid 
bodies in fluids, and lead to an explanation of the variation 
of EZ and J with current i and pressure p which is in good 
agreement with the measurements. For this purpose we 
neglect radiation and use an equation of the Nusselt type 

(W/RATx) =f(D*p*gATBo/n*) =f(x), 
where W=watts per unit length of arc column; k=con- 
ductivity; D=diameter; p=density; 8y)=expansion coeffi- 
cient; and »=viscosity. In the range of interest in arcs 
f(x) =x*, where a=0.1 is a satisfactory approximation. 
On the assumption that (1) the heat loss from the arc 
column is given by an equation of the Nusselt type and 
(2) the variation of arc temperature with ¢ is a small 


1. INTRODUCTION 


NY comprehensive theory of the electric 

arc must be consistent with the general 
character of the experimental results on the 
electrical properties of arcs in various gases.’ In 
broad terms, the fundamental observations are 
(1) the gradient-current relationship* of the form 
| =a,E~-" where the exponent is always negative 
and lies in the numerical range 0.25 <n <0.70, 
(2) the gradient-pressure variation of the form 
E=a,p" where the exponent is always positive 
and numerically of magnitude 0.15<m<0.32, 
and (3) the gradient-gas dependence which shows 
an increasing gradient through the series Hg, A, 
No, He and Hz. 

An arc may be considered as a mechanism of 
energy transfer. First the electrical energy input 
is used to dissociate and ionize the gas molecules 
and atoms and to raise the arc temperature to a 
high value. The second stage of the energy 
transfer consists in the dissipation of the thermal 
energy by radiation, conduction and convection. 
We consider radiation to be a negligibly small 
factor in the energy balance. From the low 
luminous efficiency of these arcs in the visible 
radiation, and from the total radiation measure- 


1C. G. Suits, Phys. Rev. 55, 561 (1939). 
* A nomenclature table appears at the end of the paper. 





effect, the E-—i relation at constant / is found to be 
E=const. 1" where n=(2—3a)/(2+3a). The exponent 
Mexp for nitrogen =0.6, while the teaic=0.74. When p 
varies, the arc temperature variation becomes important 
and the effect is included implicitly in the theory, leading 
to E=const. p", and D=const. p~’. From heat transfer 
data and Nz arc experiments we find that mexp=0.32, 
Meale = 0.31, Yexp = 0.38, and Yeaic = 0.28. For cases of forced 
convection we apply correlation data for forced convection 
cooling in the form W/ATkxr=f(DVp/n)=(DVp/n)*, 
where V is the fluid velocity. As above, this leads to 
the E-i expression for an arc in forced convection 
E=const. 1-*’ where n’=(2— ¢)/(2+¢). The exponent 
Neale = 0.54, while n’.x, is not known. For arcs in a variable 
gravity field g (as in the experiments of Steenbeck), we find 
E=const. g* where g=2a/(2+3a). The deaic = 0.087, while 
Gexp is not known. 


ments? which have been taken on a relatively 
efficient radiator, the Hg arc, it seems to be a 
reasonable assumption. Only for very high pres- 
sure mercury arcs does the radiation amount to 
an appreciable fraction of the energy input.*® 

In considering conduction and convection heat 
loss we are immediately confronted with the 
question of deciding whether convection can be 
neglected in the treatment. Elenbaas has shown 
in an interesting series of papers‘ that the im- 
portant quantitatives of the high pressure mer- 
cury arc can be accounted for satisfactorily on 
the assumption that the chief energy loss takes 
place by a process of pure conduction. These 
mercury arcs are confined to tubes which for 
stabilizing purposes must necessarily interfere 
with free convection, so that this result is not 
evidence that convection heat loss can be neg- 
lected as a factor in the treatment of arcs in 
other media, as for example under conditions of 
free convection in air. An excellent direct means 
of investigating the importance of convection 
effects is to measure the electric gradient E in a 


? W. Elenbaas, Physica 4, 413 (1937). 

*W. Elenbaas and W. deGroot, Physica 2, 807 (1935). 

*W. Elenbaas, Physica (a) 1, 211 (1933-34); (b) 1, 675 
(1933-34); (c) 2, 169 (1935); (d) 2, 757 (1935); (e) 2, 787 
(1935); (f) 4, 279 (1937); (g) 4, 747 (1937); (h) 4, 761 
(1937 
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gravity-free chamber, as in the ingenious experi- 
ment of Steenbeck.’ Steenbeck found that for 
arcs in air (in the four-ampere range) the total 
voltage e decreased by a factor of two to three 
times; while the current density J decreased 
from two to five times in the gravity-free 
chamber. This is very important direct evidence 
that convection plays an important role in the 
energy balance. Steenbeck measured total arc 
voltage e; if the measurements had been made 
only on the positive column, a larger reduction 
of gradient might have been found. When this 
experiment is performed*® with the atmospheric 
pressure mercury arc, the reduction of arc voltage 
in the gravity-free chamber is only one percent, 
which justifies the neglect of the convection 
factor in calculations involving these lamps. 

The available evidence indicates quite con- 
clusively the necessity for considering both con- 
duction and convection in the energy balance. 
For this purpose we shall apply the methods 
which have been developed in the solution of a 
similar problem—the conduction and convection 
heat loss from solid bodies. 


2. Convection Heat Loss 


The general character of conduction-convec- 
tion heat loss from solid bodies has been studied 
by numerous investigators.’ It is found that the 
convection currents, which are zero at the surface 
of the hot body and at a distance of several 
centimeters, rise to a maximum at a distance of 
several millimeters from the surface. The full 
drop in temperature takes place in this region of 
a few centimeters, with the steepest temperature 
gradients being directly at the surface of the 
hot body. 


5M. Steenbeck, Zeits. f. tech. Physik 18, 593 (1937). In 
this experiment the arc chamber is allowed to fall freely 
over a vertical path of 7 meters. The measurements are 
made during the free fall or gravity-free period. 

* By private communication from Dr. Carl Kenty, of the 
General Electric Vapor Lamp Co. 

7(a) L. Lorenz, Wied. Ann. 13, 582 (1881); (b) W. 
Nusselt, Gesundh.-Ing. 38, 477 (1915); (c) I. Langmuir, 
Phys. Rev. 34, 401 (1912); (d) C. W. Rice, J. A.I.E.E. 42, 
1288 (1923); (e) E. Griffiths and A. H. Davis, Report 9, 
Food Invest. Bd., H. M. Stationery Off., London (1922); 
(f) E. Schmidt, Zeits. {. Gesamte Kalt-Ind. 35, 213 (1928); 
Forschung 3, 181 (1932); (g) W. Nusselt and W. Jiirges, 
Zeits. V.D.1. 72, 597 (1928); (h) E. Schmidt and W. 
Beckmann, Tech. Mech. and Thermo. 1, 341 (1930); 1, 391 
(1930) ; (i) R. H. Heilman, Trans. Am. Soc. Mech. Eng. 5 
257 (1929); (j) K. Jodibauer, Zeits. V.D.I. 76, 1031 (1932); 
«) R. B. Kennard, Nat. Bur. Stand. J. Research 8, 787 
(1932). 





For small temperature differences, approxi- 
mate solutions of the equations of viscous fluid 
flow and of the heat conduction and convection 
equation have been obtained for the free con- 
vection problems of a vertical plate as well as of 
around a horizontal cylinder, based on the 
Prandtl boundary layer equations.”®:* They 
explain the general form of temperature and 
velocity distribution curves. 

The most comprehensive correlation of heat 
transfer measurements from hot cylinders has 
been carried out by means of dimensional 
analysis. By expressing the heat dissipation in 
terms of dimensionless units, there results, as 
shown by Nusselt,’“ 


ACA) A 


where h=coefficient of heat transfer (heat dissi- 
pation per unit area per unit time, per unit tem- 
perature difference), D=diameter, k=thermal 
conductivity, p= density, 8) = temperature coeffi- 
cient of volume expansion, g=gravity accelera- 
tion, »= viscosity, c,=specific heat, and A7 = tem- 
perature difference between body and ambient 
fluid. The three’ dimensionless constants (the 
terms in parentheses) occurring in (1) are some- 
times referred to as the “Nusselt,” the “Gras- 
hoff,”’ and the “Prandtl"’ numbers, respectively. 
The experimental results for liquids and gases 
prove further that the ‘“Nusselt’’ number 4D/k 
depends only on the product of the Grashoff and 
Prandtl numbers: 


“eee 


A survey of all available data on free heat con- 
vection from solids (vertical cylinders and planes, 
horizontal cylinders) confirms this equation with 
an average scattering of not more than 10 
percent in the heat transferred; the data covers 
a density range of 1: 10‘, a pressure range of 
1: 10%, and a range of the product of the 
Grashoff and Prandtl of 1 : 10°’. The form of the 
curve (2) can be found in McAdams’ textbook.* 
Because of the large range of variables, the 


*(a) K. Jodibauer, Forschung 4, 168 (1933); (b) R, 
Hermann, Physik. Zeits. 34, 211 (1933). 

*W. H. McAdams, Heat Transmission (McGraw-Hill, 
1933), p. 248. 
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curve (2) is commonly plotted on log-log scales. 
The resulting slope a is found to vary from 0.04 
to 0.25. Hence, over several ranges (2) can be 
given the form 


hD D*Bop*gAT\ /cpn\ 1" 
~=const.| (= a -)(") » (3) 
k n? k 


where a@ varies from 0.04 to 0.25; the multiplica- 
tive constant also varies. 

The product c,n/k is constant for gases; it is 
0.73 for diatomic gases and 0.67 for monatomic 
gases, and can be absorbed into the constant. 
Also, for perfect gases, Byp=1/7T, p= Mp/RT. 
Hence 





T7’*R*T? 


—=const. 


hD [rey 


3. APPLICATION TO ARCS 


In applying the above formula to arcs" we are 
faced with several difficulties. The relation (2) is 
based on free convection around solids; at the 
boundary of the latter there is no flow; near an 
arc, however, the convection velocity is nearly a 
maximum. Thus the relative heat transfer by 
convection and conduction from an arc must 
differ from the transfer around a solid cylinder. 
Direct measurement of the convection velocities 
around arcs in air" have shown that the actual 
heat convected upward within the luminous core 
may be as small as seven percent of the total 
energy loss. No gross error will be involved if 
we neglect this portion of the convection loss, 
for which there is no analog in the heat loss from 
a solid cylinder. 

Another difficulty is due to the large tempera- 
ture variation within the film; this causes both 
Bo and p to vary considerably, as well as n, k and 
Cp, with a resulting uncertainty in the dimension- 
less constants. While no difficulty arises in the 
product ¢,»/k, which remains constant in spite 
of the variation of its components, large varia- 
tions do occur in AD/k and in D*8op?/7n*. In 
plotting the available data on heat transfer for 

%” The first attempts in this direction were made by one 
of us late in 1934. A summary of results was published in 
1937 (Phys. Rev. 52, 136 (1937)). Publication of the 


complete paper was delayed for more accurate experi- 


mental data. 
uC. G, Suits, Phys. Rev. 55, 198 (1939). 


SUITS AND H. 
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purposes of deriving (2), it is customary to 
evaluate the gas constants at the mean film 
temperature 7,: 


T; = I eusblens +AT 2. 


It must be kept in mind, however, that the 
extension of (2) to arc temperatures constitutes 
a distinct extrapolation. 

By replacing h by W/xDAT, where W is the 
loss in calories per unit length of arc, and con- 
verting to watts, we have h= F£i/4.18A7TxD, and 
(4) takes the form 


9) 


D*M?p*gAT\* 
Et=(xk,;AT) const. (= —-) — 
T7’?R?T? 


4. E—i RELATIONS 


The uncertainties regarding the mean tem- 
perature and the proper values for Bo, k, 7, p 
disappear if we assume the arc temperature T to 
be constant and vary only the remaining quanti- 
ties E, i, R, p (provided it is assumed that the 
mean values are not affected by these variations). 
Holding p constant, we have Ei=const. D**. 
From the Saha equation, mo, the number of 
electrons per unit volume, is a function of tem- 
perature T only.* The arc current is given by 


t= (4D? /4)noevE, (6) 


where mo is the number of electrons per unit 
volume, e the electron charge and uz the electron 
mobility. Since mp depends on the temperature 
only, i=const. D*E; eliminating D, we get 


Y% 
. ~* > 
1/E=const. (Ei)ie, & i \ (/) 
ih. 
and solving for E, we have . 
Ro 
E=const. 4~*, where nm = (2—3a)/(2+3a). (8) 


Thus, on the assumptions (1) that the heat 
loss from the arc column is chiefly by conduction 
and convection, (2) that the relationship of the 
physical factors is the same as for heat loss from 
solid bodies, and (3) that the variation of tem- 
perature with 7 at constant pressure is a negligible 
factor, we obtain an expression for the gradient 
E as a function of ¢. 


* The arguments which lead us to apply the Saha equa- 


tion appear in much recent arc literature and will not be 
reiterated here. 
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From experimental data on arcs the exponent 
of i in (8) lies in the range 0.54<<0.73 for 
common gases, being 0.6 for Nz, CO: and air. 
For n to be negative, in agreement with experi- 
ment, a must be less than 0.66. Now, the extreme 
range of a is 0.04<a<0.25, while for the portion 
of the heat transfer curve of interest for arcs 
(log hD/k near 0), a has the range 0.09<a<0.2. 
For the entire range of fluid properties repre- 
sented by (2) the exponent m of the gradient 
Eq. (8) would thus be negative, in agreement 
with experimental data on arcs. For the range of 
0.04 <a<0.25, corresponding to the fluid proper- 
ties and temperatures found in high pressure 
arcs, the calculated exponent m varies from 0.54 
to 0.76, which can be compared to the measured 
values between 0.54 and 0.73. These values in- 
clude all of the gases for which free convection 
arc gradient measurements exist, except Hg 
vapor. The m for Hg has the value 0.26; in the 
tubes for which these measurements apply, con- 
ditions of free convection are only partially 
satisfied, as noted previously, which may be to 
some extent accountable for this result. For air 
at arc temperatures the heat transfer curve has a 
slope a=0.1; the corresponding value of m is 
thus —0.74, which can be compared to the 
experimental value of n= —0.60. In summary, 
it can be said that the fundamental property of 
a negative E—i arc characteristic at constant 
pressure can be derived from an application of 
the conduction-convection heat transfer laws of 
solid bodies to the arc column if its temperature 
variation is neglected ; and that the exponent of 
the gradient characteristic is correctly predicted. 


5. VARIATION OF D AND E WITH PRESSURE 

In a similar way the E—p and D—} relations 
can be obtained. The current density J is, of 
course, given by (6). Pressure p as a variable is 
included as follows: From the Saha equation, 





. 


n? 5040V, 
logo -)= ——. +1.5 logio 7+15.38. (9) 
N 
At constant temperature, mo~p'; however, the 
increase in arc temperature with pressure is not a 
negligible effect in this instance, since m» depends 
upon both p and 7. From experimental data on 
the variation of T with ~, we can calculate from 
(9) the electron density mo as a function of p. 





This has been done for the nitrogen arc T—p 
data at +=10 amperes,' as shown in Fig. 1. In 
general we can put 


no=const. p*, (10) 


where 8 = 1.44 from Fig. 1. 

The dotted curve of this figure expresses the 
variation of electron density mo with pressure as 
calculated from the ionization equation on the 
assumption that the arc temperature is constant, 
while for the upper (solid) curve this variation 
of mo with pressure is calculated from the same 
equation, but we use at each pressure the 
corresponding arc temperature from arc data. 
The importance of taking the temperature 
change into account is illustrated by the following 
calculations. If we neglect the temperature 
change, the electron density (compared to one 
atmosphere) will increase 3.16 times at 10 
atmospheres. But as a result of the increase of 
arc temperature with pressure, the actual in- 
crease of mo with p is 27.5 times at 10 atmos- 
pheres. The discrepancy is thus 8.7 times for 
this pressure interval. 

Since arc temperature does not enter explicitly 
as a variable, the pressure variation of tem- 
perature appears as a possible error at other 
points in the treatment. A detailed investigation 
shows, however, that it is only in the calculation 
of m from the ionization equation as described 
above that this factor need be considered. For 
example, in the mobility equation 

er 
“u=const. —-, (11) 
Mo C 
we assume that at constant temperature n.~1/p), 
and we neglect the small dependence of » on arc 
temperature 7 which enters in the terms \ and c. 
Similarly, in the heat transfer equation, (5), we 
neglect the dependence of the right-hand member 
on temperature which appears chiefly in the 
terms k;(~7**) and AT(~T) in comparison to 
the much larger effect of the temperature varia- 
tion in (9). 
Including these factors, we find that 


i=const. D*Ep*", (12) 
From W= Ei we obtain 
dW dE ui 
—=—+—. (13) 
WwW 8&8 ’S 
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Fic. 1. Electron density as a function of pressure. 


Taking logarithmic differentials of (12), we have 


di 2dD dE dp 
= + +(8—1) 
i DE b 


(14) 


Similarly, for the heat transfer equation, (5), 


dw dp dD 
= 2a—+3a 


; (15) 
W p D 


Case I 


If p ts constant, as in the simpler derivation, 


E=const. 4~ ‘?-3¢)/(2+8e) (16) 
as above. 
Case II. i constant, D as f(p) 
We have, from (13), (14) and (15) 
dD dE dp 
2 + +(g—1)—=0, (17) 
D E p 
dD dE dp 
3a _ 2a—=0. (18) 
D E p 


Eliminating dE/E and combining terms we 


obtain 


(19) 


dD dp/B+2a-—1 
eet"). 
D pp 2—3a 


AND 
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Finally, 


1)/(2-8e) = const. p~7, 


(20) 


D=const. p~ ‘**? 


which expresses the dependence of the are 
diameter D on pressure pin terms of the exponent 
a of the heat transfer equation and the experi- 
mental constant 8 for the variation of electron 
density with pressure and temperature. 


Case III. i constant, E as f(p) 
Eliminating dD/D in (17) and (18) 


dEsi 1\ dprsB—-1\ 2 
(21S lo 
E\2 3a/ pl\ 2 3 


Finally, we have 


E=const. p~2l3(8-))+41/@e-2) =const. p™. (22) 
Eq. (22) expresses the pressure variation of the 
arc gradient in terms of the exponents 8 and a. 

For nitrogen and air 8=1.44 and a=0.1. The 
calculated values of y and m are compared in 
Table I. The experimental values for y and m 
show a dependence on current which is not 
predicted by the theory. This effect arises from 
the small arc current-arc temperature variation 
which could be taken into account by evaluating 
8 for different values of current. 

The calculated values of m and y lie 
correct range and, in view of the assumptions, 


in the 


show a satisfactory agreement with the measured 
values. The lack of comprehensive pressure- 
temperature data for other gases prevents a 
calculation of m and y for these cases at present. 


6. Arcs IN ForRCED CONVECTION 


It is of some interest to examine the case of 
arcs in fluids under conditions of forced convec- 
tion, since in this case the arc temperature 7 does 
not appear explicitly in the right-hand member 
of the heat transfer expression, which has the 


form 


hD W DV p DVpv\e 
aa eeNOeS -( ) =const. ( ) _~ te 
k ATkr n n 


where all the quantities are defined above, except 
V, which is the fluid velocity. Considering first 
the case of constant temperature with variable 
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current and pressure, we have from (31) 


dw dD dp 
-o(—+—). (24) 

W p= '¢ 
Combining (23) with the previously determined 
relations above, we obtain, at constant pressure 


E=const. 1~°-*)/@+#) =const.4-"". (25) 
Thus under conditions of forced convection the 
exponent m’ of the current in the E—# relation 
has the form (2—¢/2+¢), which can be com- 
pared to the same quantity for free convection 
where n=(2—3a/2+3a). The E-—i character- 
istic will be negative for forced convection 
cooling of the arc when ¢<2. A probable value 
of ¢ estimated from known correlation data is 
g=0.6, for which —n’=—0.54. When careful 
measurements of arc gradient for forced convec- 
tion conditions are available, it will become of 
interest to examine them from the viewpoint of 
the above calculation. 


7. ARCS IN A VARIABLE GRAVITY FIELD 


In view of the experiments of Steenbeck® and 
some unpublished experiments of our own in 
which an arc is subjected to a centrifugal field, 
it is of interest to calculate the variation of E 
with g on the basis of the relationships used 
above. To include g, we write 


Ei=const. D*g-, (26) 


which may be combined with 1=const. D*E to 
obtain 


E=const. g**/“+%«) =const. g*. (27) 


With a=0.1 as used previously, this expression 
becomes 
E=const. g***’, (28) 


This relationship (27) expresses the dependence 
of arc gradient E upon the gravity field g. 
Applying (27) to Steenbeck’s experiments shows 
that E and g both go to zero together. If g is 
sufficiently small, the arc voltage observed in 
the gravity-free chamber should be the sum of 
the anode drop e4 and cathode drop eé,, since the 
positive column drop will become zero. This 
could be checked by actually measuring the posi- 
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tive column gradient in the gravity-free chamber 
by the vibrating electrode method. An alterna- 
tive check would be a separate measurement of 
eéat+e. as, for example, by shorting electrodes. 
This latter method is somewhat indirect and 
involves additional postulates. 

We have some incomplete data on the varia- 
tion of E with g where g is increased by cen- 
trifuging the arc. The dependence of E on g is so 
small, however, that very large values of g must 
be used to obtain accuracy. In the measurements 
we have available the accuracy is not satis- 
factory, but it can be said for certain that the 
coefficient g of the gravity effect is much smaller 
than the coefficient m of the pressure effect. 


8. DISCUSSION 


The method of treatment yields expressions for 
the chief electrical measurables of the high 
pressure* arc in terms of heat transfer quantities 
and one experimental constant depending upon 
the pressure variation of arc temperature. The 
important assumption is that the heat loss from 
the arc column is given by a relationship of the 
form known to apply to convection loss from 
solid bodies. The general agreement between 
the measured and calculated quantities is evi- 
dence that for the experimental conditions 
considered no prominent variables have been 
omitted. Since all of the quantities involved in 
convection heat loss as expressed by (5) are not 
varied explicitly in the experiment, we cannot 
conclude in general that the heat loss from the 


TABLE I. Values of y and m for nitrogen. 


Ycatc @0.28 (6 = 10) Moapc 0.31 (6 = 10) 


Mexp =0.29 fort= 1 
=0.31 fori= § 
=().32 for i=10 


Yexp = 0.30 fori= 1 
=0.30 fori= 2 
=0.35 fori= 5§ 
=(0.38 for 1=10 


*“High pressure,” in this sense, refers to the range 
around and above atmospheric pressure. More funda- 
mentally, the thermal equilibrium considerations apply to 
discharges in which the energy acquired by the electron per 
mean free path is small compared to its thermal energy. 
This criterion is best satisfied at high pressure and high 
current. From the fact that there is direct evidence from 
spectroscopic studies that thermal equilibrium is estab- 
lished in the current range of our experiments at one 
atmosphere pressure in air, it can be inferred that the same 
is true at higher pressures and currents. 
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arc column involves all of these quantities in this 
particular relationship. That » and D enter in 
the form D*~’ is, however, a proper deduction. 
It is evident that some of the other quantities 
in (5) could be varied experimentally and some 
evidence of the result is already known. In the 
experiments of Steenbeck, for example, g has 
been reduced to practically zero with the result 
that could be predicted from (27). More experi- 
ments with a gravity-free chamber or an arc 
centrifuge would be interesting, particularly if Z 
were measured instead of e. The other quantity 
which could be varied in (5) is the ambient 
temperature, and so far as is known no data 
exist on the effect on arc gradient E£. 

These conclusions apply, of course, to arcs 
under conditions of free convection (except 
Section 6). One would expect the effect of 
pressure on arc gradient to be different if free 
convection is not possible in the experiment. 
However, since the convection force increases 
linearly with pressure for the same temperature 
difference, an arc space which would be totally 
inadequate for convection at one atmosphere 
may permit prominent convection effects at 
higher pressure. Similarly, in the case of transient 
arcs, a time interval which would at one atmos- 
phere be short in terms of the thermal processes 
in the arc may be relatively very long at higher 
pressure. In other words, the “thermal time 
constant,’”’ which involves the rate of convection 
heat flow, must be much shorter at higher 
pressures. 

It would be better in general if the theory 
included the arc temperature 7 as an explicit 
variable, but some new relationship not known 
at present will be required for that purpose. In 
the case of constant pressure, the inclusion of T 
is not of great importance since temperature 
measurements show a small dependence on 
current. When pressure varies, however, the 
temperature change is important because a 
rather large variation of pressure is required to 
measure gradient changes with accuracy, and 
for this case a means of including 7 explicitly 
would improve the treatment. 

In the analysis given, a relationship between D 
and p of the form (5) results in a satisfactory 
agreement with experiment. It is important to 
note that this is not equivalent to saying that 


AND 
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(5) can be used to calculate the heat loss from 
the arc column; that is a relevant but different 
question which involves the constant of propor- 
tionality of (5). An investigation of this subject 
will be reported in a separate paper. The results 
show that (5) can be applied to arcs with a 
suitable interpretation of the constants. The 
method of interpretation is determined from a 
study of the data on heat loss from wires at high 
temperatures, which show systematic deviations 
from the Nusselt correlative curve at the highest 
temperatures. 

It is.clear that the conduction-convection heat 
loss in. a series of gases increases in the same 
order as the gradient,' although the detailed 
analysis of this question is not given here. Some 
uncertainty exists in the relative order of He and 
N: in regard to heat transfer. Experimentally E 
is slightly greater in He than in Ng for steady- 
state arcs. For some transient arcs He and N, 
appear to be within the 
measurement. Although the temperature 
heat transfer in Ne is much lower than He, it 
appears that at high temperature the contribu- 


identical errors of 


low 


tion of nitrogen dissociation to heat transfer 
balances the more favorable kinetic factors of He. 

We may presume that the correlation of heat 
transfer data and the electrical properties of arcs 
is a matter of considerable generality and is not 
limited to the case of free convection. It would be 
of interest to examine cases of forced convection 
with that in mind. There seems little doubt that 
the arc gradient in a forced convection air 
stream of 1 meter sec.~' velocity would be the 
same as in an arc in air under free convection 
velocities’ which are known to be of this same 
magnitude. 


NOMENCLATURE 
(in order of appearance) 


E—Electric gradient along the axis of the positive column 
of the arc (volts cm™) 

e—Total voltage drop between the electrodes (volts) 

i—Current (amp.) 

J—Current density (amp. cm~*) 


h—Surface coefficient of heat transfer (cal. sec. 


cm 
deg.~') 

D—Diameter of cylinder 

k—Thermal conductivity (cal. sec.~' cm deg.) 

8o—Temperature coefficient of volume expansion (deg.~) 


I 


p—Density (g cm~) 
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ELECTRON 








g—Acceleration of gravity (cm sec.~*) 
g—Viscosity (g sec.' cm™) 
¢y—Specific heat at constant pressure (cal. g™' deg.~') 
aT—Temperature difference (max.) between hot surface 
and surrounding fluid (deg.) 
a—Exponent of the ‘‘Grashoff"’ term in the approximate 
expression for convection heat transfer. 
M—Molecular weight 
p—Pressure (g cm™) 
7—Temperature absolute (deg.) 
R—Gas constant (cm deg.~') 
x—3.1416 
W—Heat loss per unit length of arc column (cal. cm™) 
-—n—Exponent of the current in the E—# relation 
tie—Number of electrons per unit volume (cm~*) 
yu—Mobility of the electron (cm* sec.~' volt) 
e—Electronic charge (coulombs) 
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volume (cm=*) (Loschmidt 


N—Molecules unit 
number) 
V.—Effective ionization potential (volts) 
8—Exponent of ? in the mo— > relation 
mo— Mass of the electron (g) 
\—Mean free path (cm) 
c—Average velocity (cm sec.) 
—y—Exponent of p in the D—> relation 
m—Exponent of p in the E—? relation 
V—Fluid velocity (cm sec.) 
¢—Exponent of the term (DV p/») for forced convection 
heat transfer 
—n'—Exponent of i in E-—i expression for forced con- 
vection cooling 
qg—Exponent of g in the E—g relation 
ea—Anode drop (volts) 
e-—Cathode drop (volts) 


per 
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The 


oscillations was studied in a mercury arc discharge tube 


dependence of electron scattering upon plasma 


containing a movable probe. The best conditions for 
studying these relations were found when the vapor 
pressures and arc currents were small. Probe volt-ampere 
characteristics showed the presence of ultimate electrons 
with a Maxwell-Boltzmann distribution corresponding to 
about 30,000°K and a superposed stream of fast electrons 
emitted the cathode. 
scattered without appreciable change in direction in well- 


from These fast electrons were 
defined, approximately plane regions only a few tenths of 
a millimeter wide. The plasma oscillations were studied 
with a crystal detector in the probe circuit supplemented 
by a Lecher wire system. In addition to ‘‘turbulent’’ dis- 
turbances with no measurable frequencies found through- 
out the tube, narrow regions were found in which stable 


periodic oscillations of considerable magnitude were de- 


INTRODUCTION 


N 1924 Langmuir and Mott-Smith' showed 
that in an electric discharge in a gas or vapor 
the primary electrons emitted by the cathode 
suffer scattering, resulting in a redistribution of 
velocities. Starting with a homogeneous primary 
beam of electrons, they found scattered electrons 


* Publication assisted by the Ernest Kempton Adams 
Fund for Physical Research of Columbia University. 

11. Langmuir and H. Mott-Smith, Gen. Elec. Rev. 27, 
449, 538, 616, 762, 810 (1924). 





PHYSICAL REVIEW 


VOLUME 55 


Electron Scattering and Plasma Oscillations* 


HARRISON J. MERRILL AND HarRo_p W. WEBB 
Columbia University, New York, New York 
(Received April 26, 1939) 


tected. These regions and the scattering regions were, 
in general, equal in number and coincided except for a 
small shift of the former in the direction of the anode. 
The observed frequencies agreed well with the formula 
derived by Tonks and Langmuir. The scattering regions 
and the regions in which periodic oscillations were ob- 
served became less marked and moved toward the cathode 
as either the vapor pressure or arc current were increased. 
The periodic oscillations were found only in regions 
traversed by the fast electrons. The results are interpreted 
as showing that scattering is due to plasma oscillations 
which receive their energy from the fast electrons. The 
process by which the oscillations were detected by the 
probe is discussed to account for the shift of the regions in 
which oscillations were observed with respect to the 
scattering regions. 


with velocities considerably in excess of the 
original value as well as those with much less 
velocity, although the mean energy in the beam 
was not much changed. Dittmer*® has shown that 
the region of scattering approaches the cathode 
as the discharge current is increased. Penning* 
found oscillations of frequencies from 3X 10* to 


2 A. F. Dittmer, Phys. Rev. 28, 507 (1926); I. Langmuir, 
Phys. Rev. 26, 585 (1925). 

*F. M. Penning, Physica 6, 241 (1926); Nature 118, 301 
(1926). 
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Fic. 1. Experimental tube. 








Cathode Cross Section 


6X 108 and observed that electron scattering was 
accompanied by oscillations. Druyvesteyn and 
Warmoltz‘ observed that the changes in velocity 
distribution, space potential and electron con- 
centration occur in distinct narrow regions. The 
phenomenon is especially interesting in its rela- 
tion to arc discharges with a hot cathode, par- 
ticularly as it effects the distribution of excitation 
and ionization. 

The most satisfactory explanation, suggested 
by Dittmer, for the scattering is that it is caused 
by rapidly varying potential gradients in the 
discharge due to oscillations of the plasma elec- 
trons. Tonks and Langmuir® have developed a 
theory for these oscillations and have shown that, 
if the reaction of the tube walls and electrodes be 
negligible, the frequency of oscillation is given by 
the simple relation v= (ne?/m,)' where ¢ and m, 
are the electronic charge and mass, respectively, 
and m is the concentration of the plasma elec- 
trons. Such oscillations may produce alternating 
potential gradients of many volts per cm, and a 
stream of primary electrons traversing these 
regions would be scattered accordingly. 

In the investigation described in this paper the 
relation between the plasma oscillations and the 
scattering of the primary beam was further 
studied. With a probe which could be moved by 
very small steps to any part of the discharge and 


*M. J. Druyvesteyn and N. Warmoltz, Physica 4, 51 
(1937). 

5 L. Tonks and I. Langmuir, Phys. Rev. 33, 195 (1929); 
33, 990 (1929); I. Langmuir, Proc. Nat. Acad. Sci. 14, 627 
(1928); L. Tonks, Phys. Rev. 38, 1219 (1931); L. Tonks, 
Phys. Rev. 37, 1458 (1931); M. Steenbeck, Zeits. f. 
Physik 76, 260 (1932). 
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selecting those low pressures and small currents 
which gave most clearly defined effects, it was 
possible to study the process in greater detail 
than has been possible in earlier investigations, 


EXPERIMENTAL 


The experimental tube is shown in Fig. 1. The 
indirectly heated oxide-coated cathode K had 
an active emitting surface, 4X6 mm. A piece of 
fine nickel mesh of these dimensions was welded 
to the convex surface of a nickel cylinder C, 6 
mm in diameter, inside of which was a tungsten 
heater W. The mesh was coated with oxide, and 
care was taken to avoid spreading of the coating 
on neighboring parts of the cylinder. To further 
insure a sharp limitation of the emitting surface, 
a second cylinder D slightly larger in diameter 
was placed outside the first and in contact with 
it along the front. The second cylinder had a 
window, also 4X6 mm, opposite the oxide- 
covered mesh. Since it was cooler than the inner 
cylinder, there was no stray emission from it due 
to sputtered oxide coating. The anode An was 
a hollow nickel cylinder 12 mm in diameter and 
6 mm deep. 

A small pool of mercury M in an arm below the 
cathode supplied the vapor for the arc. This was 
kept at the temperature corresponding to the 
desired pressure by immersing it in an oil bath. 
To prevent condensation, the tube was enclosed 
in a superheating oven, into which it was rigidly 
clamped. 

The probe P was a tungsten wire, 0.05 mm in 
diameter and 6 mm long, projecting out of a 
quartz tube, the lower 1.5 cm of which had a 
diameter of 0.6 mm. This was supported at the 
top by what was equivalent to a universal joint, 
by hanging it on a short section of fine tungsten 
wire with small clearance between it and the 
glass wall. To move the probe relatively to the 
discharge, the oven was tilted either about a 
horizontal axis parallel to the anode-cathode 
axis or about one perpendicular thereto. As the 
probe was easily disturbed by jars and was little 
damped, the oven was placed on a heavy plat- 
form hung from the ceiling. Since changes as 
small as 0.1 mm in the position of the probe 
along the anode-cathode axis resulted in marked 
changes in the observed results, this motion was 
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ELECTRON 


controlled by hinging one end of the oven and 
supporting the other end on a long wire hung 
from a post on the platform. The thermal expan- 
sion of this wire was large, so that by varying its 
temperature by passing a current through it the 
probe could be moved in this direction without 
jarring by steps as small as 0.1 mm. Scales were 
provided so that the position of the probe in the 
discharge could be read off directly. 

The probe circuit, which was usually com- 
pleted through the anode, included circuits for 
detecting and measuring high frequency currents 
picked up by the probe. Several types of vacuum 
tubes were tried, but most satisfactory results 
were obtained with a galena crystal detector, 
with a circuit similar to that used by Tonks and 
Langmuir. A Lecher wire was connected in 
parallel with the detector circuit so that periodic 
oscillations could be observed and their wave- 
lengths determined. The crystal was calibrated 
for every set of observations to eliminate errors 
caused by variations in the sensitivity of the 
crystal. Tests were made to make certain that 
these oscillations were independent of the proper- 
ties of the external circuit. 

Before making measurements, the arc was run 
until it had come to an equilibrium temperature 
and pressure. When measuring the voltage- 
current characteristics, it was found that under 
some conditions the probe disturbed the dis- 
charge so that the arc voltage changed by as 
much as five percent as the probe voltage was 
varied: in such cases the current controlling 
rheostats were varied to maintain the arc current 
constant. 

After correcting in the usual manner for the 
positive ion current to the probe, the resulting 
electron current-probe voltage curves were ana- 
lyzed to find the velocity distribution of the 
electrons. Typical characteristic curves are shown 
in Fig. 2(A). The curves in this and subsequent 
figures are numbered in the order in which they 
were determined in the investigation. In Fig. 
2(A), the ordinates are the probe currents plotted 
to a logarithmic scale and the abscissas the 
voltages on the probe, with the space potential 
taken as zero. The arrows marked A and K 
indicate the potentials of the anode and cathode, 
respectively. In all of the curves the analysis 
showed that two groups of electrons were present. 
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For voltages greater than —5 volts the pre- 
dominate group was the “ultimate’’ electrons 
(plasma electrons with random velocity cor- 
responding to a Maxwell-Boltzmann distribu- 
tion). For voltages less than —5 volts the 
“primary” and “secondary” electrons became 
important. The former are the electrons emitted 
by the cathode which have suffered no scattering, 
the latter those primary electrons which have 
been scattered but not sufficiently to have the 
same distribution as the ultimate electrons. Both 
primary and secondary electrons will be referred 
to as “‘fast’’ electrons in the remainder of this 
paper. The ultimate electrons alone give for 
negative voltages a straight line relation between 
the log of the probe electron current and the 
probe voltage, from which the electron tem- 
perature is calculated. For positive voltages a 
straight line relation between current squared 
and voltage is found,' from which the electron 
concentration and space potential are calculated. 
The current to a cylindrical electrode in a 
homogeneous stream of fast electrons of energy 
Vo is given by, 
i=2rlI(1+V/Vo)'; V>— Vo, 
i=0; V<—Vo, 

where 27/ is the projected area of the probe, J the 


current density, and i the fast electron current 
to the probe when at the potential V. By the use 
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Fic. 2. (A) Typical probe characteristic curves in defined 
regions of a test mercury discharge: arc vapor pressure, 
three microns; arc current, 0.042 ampere. (B) Volt-energy 
distribution of electrons as a function of current in the 
discharge. 
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Fic. 3. Probe positions for determining the probe 
characteristic curves of the test discharge. The discharge is 
divided into regions, each of which, has a typical probe 
characteristic current, 


of this formula that part of the probe current 
characteristic caused primarily by fast electrons 
was analyzed to find their velocity distribution. 
This was done by dividing them up into a large 
number of approximately homogeneous groups 
and building up a synthetic curve, which when 
added to the curve due to the ultimate electrons, 
fitted well the experimental results over the 
whole range of voltages. The precision with 
which this analysis could be made may be seen 
from a comparison of curves 423 and 427, in 
Fig. 5(A), which, although they represent small 
differences in the electron distribution, were de- 
rived from distinctly different probe character- 
istics. Fig. 2(B) shows the result of such analysis 
for the curves of Fig. 2(A); the ordinates are the 
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relative number of fast electrons having the 
energies given in electron-volts by the abscissas, 
In computing the curves of 2(B), as well as in 
all similar curves described in this paper, a cor- 
rection has been made to allow for the increase 
of the cross section of the arc discharge as the 
anode is approached. The ordinates in the cor- 
rected curves are therefore proportional to the 
total current of fast electrons rather than their 
current density. 


RESULTS 


The temperature and concentration of the 
ultimate electrons, the velocity distribution of 
the fast electrons and the space charge oscilla- 
tions were determined for a large number of 
points in the axial plane for pressures varying 
from three to seven microns and for currents 
between 0.020 and 0.100 amp. Over six hundred 
complete probe characteristic curves were made 
in the course of the investigation, and the results 
were found to be generally reproducible. The 
results for a number of typical cases are given in 
Table I. In column (a) the pressures of the vapor 
are given in microns, in (0) the arc current in 
amperes, in (c) the arc drop in volts, and in (d) the 
space potential in volts with respect to the anode. 
Column (e) shows the voltage difference between 
the cathode and space, (f) the velocity acquired 
by electrons falling through this potential differ- 
ence, and (g) lists the observed electron con- 
centrations. 

The discharges were all of the well-known type, 
with cathode drop between 16 to 21 volts and a 
nearly constant space potential extending almost 
to the anode, where there was a negative anode 


TABLE I. Data on mercury arc. 
































(a) (b) (¢) (d) (e) (f) (g) (h) | i) 
ENERGY ELECTRON | 
Arc Arc SPACE PRIMARY ELECTRON CONCEN- OSCILLATION | OSCILLATION 
PRESSURE CURRENT Arc Drop POTENTIAL BEAM VELOCITY TRATION FREQUENCY FREQUENCY 
(MIcrons) (AMP.) (VOLTS) (VOLTS)* (VOLTS) (CM/SEC.) (No./cc) 8980n4 LECHER 
3 0.020 11.7 8.1 19.8 2.65 x 108 | 1.77 x10" 1.20108 | 1.18x10° 
0.030 12.4 8.4 20.8 2.72 2.56 1.44 1.44 
0.040 13.5 7.3 20.8 2.72 3.33 1.64 1.50 
0.045 14.0 7.0 21.0 2.73 3.72 1.73 
0.050 14.7 7.2 | 21.9 2.78 3.94 1.79 - 
7 0.020 9.4 7.5 16.9 2.45108 | 1.9310! 1.25X10° | 1.17 
0.030 9.8 7.0 16.8 2.42 3.09 1.58 | 1.34 
0.040 10.4 6.5 16.9 2.45 3.85 | 1.76 — 
0.050 11.3 4.8 16.1 2.39 | 5.65 | 2.14 — 











* Measured from the anode. 
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drop of from five to eight volts. The part of the 
discharge in which there were not a negligible 
number of fast electrons will be referred to as the 
“arc discharge,’ and was practically included in 
a region defined by the active part of the cathode 
and the periphery of the anode, as shown in 
Fig. 3. Within this region the paths of nearly all 
the fast electrons made angles with the cathode- 
anode axis not greater than 10°. 

In Fig. 3 the positions at which probe charac- 
teristics were taken are shown for a typical test 
by the sets of dots, squares, circles, triangles and 
crosses. The pressure was three microns, the arc 
current 0.042 amp. and the arc drop 17 volts. 
Five of the probe current-voltage curves are 
shown in Fig. 2(A), and are typical of all of the 
fifty-eight characteristic curves determined for 
these conditions. The discharge was divided into 
five regions, marked A-E in Fig. 3, in each of 
which characteristics of one type only were 
found, 118 in A (dots), 126 in B (squares), 161 
in C (cricles), 165 in D (triangles), and 119 in E 
(crosses). The first four regions lay entirely in the 
arc discharge and were separated from one 
another by surfaces symmetrical to the axis and 
slightly convex to the cathode. Region E in- 
cluded all parts of the tube outside the arc dis- 
charge. The boundary of the arc discharge was so 
sharp that curves such as 118, 126, 161 and 165 
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Fic. 4. (A) Volt-energy distribution of electrons to show 
positions of the regions of scattering: arc vapor pressure, 
three microns; arc current, 0.020 ampere. (B) The rectified 
current of the crystal detector circuit as a function of the 
position of the probe along the axis. 
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Fic. 5. (A) Volt-energy distribution of electrons to show 
positions of the regions of scattering: arc vapor pressure, 
three microns; arc current, 0.045 ampere, (B) The rectified 
current of the crystal detector circuit as a function of the 
position of the probe along the axis. 


were obtained only 0.5 mm distant from points 
in E for which curves such as 119 were recorded. 

Analysis of the ultimate electrons, as discussed 
above, showed that in every part of the arc dis- 
charge and in its immediate environment there 
was a nearly uniform concentration of the order 
of 310" per cc. The electron temperatures for 
all points in a given arc discharge and in the 
neighboring parts of region E were practically 
the same, about 30,000°K. 

In Figs. 4 and 5 the results of two more de- 
tailed studies of the scattering process as well as 
the simultaneous measurements of the plasma 
oscillations are shown. The probe was moved 
along the axis of the discharge in steps of 0.2 
mm, and particular attention was given to the 
narrow regions in which scattering was observed. 
The results shown in Fig. 4 were obtained at 
three microns pressure, with arc current 0.020 
amp., arc drop 11.7 volts and space potential 
8.1 volts with respect to the anode. In Fig. 4(A) 
are given a few of the numerous curves obtained, 
showing the velocity distribution of the fast 
electrons at critical points. The position of the 
probe corresponding to each of these is indicated 
by arrows on the broken line in the lower part 
of Fig. 4(B), in which the abscissas are dis- 
tances from the cathode. In Fig. 4(A), the po- 
tential of the cathode relative to space potential 
is indicated by the arrow K, at 19.5 volts on the 
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abscissa axis. It will be seen that up to a point 
4.3 mm from the cathode all the fast electrons 
had energies differing by not more than one volt 
from that corresponding to the cathode-space 
difference of potential (cf. curves 400-405). Then, 
in a region 0.2 mm wide, marked scattering 
occurred (cf. 405-406) ; electrons with more than 
26 volts energy appeared. From 4.5 to 6.1 mm 
the energy distribution again remained nearly 
constant (cf. 406-411). At 6.1 mm a second 
scattering region was found (cf. 411 and 414) 
resulting in a distribution in which the maximum 
at 19.5 volts had disappeared and electrons with 
energies up to 33 volts were measured. Between 
this region and the anode the scattering was 
small. 

The boundary between the region by the 
cathode and the adjoining region in the arc dis- 
charge was clearly defined visually, by differences 
in intensity and color. The boundary between the 
arc discharge and the region outside was also 
sharply defined by intensity differences. 

In Fig. 4(B) the results of the measurements 
of oscillations as picked up by the probe circuit 
are shown. The galvanometer deflections due to 
the current rectified by the crystal are plotted 
as a function of the distance of the probe from 
the cathode. At points between the cathode and 
a point 5 mm distant there was a constant de- 
flection, corresponding to five millivolts across 
the crystal. No change in this deflection was 
observed as the Lecher bridge was moved, so 
that no frequency can be assigned to these dis- 
turbances. Furthermore, as the same deflection 
was observed for all positions of the probe out- 
side the arc discharge, even near the walls, 
whether the probe circuit was completed to the 
anode, the cathode or to an electrode pasted on 
the outside of the tube, it was concluded that 
this background disturbance was picked up in- 
directly and could be neglected in studying the 
variation in the oscillations with position. 

At 5.3 mm from the cathode a small peak in 
the deflection was observed, and the Lecher sys- 
tem gave measurable response throughout this 
region with nodes spaced 12.7 cm apart. At 6 mm 
the deflection was again approximately that of 
the background and there was no response on 
the Lecher system. At 6.8 mm a larger peak was 
observed ; periodic oscillations of the same fre- 
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Fic. 6. The rectified current of the crystal detector 
circuit as a function of the position of the probe along the 
axis. The arrows show the position of the first region of 
scattering as found in a family of curves such as shown in 
Figs. 4 and 5. 


quency as found in the first peak, 1.18 10° 
cycles, were observed for all currents substan- 
tially above the background. From this peak to 
the anode the deflection had a constant value in 
excess of the background but without any 
Lecher response. The excess was definitely 
caused by turbulence in the arc discharge, since, 
when the probe was moved over the boundary 
into the region outside the arc discharge, the 
deflection fell abruptly to the background value. 
It will be noted that the peaks in the oscillations 
occur beyond the corresponding regions of 
scattering by approximately half the distance 
between them. 

In Fig. 5(A), (B) are shown similar results for 
an are current of 0.045 amp. The arc pressure 
was three microns, arc drop 14 volts and the 
space potential seven volts positive to the anode. 
With this higher current the regions of scattering 
were closer to the cathode, the first being only 
1.6 mm distant. Three distinct regions of scatter- 
ing were observed in place of two, and corre- 
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sponding to these were three oscillation peaks, 
throughout which the Lecher system showed a 
definite frequency. The background again gave 
about 5 mv across the crystal, with no measur- 
able frequency. Between the third peak and the 
anode the deflection was slightly in excess of 
the background without any indication of 
periodicity. 

Column (h) of Table I gives the frequencies 
calculated by the Tonks and Langmuir formula 
for a number of typical cases and (t) the cor- 
responding frequencies observed with the Lecher 
wires. These usually agreed to better than ten 
percent; the difficulties involved in measuring 
the concentrations were responsible for much of 
the lack of precision. For currents greater than 
0.040 amp. no frequency is recorded as the re- 
sponse to the tuning on the Lecher wires was so 
unstable that the frequency could not be de- 
termined precisely. 

In general, increase of either current or 
pressure moves the singular regions toward the 
cathode. In Fig. 6 the observed oscillations are 
plotted for two pressures, three and seven mi- 
crons, at four currents, 0.020, 0.030, 0.040 and 
0.050 amp. It will be seen that for a given current 
the curve taken at seven microns pressure has its 
peaks nearer the cathode than that for the lower 
pressure and that the effect of increasing the 
current is also to move the peaks toward the 
cathode as well as to make them less pronounced. 
For 0.020 amp. the peaks are exceptionally large ; 
the one nearest the cathode extends to the ordi- 
nate value 55, while for 0.050 amp. the peak is 
very small in the three-micron curve and was 
unobservable at the seven-micron pressure. The 
positions of the scattering region nearest the 
cathode are indicated by solid arrows on the 
three-micron curve and by broken arrows on the 
seven-micron curves. It will be noted that these 
behave in the same way as the oscillation peaks, 
and that they again occur nearer the cathode. 

No measurements of either scattering or oscil- 
lation were made at lower arc currents and 
pressures since the discharges became too un- 
steady for analysis. 


Disct SSION 


The close correlation between the scattering 
phenomena and the oscillations strongly con- 


firms the conclusion of earlier investigators that 
the scattering is due to plasma oscillations of the 
type described by Tonks and Langmuir.’ The 
agreement between the frequencies observed 
and those calculated from their formula (1), 
v= (ne?/xm,)', is of particular interest. The fact 
that oscillations of definite frequencies are ob- 
served only in the arc discharge where fast elec- 
trons are undergoing scattering leads to the 
further conclusion that these electrons furnish 
the energy for the oscillations. There are, how- 
ever, several important points to be considered 
in connection with these conclusions. 

The scattering regions were observed to be 
quite narrow, of the order of a few tenths of a 
millimeter. On the other hand, a single scattering 
process results in increases in energy of the order 
of five electron volts. This requires a large electric 
intensity in the scattering region. Let us assume 
that a single oscillation region is confined to the 
space between two parallel infinite planes at 
x=o and x=b, respectively, and that the 
oscillations are due to motions of the plasma 
electrons parallel to the X axis. Let the electron 
concentration at any point be m= no 1+ ¢(t)f(x) ], 
where mo is the mean electron concentration, 
y(t) a periodic function of the time, and f(x) some 
function of x which is zero except in the oscilla- 
tion region and is such that its instantaneous 
mean value from o to } is zero. The number of 
electrons in excess of the mean in the region o 


to x is 


7 


s= | nog (t)f(x)dx 


0 


and the electric field strength at x resulting from 
this electron distribution is 4reS. Now if £ is the 
displacement from its mean position of an elec- 
tron when it is at x, and if we assume for sim- 
plicity that all electrons in a plane perpendicular 
to the X axis have the same velocity, we have 
S=—mnot. The potential difference across the 
region is then 


wb 


4re | (—mnot)dx. 
e 


If this is put equal to five volts =0.017 e.s.u. and 
if typical values, b>=0.03 cm and myp=3 X10" are 
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used, the mean value of £ is approximately 0.003 
cm. We see then that m in these experiments 
probably varied throughout the scattering region 
by as much as ten percent. The precision of 
measuring the concentration of the plasma elec- 
trons was, however, not sufficient to necessitate 
taking this variation in m into account, and in 
calculating the values in Table I the mean 
concentration was used. 

It has been pointed out that the peaks in the 
oscillation curves occurred from one-half to one 
millimeter beyond the corresponding scattering 
regions, and that when the probe was in these 
latter regions no definite frequency could be de- 
tected. The actual plasma oscillations have, how- 
ever, been assumed to be in the scattering region. 
To explain the shift it is necessary to consider 
how the alternating potential is impressed on 
the probe. Only a negligible part of the periodic 
current picked up by the probe was caused by 
the ultimate electrons. That this was principally 
caused by the fast electrons was shown by a 
study of the oscillation curves taken with differ- 
ent potential impressed on the probe. Only small 
changes were noted as this potential was de- 
creased from a value slightly positive to the space 
potential to a value negative to. the space poten- 
tial by an amount equal to the cathode-space 
difference of potential. For more negative po- 
tentials the peaks decreased in height and finally 
disappeared, leaving only turbulent disturbances 
such as were always observed outside these 
regions. From this we conclude that the periodic 
fluctuation in the current density of the fast 
electrons accounted for the alternating potential 
picked up by the probe. Since a scattering region 
was narrow and the current density before 
scattering was practically constant, these periodic 
fluctuations became appreciable only at some 
distance beyond the region, where the fast elec- 
trons had to some extent overtaken those of mean 
velocity and the slower ones had dropped back. 
It is interesting to note the result of a calculation 
of the magnitude of the fluctuations in the cur- 
rent of fast electrons at the probe, for a simple 
case in which all of the electrons have the 
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velocity v» before entering a narrow scattering 
region at x=0, while those emerging have the 
velocity, v=v)»—A cos 2rvi. We find that the 
amplitude of the current density at any point x 
is equal to (a,?+5,")! where, 


aby 
a,=2(2rC,) | 
v9 


cos (2rvx/v) cos 2rvt di 
and 


by 
b= 2(20C2) f sin (2rvx/v) cos 2rvi dt: 
0 


Cy is the initial current density. Now since A is, 
in general, small with respect to vo, it can be 
shown that (a;2+),?)'=2Co)J;(2xvxA /v,?). This 
expression has a maximum for the argument 
equal to 1.84. For A=0.1lvo, the value of x for 
maximum amplitude is approximately equal to 
6 mm for typical values of v and vo. This is much 
larger than the observed distances between the 
oscillation peaks and the corresponding scatter- 
ing regions. This is probably because we have 
assumed too simple conditions. 

One of the assumptions which is most prob- 
ably in error is that at any point at a given time 
all the fast electrons had the same velocity. A 
study of the velocity distribution of these elec- 
trons after scattering shows that there were 
fewer electrons in the faster and slower groups in 
comparison with those which retained their 
original velocity than would be expected on this 
assumption. It is probable, therefore, that there 
were always present mixtures of fast electrons of 
different velocities. 

While results seem to point to the fast elec- 
trons as the source of the energy necessary to 
maintain the oscillations, attempts to calculate 
the energy transfer have not been successful. 

For larger currents and pressures than those 
reported here, the electrons emerge from the 
immediate vicinity of the cathode already 
scattered, but no measurements could be made 
to study the details of the process. The above 
results suggest that a very violent oscillatory 
disturbance must exist in a very narrow layer 
close to the cathode. 
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The Variation with the Density of Mercury Vapor of the Intensity of the Spectral 
Lines of Mercury Excited by Electron Impact 
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The variation in the intensities of mercury lines with the 
abundance of mercury present was investigated experi- 
mentally both for mercury alone and for mercury vapor 
in a mixture with another gas. The source consisted of a 
normal low voltage arc and this source was used because 
it closely approximates the simple ideal source desired; 
namely, one in which electrons of definite and controlled 
energy are projected through a space containing mercury 
and possibly other atoms so that an electron may not 
make more than one exciting or ionizing collision in its 
passage through the gas. Tests indicated that the ideal 


A. INTRODUCTION 


XPERIMENTS have brought to light many 
methods for the production of spectra. In 
former years the analysis and classification of 
spectra were some of the most important 
problems. The type of discharge which would 
produce the spectra was of secondary importance. 
The knowledge gained about the spectra and the 
extensive development of spectral theory now 
make it possible to use spectroscopic methods for 
the investigation of phenomena in the discharge 
of electricity through gases. 

In this investigation one would, ideally, like to 
project into an extended region containing gas 
atoms a large number of electrons of definitely 
controlled energy. Within this region the elec- 
trons should be free and gain no more energy. 
Their energy should be such that upon an 
occasional exciting collision, the electron would 
lose most of its energy and could not excite any 
other atom upon which it might make an 
impact. 

The low voltage arc' was chosen as a discharge 
source because it offers the simplest means of 
excitation by electron impacts. The reasons are 
as follows: (1) In the normal low voltage arc, 
after the discharge has reached a steady state, 
the whole fall in potential between the filament 
and the anode is concentrated in a thin sheath 

* Now at the Mathieson Alkali Works, Inc., Niagara 
Falls, New York. 


10. S. Duffendack, Phys. Rev. 20, 665 (1922); K. T. 
Compton, Phys. Rev. 15, 30 (1920). 


conditions were closely approximated. Theoretical for- 
mulae were developed for the relationship between the 
intensities of the mercury lines and the density of the 
mercury vapor (abundance of mercury). The measured 
values were found to be in good agreement with those given 
by the formulae. The relation of this investigation to the 
practices of quantitative spectrochemical analysis is 
pointed out. An analytical curve for the determination of 
mercury in such mixtures as were employed can be gotten 
from the data and the equation of the curve can be de- 
rived from the formulae derived from the theory given. 


close to the cathode. The rest of the space is 
field free and is known as the plasma. (2) The 
current through the tube and the potential 
difference applied to the electrodes can be 
changed independently. This mode of discharge 
permits the mechanism for excitation to be 
adjusted so that the primary electrons have only 
one exciting collision. Further, this method 
facilitates an exact control of a given excitation 
condition. 

Any investigation of a discharge as a source of 
light must involve radiation processes and the 
mechanism of the discharge. In fact, as C. G. 
Found? has stated, ‘Any discussion of the pro- 
duction of light in a gaseous discharge must 
involve a consideration of such a discharge as a 
conductor of electricity, since the fundamental 
function of the applied voltage is to establish a 
passage of current. Any light produced is merely 
incidental to and a by-product of the processes 
which render the tube conducting.” 

Although the production of light does not 
constitute a major role of a gaseous discharge, 
nevertheless, the mode in which light is produced 
is utilized in the field of quantitative spectro- 
chemical analysis. This field of investigation 
presents numerous problems in which the con- 
duction of electricity through gases plays a 
major role. Besides the more obvious value, the 
field of quantitative spectrochemical analysis 
affords, and is affording, an accurate quantitative 


2C. G. Found, Gen. Elec. Rev. 37, 269 (1934). 
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Fic. 1. Diagram of apparatus. A, mercury glow tube. 
B, probe. C;, C2, quartz windows. E, mercury reservoir. 
F, plate (anode). G, helium glow tube. H, spectrograph. 
I, mercury seal. 


check of some phases of the extensive spectral 
theory and a correlation of this theory with 
discharge phenomena. Through extensive devel- 
opments in quantitative spectrochemical analysis 
and in other fields by many investigators, the 
technique of spectral photometry has been im- 
proved to a high degree of reliability so that 
repeat measurements of a single plate agree 
within + one percent. The principal problem 
in the development of the technique of spectro- 
chemical analysis lies in a better understanding 
of the mechanism occurring in a gaseous dis- 
charge and its relation to spectral theory. 


B. Purpose OF INVESTIGATION 


The purpose of the investigation was three- 
fold: First, to make a quantitative study of the 
variation of intensity of the spectral lines of an 
element present alone in the discharge as a 
function of the amount. Second, to make a 
quantitative study of the variation of intensity 
of the spectral lines of one element, in the 
presence of definite amounts of foreign gas, as a 
function of the amount of the element present. 
Third, to tie up the general problem stated 
above to the more practical problem of quantita- 
tive spectrochemical analysis. 


C. EXPERIMENTAL PROCEDURE 


Figure 1 gives a detailed view of the Pyrex 
experimental tube, also a schematic arrange- 
ment of the experimental tube, two auxiliary 
tubes G and A, and the spectrograph, H. 
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The experimental tube was constructed so as 
to carry out several different types of measure- 
ments without disturbing the discharge. The 
electrons from the hot tungsten filament were 
accelerated toward the nickel plate, F, a distance, 
d=3 cm, from the filament. The radiation from 
the discharge could be studied by allowing it to 
pass through a quartz window, C,, and thence 
finally to a medium quartz spectrograph, H. 
A movable probe, B, was provided to determine 
the discharge conditions electrically. It could be 
set at any point within the discharge by turning 
the probe through the mercury seal, J. The 
light trap, D, served to eliminate reflections of 
the radiation from the back wall. In direct line 
with the main quartz window, C;, but on the 
opposite side of the experimental tube was 
another quartz window, C2. E is a reservoir 
containing the excess mercury. 

Two magnetically controlled traps were pro- 
vided to insure that whatever gas was admitted 
to the tube would remain at constant density as 
the temperature was changed. Both traps could 
be lifted by means of solenoids placed around the 
side tubes. The discharge tube was connected toa 
high vacuum system. A second mercury diffusion 
pump permitted the gases to be circulated 
through a charcoal trap, a hot copper oxide 
trap, a liquid-air trap, and through the experi- 
mental tube. Since there are no wax joints on 
this tube, contamination from this source was 
avoided. 

The auxiliary tubes, A and G, were con- 
structed similarly ; both have fused quartz center 
sections. The electrodes were made of nickel. 
After the tubes were well outgassed, G was 
filled with pure helium to a pressure of 5 mm 
and A with pure argon to a pressure of 3 mm and 
an excess of redistilled mercury. Both tubes were 
then sealed off from the vacuum system. 

The probe design has been described before by 
Sloane and Emeleus.? The probe wire was 
tungsten, five mm in length and three mm in 
diameter. 

The electrical connections for the experimental 
tube were arranged so that the plate voltage and 
filament current could be changed independently. 


An adequate power source insured a plate current 


*R. H. Sloane and K. G. Emeleus, Phys. Rev. 44, 333 
(1933). 
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INTENSITY OF 


which did not fluctuate more than + one 
percent. 

The method of measuring relative intensities 
of spectral lines was that given by Thomson and 
Duffendack.* Eastman Polychrome plates were 
used throughout this investigation. 

The gases used in this investigation were 
helium, argon and mercury vapor. No impurities 
were found in any of these gases when spectro- 
scopically examined. 

The auxiliary helium discharge tube, G, served 
as a standard reference of intensity for the 
investigation of the test element, mercury. The 
constancy of the auxiliary discharge tubes was 
tested as will be described later. As shown in 
Fig. 1, the standard helium tube was placed in 
direct line with the spectrograph. Thus one could 
photograph simultaneously the radiation emitted 
by inelastic impacts of the electrons within the 
experimental tube and the radiation emitted by 
the standard helium lamp. This procedure per- 
mitted a study to be made of the dependence of 
relative intensities of mercury transitions to that 
of a particular helium transition = 2945.11A. 
This dependence was studied under constant 
excitation conditions as the density of mercury 
was changed. 

The density of the mercury in the discharge 
was changed by simply varying the temperature 
of the water bath. In this investigation the 
temperature was changed from 0°C to 40°C; this 
corresponds to a change in pressure (reduced to 
0°C) from 1.8X10-* mm to 53X10-* mm of 
mercury. 

A medium quartz spectrograph, Hilger E2, 
was used throughout this investigation. It was 
adjusted so that the contribution from every 
portion of the discharge was always taken into 
consideration. 

Argon in definite amounts was admitted to the 
discharge tube in order to investigate the varia- 
tion of intensity of the line spectra of mercury 
in the presence of a foreign gas, as a function of 
the amount of mercury present. Finally, as a 
check, the argon was removed and helium in- 
troduced. 

A probe was used to determine the electrical 
conditions within the discharge. The theory and 


*K. T. Thomson and O. S. Duffendack, J. Opt. Soc. Am. 
23, 101 (1933). 
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analysis by probe methods have been described 
before.® 

The constancy of the auxiliary discharge tubes 
was tested photographically. A series of timed 
exposures were taken on one plate for the same 
setting of the auxiliary tube and spectrograph. 
The values of the blackening produced were then 
compared and were found to be constant to 
within +3 percent. The helium lamp was tested 
over a 40-hour period; whereas the mercury 
lamp was tested over a 6-hour period. 


D. EXPERIMENTAL RESULTS 


Transitions from both the singlet and triplet 
states to the 6°P:, 6°P;, 6*P» states of mercury 
were investigated. Resonance radiation was not 
considered. 

Two striking phenomena were observed: (1) 
All curves of intensity versus abundance of 
mercury (pressure) show saturation. That is, 
after a certain pressure of mercury in the dis- 
charge tube the intensity no longer increases 
when additional amounts of the element are 
added. This is true for both mercury alone and 
for mixtures. (2) All curves of intensity versus 
abundance of mercury (pressure) behave simi- 
larly but not identically. That is, the series 
6'P,—n'*D, behaves similarly to 6°P:—n'Dz. 

Two different explanations for the observed 
phenomena suggested themselves and were 
critically checked. The first one, which proved 
false, was as follows: At low concentration of 
mercury in the discharge, the number of atoms 
in the metastable states (6°P, and 6*P¢) is small 
and thus the radiation passes directly out of 
the discharge. At higher densities of mercury 
vapor, the concentration of atoms in 6°P, and 
6'°P, states is large and the radiation does not 
immediately pass from the bulb. The radiation 
from the entire volume of the discharge passes 
through the quartz window at low pressures of 
mercury and the intensity versus abundance plot 
varies linearly with the pressure. Because of the 
scattering of radiation at the higher pressures of 
mercury, the radiation no longer comes from the 
entire volume, but from the outer layer of 
excited gas near the tube wall. Some of the 
radiation emitted within the center of the dis- 


§ 1. Langmuir and H. M. Mott-Smith, Gen. Elec. Rev. 
27, 732-770 (1924). 
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charge is trapped and lost. The mechanism in this 
case could be a collision of the second kind 
between an excited mercury atom and an elec- 
tron. Depending on the energy of the electron, the 
excited atom could either be ionized or lowered 
to a metastable state. The energy of the 
metastable atoms and ions could then be dissi- 
pated in the form of heat at the walls of the 
discharge tube. Since, in the case of a high con- 
centration of mercury within the discharge, the 
radiation comes only from the outer layer of 
excited gas near the tube wall, any further in- 
crease of pressure does not increase the area of 
excited vapor since the area is bounded by the 
tube container. Thus the intensity versus abund- 
ance plot shows saturation. 

The following experiment was performed to 
test this hypothesis. Radiation from a constant 
auxiliary mercury tube was passed directly 
through the discharge of the experimental tube 
and the absorption determined for transitions of 
mercury ending in the metastable states. Table I 
shows the method of procedure and the results. 
These data were taken at a pressure of 30 10~* 
mm at which, as the curves show, the intensity 
has reached nearly its maximum value. 

The results of this experiment show that the 
saturation of the intensity versus abundance 
plots are not due to absorption and re-emission, 
and thus the hypothesis is false. Cumulative 
excitation and ionization is consequently very 
improbable due to the small concentration of 
atoms in the lower states (6°P, and 6*P»). 

The second explanation assumes that the 
excitation of the mercury lines is due solely to 
inelastic collisions between mercury atoms and 
primary electrons. It will be shown that upon 
this basis formulae can be deduced such that the 
experimental data fit the curves representing the 
formulae. 

The proof of the second explanation comes 
from probe analysis. To establish the mechanism 
of the saturation effect observed, the solution of 
the following problems must be known. Do the 
primary electrons coming from the filament 
have enough energy left after exciting once to 
again excite? After exciting once, can the re- 
sulting secondary electrons gain enough energy 
from the field in the discharge to again excite? 
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Consideration will now be given to data that 
answer these questions. 

From the straightness of the lower end of the 
semi-logarithm probe characteristic plots one 
can conclude that one and only one Maxwellian 
distribution of electrons was found. Thus, only 
two groups of electrons need be considered; 
namely, the primary electrons and the Max- 
wellian group given by these data. 

The variation of electron temperature as a 
function of the abundance of mercury for the 
probe fixed at the center of the tube shows that 
the inelastic impacts made by the ultimate 
electrons can be neglected. The highest electron 
temperature observed was 11,000°K in mercury 
alone. The electron temperature drops quickly as 
the pressure of mercury is increased until at 
20X10-* mm it is 4000°K. For the mixtures of 
mercury and foreign gas the curves are similar 
to those for mercury alone. In this case the 
curves start initially at a much lower value of 
the electron temperature, and decrease rapidly 
to about 4000°K as the pressure of mercury is 
increased. A change of 7000°K in electron tem- 
perature corresponds approximately to a de- 
crease of 10° in the number of electrons available 
for excitation. In contrast one observes a maxi- 
mum value of the intensity in the region where 
the electron temperature is the lowest. Hence, 
only an extremely small fraction of this group of 
Maxwellian electrons have enough energy to 
again excite. A special tube was constructed to 
lend experimental proof to this fact. A cold 
cathode discharge tube was made containing a 
mixture of argon and excess mercury. The 
electron temperature was measured in the region 
of the Faraday dark space. In this region, prac- 


TABLE I. Measurements to detect absorption. For no absorp- 
tion a=b+c and thts is found to be true. 


INTENSITY INTENSITY 
2697A 33414 
EXPERIMENTAL ARRANGEMENT 6Pe—7T*Di oP Si 
Units Units 
(a) Radiation from the _ experi- 
mental tube plus radiation of 
standard mercury lamp 3.01 3.67 
(b) Radiation from standard mer- 
cury lamp alone 1.65 2.65 
(c) Radiation from experimental 
tube alone 1.49 1.11 
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tically no excitation takes place yet electron 
temperatures of the order of 8000 to 9000°K 
were observed. 

The electron temperature was approximately a 
constant throughout the plasma for any given 
pressure of mercury in the discharge tube. A 
sharp increase in temperature was observed in 
the vicinity of the filament. This was due to the 
fact that the probe was collecting some primary 
electrons. The maximum drop in potential ob- 
served within the plasma was less than one volt. 
Thus the electrons after exciting once cannot gain 
enough energy from the field within the plasma 
to excite again. 

The results of this experiment show that the 
primary electrons either have no inelastic im- 
pacts, or one and only one inelastic impact while 
going from the cathode to the anode. The radia- 
tion is produced solely by the inelastic impacts 
of primary electrons with mercury atoms. 

Formulae accounting for the variation of the 
intensities of the spectral lines can be deduced in 
the following way. When the discharge is in a 
steady state, the intensity of a spectral line due 
to the transition from state 7 to state & of the 
atom will be proportional to the concentration 
N;, of atoms in the state j, the probability of 
transition A ,,, and the magnitude of the light 
quantum, Ay, that is J,j;aN;-Aj,-hv. For one 
type of atom and for one transition N; is the 
only parameter. Since it was shown that no 
cumulative impacts occur, N; is proportional to 
the number of inelastic impacts made by the 
primary electrons. Formulae determining NV; can 
be derived in the following manner. Let mo= total 
number of electrons per square centimeter per 
second which are accelerated across the cathode 
fall in potential; =pressure of mercury vapor 
(corrected to 0°C); A\g=average mean free path 
of an electron in mercury vapor for the excitation 
of any level in the mercury atom; A;g=average 
mean free path for the excitation of the mercury 
atom at unit pressure (0°C and 1 mm pressure), 
(thus 1/Ag=p/Aiz); P;=probability that an 
electron upon exciting the mercury atom will 
excite the particular state 7; d=distance from 
cathode to anode and x=distance of any elec- 
tron from the cathode. Hence, dx/A\g=proba- 
bility that an electron will have an inelastic 
collision within the interval dx. —dn=ndx/Xg is 


the number of ultimate electrons formed by 
inelastic impacts of high energy electrons with 
mercury atoms per unit area per element of 
distance in the direction of motion. 

Integrating this expression from x=0 to x=d 
we have the total number of electrons which 
suffer no inelastic impacts. 


n’ = noe 48, 


Consequently the number having inelastic col- 
lisions is simply nm = mo(1—e~**). Upon multiply- 
ing this expression by P; we have the number of 
these excited atoms, N;, which are in state j. 
In terms of pressure of mercury vapor and the 
current, i, passing through the discharge tube, 
the equation can be written 


1,;=A-i(1—e-49 un) P, (1) 


Where A is a multiplicative constant, ¢ is the 
tube current in milliamperes, p is the pressure of 
mercury in millimeters, P; is a constant for any 
one particular state j. 

The following consideration needs to be taken 
into account when the discharge tube contains a 
mixture of mercury and helium or argon. The 
electrons that excite atoms other than mercury 
are no longer available to excite mercury. The 
fraction of electrons that hit mercury atoms in a 
mixture of gases will be the ratio of the excitation 
cross section for collision with mercury atoms to 
the total excitation cross section. Thus, the 
intensity of a particular mercury transition in a 
mixture of mercury and argon or helium will be 
1/dxe 
| — OO) P ;, (2) 


I,;=At— 
1/Agt+1/Aa 


\4 is the average mean free path of an electron for 
excitation of a foreign atom. \,, is the average 
mean free path of an electron for excitation of 
either a mercury or a foreign atom. All the 
other symbols have the same meaning as defined 
before. In this investigation the quantity meas- 
ured was J=log (ratio of intensity of a Hg line 
to the intensity of a He line). Hence, calling 


B=(A Tue) Pj, a=d Are, b=(pu Ara) Aug, 


Eqs. (1) and (2) become 
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Fic. 2. Variation of intensity with abundance. 
Mercury alone. 


e/ = Bi(1—e-*" uz), (3) 
1 
ey’=Bi (1 —e74?Hg!), (4) 
1+ (b/ pug) 


In all figures e” was designated as ‘‘Intensity 
(Arbitrary units)"’ and is spoken of hereafter as 
intensity. 

Equation (3) is valid for one element alone in 
the discharge tube; whereas Eq. (4) applies for 
the mixtures. B is a multiplicative constant which 
depends upon the geometry of the experimental 
tube, arrangement of spectrograph, position of 
helium lamp, the amount of absorption in the 
quartz and air of the particular wave-length of 
light under investigation,.the probability of 
transition Aj, and the magnitude of the light 
quantum hy. The constant, a, depends only upon 
the distance, d, and upon the probability of 
exciting the mercury atom. It should change only 
slightly for the various mercury transitions. By a 
suitable choice of constants the data for all the 
spectral lines, both when excited in mercury 
alone and when excited in mixtures, can be made 
to fit the curves representing Eqs. (3) and (4). 

In the discussion that follows only typical sets 
of data will be considered. The experimental 
points and the theoretical curve are given in each 


case. 


E. DISCUSSION AND INTERPRETATION OF RESULTS 
FOR MERCURY ALONE 

Equation (3) gives the relation between the 

intensity (e”) of any particular transition of 

mercury, the current through the tube, and the 


KOPPIUS 


abundance of mercury For large 
values of the pressure, the intensity approaches a 


constant value. Fig. 2 shows this to be correct 


(pressure). 


for transitions considered. 

Table II gives a typical set of constants for 
eight different transitions. The classification in- 
cludes transitions from both singlet and triplet 
states of mercury. Thus, in general, all transitions 
behave similarly, but not identically. The con- 
stant, a, is approximately a constant for all 
term values. This follows naturally due to the 
fact that, a, is proportional to the probability of 
exciting the mercury atom by electrons of a 
definite energy. 

The value of Aye is of the same order of 
magnitude as the kinetic theory values. The 
value of d due to the fact the 
trajectory of the electrons is altered by the many 


is uncertain 


elastic collisions. Due to the zigzag motion of the 
electrons, the effective 
actually greater than the distance from cathode 
to anode. An increase in the value of d would 


distance traversed is 


cause the experimental value of Aig given in 
Table II to approach more nearly kinetic theory 
values. Exact agreement cannot be expected. 
The kinetic theory values were computed upon 
the false assumption that the cross section of the 
atom was the same for both high and low energy 
electrons. 

For large values of the pressure Eq. (1) reduces 
to [,,=A-4-P;. 

The difference in intensity of two mercury 
transitions should be a constant in the region 
where the above-made assumption is valid, for 
I,j, — I»j, = Ai( Pj, — Ps,) =const. The exact differ- 
ence in the P,’s cannot be determined since 
nothing is known of the magnitude of the con- 
stant, A. The differences in intensities should 


TABLE II. Mercury alone in the discharge tube. Kinetic theory 
value for \ip=9X10°* centimeter. Tube voltage 
= 30 volts. Tube current =20 ma. 


WAVE-LENGTH CLASSIFICATION B a Lig CM 
3021A 6'P,—8'D; 1.045 | 0.20« 1041.5 «x10~9 
2803A =| 6'P:—9D; | 0.368 | 0.12 1042.5 x10-3 
2652A | 6'P,—8D, 1.20 |0.20«K101.5 x10" 
2482A | 6§P,—9D, 0.475 |} 0.10 1043.0 «1078 
3341A | 6P.—73S 1.09 | 0.18 1041.66 10-3 
2925A 6'P,.— 8's | 0.368 | 0.16 1041.88 « 10% 
2655A 6'P,—8'D, 1.15 | 0.24 10%1.25x« 1073 
2483A | 6P,—9'D, | 0.348) 0.18 101.6610" 
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TABLE III. Intensities of mercury transitions for various pressures of mercury in the discharge. Tube voltage = 30 volts. 
Tube current = 20 ma. 


MERCURY 
PRESSURE 
x10-' wm =2652A 3341A 2482A 2925A 


6 0.84 0.08 0.76 O53 0.23 0.14 


10 1.05 14 91 60 31 185 125 
14 1.13 15 98 62 36 .22 14 
18 1.16 14 1.02 .63 39 .23 16 
22 1.19 15 1.04 62 A2 .225 165 
26 1.21 15 1.06 62 A4 27 17 
30 1.22 14 1.08 63 AS5 27 18 
34 1.22 13 «1.09 62 A7 .29 18 


approximately be zero for transitions starting on 
levels having approximately the same energy 
value and ending on the same state. Several 
examples are 2483A vs. 2482A, 2655A vs. 2652A, 
3341A vs. 3021A etc. 

Table III shows a typical set of data illus- 
trating these points. For the various transitions 
indicated the intensity is given for several 
pressures of mercury in the discharge tube. 

In order to illustrate the first point, consider 
the difference of intensities for 2652A and 3341A. 
This gives 0.08, 0.14, 0.15, 0.15, 0.14 and 0.13 
intensity units. This relationship holds generally 
for the differences of any two transitions. The 
differences between the intensities of the lines in 
adjacent columns in Table III are given by the 
numbers between the columns. 

At the lowest pressures the above simplified 
equation is no longer valid, and the values of the 
differences are no longer constant. The numbers 
in the table for the lowest pressures indicate that 
such a condition was being approached. The 
second point becomes obvious upon examining 
the intensity values in the table for the examples 


given. 


F. DISCUSSION AND INTERPRETATION OF RESULTS 
FOR TYPICAL CASES FOR MERCURY MIXED 
WITH HELIUM OR ARGON 


Equation (4) was found to be applicable to all 
cases investigated. It was found that d/X,, was of 
the order of magnitude of 8X10* to 10° for all 
transitions and for the different pressures of 
argon and helium. For example, at the lowest 
pressure of mercury investigated, the value of the 
exponential term was found to be 3X10~* which 
is negligible compared with unity. Eq. (4) can 





INTENSITY (ARBITRARY UNITS) 


2655A 021A 2803A 2483A 

0.09 0.79 0.88 0.16 0.72 049° 0.23 0.03 0.20 
905 1.03 13 .90 61 29 O1 .28 

95 1.09 Al .98 .67 Jl Ol 30 

96 1.12 Al 1.01 .68 33 Ol 32 

965 1.13 Ail 1.02 .68 34 Ol 33 

97 1.14 11 1.03 .69 34 .00 34 

.97 1.15 Al 1.04 .69 35 00 35 

.98 1.16 12 «1.04 .69 35 O1 36 


now be simplified to 


1 


wn 
— 


e/ = Bi _—_. 
1+(b/ pug) 


This equation fits the experimental points ex- 
ceedingly well for all mercury transitions, and for 
the various pressures of argon or helium in the 
experimental discharge tube. Fig. 3 shows the 
experimental points and theoretical curves for 
typical transitions. Similar results were obtained 
for mixtures of helium and mercury vapor. 

Tables IV and V give a typical set of values for 
the constants B, 6, Ay and Age. From the con- 
stant, 5, the value of Ay or Aug. may be computed 
from the known value of the pressure of argon or 
helium in the tube, and the value or Ayg given in 
Table II. Aia and Ayu, are the probabilities of an 
electron exciting the argon or the helium atom 
and their values should be approximately con- 
stant. Data given in Tables IV and V show this 
to be true. The values of A,4 and Ayy. agree within 
the right order of magnitude with kinetic theory 
values. The discrepancy may again be attributed, 
as before, to the fact that the value of d is not 
known accurately. The constant, 6, should in- 
crease proportionally with the pressure of argon 
or helium in the discharge tube. This has been 
only qualitatively verified. 

For large values of the mercury pressure, the 
discharge equation (2), which is valid for the gas 
mixtures, reduces to the same form as Eq. (1). A 
mixture of mercury and a foreign gas should 
exhibit accordingly the same characteristics as 
found for mercury alone in the discharge tube. In 
Table VI is given a set of data similar to Table 
III for the case of mercury admixed with argon. 
The difference in intensities for any two transi- 
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Fic, 3. Variation of intensity with abundance. Mercury 
vapor and argon. 


tions gives approximately a constant as was 
found for mercury alone in the discharge. Like- 
wise any two transitions starting from quantum 
levels having approximately the same energy 
value and ending on the same level have roughly 
the same intensity. A similar table for mixtures 
of mercury vapor and helium would show analo- 
gous results. 

A direct comparison of the constant differences 
of intensities of various mercury transitions for 
mercury alone and for mercury admixed with a 
foreign gas can be made. 

According to the simplified equation J,;= AiP; 
the same constant difference in intensities taken 
for two different transitions at the same pressure 
of mercury should occur regardless of the amount 
and type of foreign gas contained in the discharge 
tube. Unfortunately, as was mentioned before, a 
direct comparison in this manner is not altogether 
valid. The position of the spectrograph and of the 
helium lamp was changed for each set of measure- 
ments. Their positions were approximately the 


TABLE IV. A mixture of argon and mercury in the dis- 
charge tube. Kinetic theory value for \, argon=29.3X10-* 
centimeter. Pressure of argon=0.0028 mm. Tube voltage 
= 30 volts. Tube current =20 ma. 


| 
WAVE- CLASSIFICA- | | 
a 











LENGTH TION b Aus (CM 

3021A 6P,—8D, | 0.98 | 43x10“! 88 x10" 
2803A 6°P,—9D; 0.39 | 12.9«10-* | 5.431073 
2652A 6'P;—8'Dz | 1.47 | 12.2X10~| 3.44 10-3 
2482A 6'P,—%D, | 0.54 | 15.5K10-| 5.1 x10-3 
3341A 6P,—73S,; | 0.93 | 5.9x10-| 7.9 x10-3 
2925A 6°P,—89S, | 0.37 | 15.8x10-| 3.4 x10 
2655A 6P,—8D, | 1.20 | 8.0x10-*| 44 x10-3 
2483A 6'P,—9D, | 0.27 | 5.9x10~| 7.9 «10-3 








same, however, and a rough check on the 
constancy of the intensity differences should be 
permissible. 

Table VII gives a set of data taken for one 
pressure (34X10-* mm) of mercury in the dis- 
charge tube. The intensities of various mercury 
transitions are given for mercury alone, mercury 
admixed with argon, and mercury admixed with 
helium. For example 3021A—2803A gives 0.68, 
0.55, 0.41, and 0.46; also 2655A-3341A gives 
0.13, 0.32, 0.13, 0.29, and 0.18. The transition 
2655A seems to be in error in all cases. It is 
believed that the discrepancies are due mainly to 
the change in the positions of the apparatus. 

Equation (5) represents a family of hyperbolae 
considering 5 as a parameter. The larger the value 
of 6b, the more quickly this curve approaches a 
straight line. The value of the multiplicative 
constant, B, was different for various pressures of 
argon and helium. Consequently, a family of 
hyperbolae for different values of b cannot be 
shown. Fig. 4 represents an experiment in 
which the constant B-i was identical for two 
cases ; Eq. (3) is applicable to the curves marked 
‘mercury,’ whereas Eq. (5) is applicable to the 
curves marked ‘“‘mercury-helium.’” From the 
Eqs. (3) and (5) both curves should approach the 
same value of intensity asymptotically for large 
values of the pressure. At the origin the slope of 
Eq. (3) should be greater than the slope of Eq. 
(5). At very large values of the pressure, Eq. (3) 
should approach the asymptotic value sooner 
than Eq. (5). Hence, if the two curves cross at 
all after leaving the origin, they must do so an 
even number of times. 

Experimentally, the curves show; first, that 
the slope of Eq. (3) is greater than the slope of 
Eq. (5) at the origin ; second, the curves may or 


TABLE V. A mixture of helium and mercury in the dis- 
charge tube. Kinetic theory value for helium=77 xX 10-3 
centimeter. Pressure of helium=0.025 mm. Tube voltage 
= 30 volts. Tube current =20 ma. 


WAVE- C LASSIFICA- 


LENGTH TION B b \ He 

3021A 6'P,—8'D; | 0.99 |10.4 «10-36 «10-3 
2803A | 6°P,—9D; | 0.48 |22.4 x«10-) 28.0x10- 
2652A 6'P,—8'D, 1.41 |20.2 10-4, 18.6 «10-3 
2482A 6*P,.—9D, | 0.33 |12.65«10-) 59.0« 10-3 
3341A 6§P,—73S,; | 0.79 | 9.77x«10-4 42.5«K10-3 
2655A | 6P,—8'D, | 0.96 |12.0 K10-* 26.0«10-3 
2483A | 6°P,—9%D, | 0.22 |10.7 x10- 3 


38.8 10 
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TABLE VI. Intensity of mercury transitions for various pressures of mercury in a discharge containing argon. Pressure of 


argon =0.0028 mm. Tube voltage = 30 volts. Tube current =20 ma. Differences of intensities are also shown. 


—— 





MERCURY 
PRESSURE X 
10°* mm 2652A 3341A 2482A 2925A 





6 049 0.05 044 0.29 0.15 
10 .67 .10 57 36 21 .07 14 
14 74 12 .66 42 .24 .06 18 
18 87 17 .70 42 .28 08 .20 
22 .94 21 73 42 31 .09 22 
26 «611.0 24 .76 ,' oa .09 .24 
30 =—:1.06 24 78 A3 35 10 25 
ee 28 80 42 38 ll 27 


may not cross; third, the curves begin to ap- 
proach approximately the same saturation value. 
The latter point could not be further investigated 
due to the fact that cumulative ionization sets in 
at higher pressures. In the case of cumulative 
ionization, the abundance versus intensity plot 
does not remain constant as the pressure is 
increased, but shows a break in the curve at a 
definite value of the pressure. For higher pres- 
sures than this critical value, the intensity versus 
abundance plots increase again with approxi- 
mately the same slope as for very low values of 
the pressure. That is, the curve seems to be 
starting to duplicate itself. 

Equation (4) was verified for different current 
values. Two intensity curves were taken for tube 
currents of 40 and 60 ma, respectively. The plots 
of log (ratio of intensity of Hg line to the 
intensity of a He line) versus log (pressure of 
mercury) differed by exactly one logarithm unit 
(base 1.5). Thus, 


e 0-810 /p—0. 405 — () 67. 


No experimental verification of Eq. (3) was 
carried out. However, since, as shown, the 
intensity varies accurately with the current as 


0.05 010 044 0.54 —0.01 











INTENSITY 
2655A 3021A 2803A 2483A 
0.55 O41 O13 OO1 0.12 
54 .68 02 .66 48 18 01 17 
58 76 04 72 51 21 02 19 
.63 83 .06 a7 54 .23 01 22 
.66 88 .08 80 54 .26 03 .23 
69 .93 10 83 55 .28 05 .23 
74 .99 14 5 55 30 .06 24 
77 1.04 16 88 55 33 .09 24 


predicted by Eq. (4), one would expect Eq. (3) to 
hold likewise. 


G. A Brier STATEMENT OF THE PHYSICAL 
MEANING OF THE PHENOMENA OBSERVED 

Mercury alone in the discharge tube 

The intensity of any particular transition of an 
atom is proportional to the number of inelastic 
impacts that occur. When the gas pressure is 
low, the number of elastic collisions and likewise 
the number of inelastic collisions is small, and the 
observed iitensity of the transition is weak. As 
the pressure increases, more and more inelastic 
impacts occur due to the greater number of 
times the electron comes in contact with the 
atoms. Correspondingly, the observed intensity 
of the transition increases. This continues until 
finally practically all of the electrons have an 
inelastic impact before reaching the anode, and 
any further increase in pressure does not yield 
any more inelastic impacts. In this state, the 
intensity of the different lines versus abundance 
plot shows saturation. 
Mercury in a mixture of gases 


Each high velocity electron can have one and 
only one inelastic impact and this may be with a 


TABLE VII. Intensity of various mercury transitions at a pressure of mercury equal to 34X 10~* mm in discharge tube. 


Tube voltage = 30 volts. Tube current =20 ma. 





WAVE-LENGTH Hg ALONE P, =0.0028 mm 
2655A 1.16 1.04 
3021A 1.04 0.88 
2803A 0.36 0.33 
2483A 0.35 0.24 
2655A 1.22 1.12 
3341A 1.09 0.80 
2482A 0.47 0.37 


2925A 0.18 0.27 





P 4 =0.0038 mm Pye 0.046 im 





0.82 0.68 0.59 
0.77 0.72 0.80 

0.32 0.34 
0.21 0.71 0.13 
0.91 0.88 0.68 
0.78 0.59 0.50 

0.24 0.24 
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foreign or a mercury atom. The fraction of high 
energy electrons having exciting collisions with 
mercury will be the ratio of the excitation cross 
section of the mercury atoms to the total 
excitation cross section. As the pressure of the 
mercury is increased the fraction slowly ap- 
proaches a constant value. The rate of approach 
depends upon the amount of foreign gas present. 
Thus, the intensity versus abundance plots show 
saturation. 


H. RESULTS OF Tuts INVESTIGATION AS APPLIEI 
TO PRACTICAL QUANTITATIVE SPECTRO- * 
CHEMICAL ANALYSIS 


A plot of J, log (Jug/Jue), versus log X, 
(log percent Hg) is a straight line. The straight 
lines are the standard analytical curves used in 
practice. 

When the concentration of the test element, 
i.e. mercury, is high Eq. (5) is no longer valid. 
In this case the exact Eq. (4) applies. For high 
concentrations of the test element, )<p, the 
multiplicative factor simply reduces to B-i. The 
plot of the resulting equation shows saturation 
for large values of the pressure. Under these 
conditions the spectral line is said to be insensitive. 

This insensitiveness is the reason why quanti- 
tative spectrographic analysis fails for high 
percentages of the test element. 

The answer to more practical and important 
problems can now be given ; namely, what can be 
done if one desires to analyze a substance 
containing a high percentage of the test element 
and what spectral lines are most suitable? From 
Eq. (4) the spectral lines of an element become 
insensitive when b<p and p itself becomes large. 
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Fic. 4. Comparison of variations of intensity of mercury 
lines with abundance in mercury alone and mercury- 
helium mixtures. 


To regain sensitivity the specimen must be 
diluted with foreign atoms, i.e., make } greater. 
Higher term members will be more sensitive than 
lower term members because 0 is proportional to 
the average mean free path of the electron for 
excitation of the test element. As may be seen 
from Table II, Ayz is greater for higher term 
members. 

In this discussion it has been tacitly assumed 
that the mechanism for excitation in practice is 
the same as the excitation condition of this 
investigation. Actually the mechanism is far 
more complicated as the sources used in spectro- 
chemical analysis do not provide such simple 
excitation conditions as the sources used in this 
investigation. Nevertheless, the analytical curves 
for most sources used in practice are straight lines 
for a given range of abundance and the depar- 
tures from these straight lines are as one would 
expect from the reasoning given above. 
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New Terms in Fe I, I, and III and Additional Far Ultraviolet Standards* 


Louts C. GREEN 
Princeton University Observatory, Princeton, New Jersey** 


(Received January 7, 1939) 


The iron spectrum excited in the Schiiler discharge in He and Ne and the iron are and 
spark in nitrogen have been studied in the ultraviolet from (2300 to \600. New terms have 
been identified in Fe I, II, and III and in addition a number of unclassified levels have been 
found in Fe II. Lists of all the lines identified from new or previously known levels are given. 
These lists include a number of lines in the region 42225 to 41550 whose wave-length can be 
accurately calculated by the combination principle from levels whose positions are determined 


by measures at longer wave-lengths. These lines will be useful as standards. 


HE iron spectrum has been investigated in 

the far ultraviolet from 2300 to 600. 
Plates have been taken, on the Princeton two- 
meter vacuum spectrograph, of the iron spectrum 
excited in the Schiiler discharge in He and Ne 
and of the iron arc and spark in nitrogen. A large 
amount of laboratory work, which will be de- 
scribed elsewhere, has been devoted to the 
development of the Schiiler tube technique to the 
point where the discharge becomes an effective 
source for the iron spectrum. 


Fe I 


Three new terms forming a *°(PDF) triad, a 
separate °P,7 and one new unidentified level have 
been found in Fe I; they are listed in Table I. 
The electron configuration is given in the first 
column, the term designation in the second, the 
J value in the third, the height of the level 
above a*D, in the fourth, the interval in the fifth, 
and the number of combinations which the level 
makes in the sixth. An intensity diagram is 
given, Table II. The intensities of the lines 
arising from transitions down to a*°D are taken 
from the author's lists of the arc in nitrogen; 
the rest are from Burns and Walters' with the 
exception of those followed by B, Burns; S, 
Schumacher ; K, Kayser.* The v°D,° level is not 

* Submitted to the Faculty of Princeton University in 
partial fulfillment of the requirements for the degree of 
Doctor of Philosophy. ; 

** Now at Allegheny College, Meadville, Pennsylvania. 

+t These three levels were identified as *P by Professor 
H. N. Russell. Lal 

‘K. Burns and F. M. Walters, Publication of the Alle- 
gheny Observatory 8, No. 4. 

2? K. Burns, Lick Obs. Bull., No. 247 (1913). 


? Schumacher, Zeits. f. Wiss. Photogr. 19, 149 (1919 
‘Kayser, Handbuch der Spectroscopre 6, 892 and 7, 405. 


1209 





well established but nothing else in the region can 
be made to serve any better. An unusual dis- 
tribution of intensity analogous to that in the 
a*D—v'D® multiplet has been found by Findlay® 
in the d’4s °F —d"4p *F*° of Co II. 

The question arises whether the new triad is 
in series with the upper or lower of the two 
known °(PDF) triads. The lower triad is usually 
attributed to 3d*%4s(*D)4p and the upper to 
3d*4s(*D)4p. There is no proof that this is correct 
and the reverse assignment seems equally prob- 
able. However if for the moment we assume the 
first assignment, we can predict the position of 
the second triad in each series. The results are 
rough since series involving a running p electron 
are very rarely regular in many-electron spectra. 


TABLE |. New terms in Fe I. 


TERM | No. oF 
CONFIGURATION | Desic.| J | Lever INTERVAL Comes 
58° | 1 | 48350.65 | 9 
3d%4s(*D)Sp | oF | 5 | $1016.71 | 3 
3d%4s(*D)Sp | vtF* | 4 | $1381.51 | — 390-80 | 5 
3d%4s(*D)Sp | v'F | 3 | $1619.14 | ~5og'ag | 7 
3d%4s(*D)Sp | oF | 2| $1827.62 | treo, | 7 
3d*%4s(*D)Sp | v'F® | 1 | $1945.86 | 5 
3d*4s(*D)5p | v'D® | 4 | $1076.67 | . 6 
3d%4s(*D)Sp | v'D® | 3 | 51361.46| —2ee-0o | 8 
3d*4s(*D)Sp | v'D° | 2 | $1630.06 | — 356" x 
3d*4s(*D)Sp | vD® | 1| 518368 | —tpe%9 2 
3d%4s(*D)Sp | vD° | 0 | $1941.76 » 3 
3d%4s(*D)Sp | u'P® | 3| $1692.2 | _ye99 5 
3d°45(*D)Sp | w'P® | 2| 51945.1 | —Fee"¢ 4 
3d%4s(*D)Sp | u®P® | 1 | $2110.6 ~ 6 
P° | 3 | 53388.68 4 
sp | 2| $4112.28 | — 723-0 | 7 
pe | 1 | $4271.12 9 





+ J. H. Findlay, Phys. Rev. 36, 5 (1930). 
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ap | 
4 2 1 0 | “a 
1 2 5 2 | 
oP® 2 5 8 1 
3 8 15 
1 20 25 20° 
uP? 2 25 25* 30* 
: 25 25 25 
0 15 
1 20* 0 | 
vD® 2 25 10 0 
3! 30 20 1 
4| 30 0 | 45 
1 25* 30* 25 
2 10 25 25 
vPro 3 25 25 20 
4 2 30 25 
5 | 30 | 15t 
58,° 15 20 30 | 
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* These lines are used twice. 
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TABLE II. Intensities of lines in Fe arc. 





GREEN 


a'F atP 
4 3 2 , 3 2 “3 
3B 1K 
ius 4 2 3 
lus | 2 
1S | 5 aK 
12 
45 2K 
- - — = - - 
9 | 1 
9 9 1S 2K 2K 
8 15* 5 1K 
15 2 
9b 4 
10 S 10 1K 
12 15* 1K 1K 
40 
3 
2 12 4B 2B 


t An examination of an arc plate suggests that this intensity is in error. The line is definitely considerably stronger than a§F«—eF. 


It is found that the second triad built on *D 
should lie about 2000 wave numbers below the 
new triad and the one built on *D about 7000 
above it. If we assume the reverse assignment, 
we would expect the second member of the 
series built on *D about 1600 wave numbers 
above the new triad and the one built on *D 
about 3500 above the new triad. It appears there- 
fore that the new triad is probably built on *D 
but it is impossible to say at present with which 
of the lower triads it is in series. A comparison of 
the intensities of the transitions between the 
three triads and low °D, °F and °P also fails to 
tell us which of the previously known groups 
goes to the *D limit. The possibility that the 
triad should be assigned to d°(°D)4s4p(': *P) or 
d°(*D)4p(°:*P, D, F)4s instead of d*°(°D)4s(* 4D) 4p 
was considered. The term intervals for these 
various possibilities were calculated by the rule 
of Goudsmit and Humphreys.* However in no 
case was the agreement between the predicted 
and observed values sufficiently good to warrant 
an assignment. 

Table III contains the new identifications in 
Fe I. The columns are as follows: column one, 
the wave-length in vacuum up to A2200 and in 


*S. Goudsmit and C. J. Humphreys, Phys. Rev. 31, 960 
(1928). 


air for longer wave-lengths. When this is poorly 
determined, it is followed by a small ‘“‘p.”’ If the 
wave-length of a line below 42200 can be calcu- 
lated by means of the combination principle 
from measures made above \2240, the calculated 
decimal is given in the second column. Column 
three contains the intensity in the arc; column 
four, the intensity in the He Schiiler tube; a ‘‘b”’ 
after the intensity means that the line is a blend. 
Column five gives the observer, where G stands 
for Green, BW for Burns and Walters, B for 
Burns, S for Schumacher, and K for Kayser. 
Column six contains “‘s’’ if the line is regarded as 
especially suitable as a standard. The final 
column gives the identification; where this is 
regarded as uncertain it is followed by a question 
mark. 
Fe II 


In the tables below are listed all the new even 
and odd levels which have been found in Fe II 
together with six which were previously found by 
Dobbie’ and which have been given new assign- 
ments on the basis of additional material. The 
following information is contained in the columns 
of the tables: in the first, the electron configura- 
tion; in the second, the term symbol; in the 


7, J. C. Dobbie, Proc. Roy. Soc. London A151, 703 (1935). 
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TABLE III. New identifications in Fe I. In the column S, the source is given and in column st, those lines are designated 





which are especially suitable as standards. 






































| 
» VAC | INTENSITY \} \ VAC | INTENSITY 
| il 
| | | 
OBS. CALC Arc S.T. Ss st IDENTIFICATION OBS | CALC | ARC S.T. Ss st IDENTIFICATION 
cian | ——— a ques | — —E 
1862.318 | 0.324 5 | 15 G s aD; —#P2e AaR | 
1866.815 817 2 10 G a'D:—®P; 2264.390 45 BW aF,—eD?é 
1872.359 369 s 15 G s aD:—®P? 2265.60 1 Ss oF, —wP)® 
1873.052 056 & 12 G aD,—#P? 2266.903 10 BW aoF,—eF? 
1873.259 .256 5 15 G aD, —#P 2267 .465 15 BW aF,—weF P 
1876.421 417 2 10 G a’Do—#P 2271.778 40 BW oF,—eFée 
1878.849 846 1 2 G s aD, —#P? 2272.816 8 BW aF,—YDF 
1887.761 763 1S | 20 G aDs—#P#? 2274.087 9 BW oF, —eF 
1934.528 fe G &D,—uPP @D:—12¢ 
1937.274 266 25 35 G D,—efF? 2277.094 9 BW aF,—2eD? 
1940.649 25 25 G aD; —“ PP? 2277.663 12 BW oF,—YF? 
1945.070 083 10 206 G aD, —F? 2280.222 s BW oF,—eF? 
1945.294 20 25 G aD: —u PY 2282.861 4 BW a*F, —vF,* 
1946.219 225 2 10 G 5 aD.—YF é | 2283.079 9 BW a’ F, —eDo® 
1946.978 986 30 25 G s @fD,—2FfD? 2287.628 iS BW aF,—2YDé 
1950.223 25 20 G aDs—u'P? 2289.032 10 BW oF, —eFe 
1951.556 529 25 25 G aD:—eF 2290.064 3 BW aF,—YFé 
aD: —u'P? } 2290.546 i) BW oF;—eYD2 
1952.262 25 20 G aD, —P? 2290.771 3 BW oF,—PF se 
1952.596 586 25 30 G s @D;—D? 2291.117 15 Bu @F,—eD?P 
1952.997 | 3.002 25 20 G aD;—e8 FS oF,—eF ? 
1955.690 20 20 G a@D:;—rYD, 2299.42 1 Ss @F, —YfDe 
aDo—uP;? 2304.727 5 BW aF,;—2eDP 
1956.026 043 25 30 G s fD,—fF? 2.306.164 2 BW aF,—2YDé 
1957.831 841 30 25 G s aD.—YDe 2476.654 2 BW oF, —S8\° 
1958.598 .567 30 30 G aD, —ef FY 2487 .064 12 BW oF, —58)° 
oDi—wPe— || 2734266 4 BU aP,—eP? 
1958.739 .724 15 1S G s aD, —2YDe® | 2735.611 3 B oP; —#P,* 
1960.129 142 30 25 G s aD, —ePF | 2747.553 2 BW aP,—PP? 
1961.236 25 20 G aD:—u'P? || 2750.72 1 K oP, —OP,\°? 
1962.031p| .023 25 | 0 G a'De —PF Yo \| 2762.770 | 3 BW oP, —e#P? 
1962.100p| .108 30 | : G a&D;—rFe || 2789.477 2 BU @P,—#P? 
1962.746 0 15 G aD, —2fD, || 2907.518 5 BW oP,—wP, 
1962.871 881 20 20 G s aD; —YDP || 2920.3 1 K @Po—fP 
1963.110 113 25 25 G s aD, —e Fe 2924.6 lu K oP, —wP? 
1963.629 631 10 15 G s aD, —AF? i} 2928.11 2 K eP,—wvPe 
1964.043 052 20 20 G eD,—fF? || 2934.4 1 K aP,—oeF # 
1970.771 .757 0 G s aD, —2YD? || 2939.072 1 BW oP, —f De® 
1973.911 915 0 1 G 5 &D;-—ADe | 2948.69 2 K oP,—fDr 
1974.059 043 i G s aD.:—2YDP || 2948.94 1 K oP, —YF? 
2098.759 .783 15 256 G a' Ds —58:° |} 2949.8 1 K oP,—efF se 
2106.931 .926 20 15 G s aD, —58,)° H 2956.7 1 K @P,—2eD? 
2110.910 926 30 25 G a* Do — 581° || 2966.23 2 K oP,—-fD? 
2155.820 .906 iu 10d Ss a’F,—fP?? || 2972.277 3 BW aP,—eDP 
2189.997 (90.071 lu 126 S a*Fy—P PP? | 2981.852 6 af a —YDé 
| 3264.522 4 aP,—58° 
. 3286.026 2 B a’*P, —58)° 
— | 3339.58 1b B CPs —PP 
| , ? , 3388.966 1b B OP, —PPY 
215 5 —pF 
2355.850 is | BW hiawpe || 3935.31 2 K bP, —S8° 
2260.860 12 | BW | wre |} te ' x o'P, — 58°? 
| 
TABLE IV. New even levels in Fe II. 
| No. oF PossIBLEe Dossir's 
CONFIG. | DEsIG. J LEVEL | INTERVAL Coma DESIG. DESIG 
d*(*D)4d z..a 5} 828535 | _ ioe a= 
d*(*D)4d eF 43 82978.9 ~1576 6 fDa 
d*(§D)4d eF 34 83136.5 a 171 ‘9 7 fDy 
d*(*D)4d | eF 24 83308.4 oan 513 & fDy 
d*(§D)4d eF 14 83459.7 a, 08.8 7 
d°(*D)4d oF , | 835585 | : 4 
d*(*D)4d? 30 3} 83713.3 4 *D 
d*(*D)4d? 31 44 or 3} 83726.2 | 4 *p oPy 
d*(§D)4d? 32 24 | 83812.1 6 *p 
d*(*D)4d? 33 1} 83989.7 4 *p 
d*(§D)4d? 34 4 or 14 84131.2 | 3 *p 
d*(*D)4d? 35 24 84266.9  e OP» 
d*(*D)4d? 36 24 84327.0 fn OP y 
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TaBLe V. New odd levels in Fe II. third, the J value; in the fourth, the level value; 
ey in the fifth, the interval; in the sixth, the 
| PE ae ie number of combinations which the level makes; 
Conric. ’ DEsic J | Lever VAL Comp. | Desic in the seventh, a possible term symbol for some 
eae | Lowe | of the unclassified levels; in the eighth, ted 
—w. ¥ | saver bi22.7| ° designation previously assigned to the level By 
3d-4s( 4p | Pe 34 | 62171.7| j 2 W we have heen sive » thee tl 
3d4s0S)4p | xP? 2 | oma} | 3 Dobbie . Numbe tg ive be ” ae n to th be 
; r “lassihe veils - re “Ss are po ) 
saascesyap | iP? 4 | 9302.1} ; classified levels. When ve ; ilues are possible 
saaseesyap | xP? » | 694268 ° ; the more probable one is listed first. ay 
sin 9 | oe nn ol Since there is no place for y*P° or x*P® in the 
Sag tp | 24 | 792847 | soni 3d*4p configuration, they have been assigned to 
3d*4s( )4p x4 Po 3h | 79331.2 { bAc Pew oes . . : d conficura- 
PCD) Sp as Se ) 3d°4s4p, which is the a _— = . i ri 
; twee ‘ 0{ é » othe 
3d%(*D) Sp y* Pe 4) | 874708 oaks 2 tion be — n 60,000 anc 80, 0 ee heat ae 
—66 , AP? oe > > y o(¢ } 
3d°(°D) Sp YP +4 | 875369} ; hand, x*P® could be the missing 3d*( p , 
34*(*D) 5p yt Fo Te ee ; were it not for the fact that it combines strongly 
| _— : 4 aa “e > > » 4 - » 4 
3d*(8D) Sp ype | 87019) ; with a‘D. Since neither the ‘D nor the *F from 
—J 6(3 . i ° 4 Apo : sail 
34D) Sp ype s | 97635.2| os 3d*°(?D)4p combines with a‘D, x*P® has also been 
® 88208 .6 . ry. 
ye 3} | go127.7 ; Tin assigned to 3d°4s4p. The three terms now appear 
0 2 89443.7 | ; “ . . . ‘ . vue 
. i} | 9028.0 ; ops in the same order as in the isoelectronic spectrum 
5° ; 90300.0 4 
o |4 34 | 90385.5 | 4 of Mn I; they have also the same arrangement of 
Re or 1} | 90828.4 4 te ; 
oo tj "| S0808.2 ; ‘pe J values, that is, the sextets are normal and the 
10° 2) or 1) | 90981.5 2 ‘pe . 
ie | 3 | 91067.1 6 quartet inverted. An attempt was made to deter- 
wl 3h | 91167.3 | ‘ oie é‘ Sealed 
-407.5 mine by the rule of Goudsmit and.Humphreys, 
ual 2) | 91574.8 4 “apes ape yt ; 
-268.3 whether these terms arise from 3d°4s(*: °S)4, or 
uA Pr 1} 91843.1 4 , ite 
13 3h | 93986.9 | ‘ 3d°(°S)4s4p(*:'P), or 3d°4p(7: *P)4s. However, 
14° 24 94210.1) 5 z 
15° 3h | 94762.3 ‘ in none of the three cases was the agreement 
16 35 106863 .2 6 a 
17° | 34 or 24 |107 165.6 S between the predicted and observed intervals 
1Re 2) |107196.2 Ps — 
20° 3} |107886.6 | 6 D sufficiently good to warrant an assignment. 
21° 44 or 3) |107964.7 4 “D TI 7s ad f 3d D)s ld | 
22° 2) 1 808150.6) : a 1e sextet triad of 34°(°D)5p would be ex- 
2” 19 }108191.6 ; s[p i p 
20 34 | 1082.39 2 : pected to lie about 88,000 wave numbers above 
25° 1h = |108371.7 ‘ acd : 
20 3p /108373.8 6 a°D. The term found in this region appears to 
70 1} |108780.0} 6 tt ers 
2° | 13 = | 109780.0 ‘ be *F rather than *D. The corresponding triad 
290 2) |111929.0 | ‘ 
ae See from 3d°(*D)6p would be expected in the 
TABLE VI. Intensities of lines in Fe spark. 
Dossie's s**t s*/ 
DESIG. Desic J 44 34 24 1j j $4 44 34 4 1; " ! 
®P iy 36 24 4 8 10 1 10 
®P x 35 23 10 5 20 0 6 20 
| 34 sor 1} 4 6 6 
33 1 -— ££ € 0 
32 24 20 2 10 10 5 5 
*P,, 31 4} or 3} 30030 8 20 
30 34 20 30 0 25 
ook ; 8 30 6 3 
| OF 1} 20 «25 8 0 5 § 0 
Dy eF 24 25 30 10 15 8 15 l 2 
‘Dy | &F 3} -. we, 10 10 #5 8 
‘Dy | eF 4} 45 50 20 25 15 3 
| OF 5} 80 40 25 
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ilue : TaBLe VII. Identified Fe II lines. In the column S, the source is given and in column st, those lines are designated which 
’ are especially sustable as standards. 

the = _ — — a — ————— - —————<<——— — —_ 
ae * | i 

kes; A VAC INTENSITIES A VAC INTENSITIES 

| ' 
ome —$———————— — —_—_——__—_— | —_——- 

re ad Ne He | Ne | He 
. OBS CALC S.T S.T SPARK) st IDENTIFICATION OBS CALC ST. | S&T. | SPARK! st IDENTIFICATION 

By 896.504 | L atDy —2924° 1128.530 10h a* Say — 2924 
un- 898.776 0 a* D4 — 2924° 1128.909 | 20 a Dy —3y° 
: 900.360 | 5 at Diy —2924° 1129.777 | | 12 | @Fa—6u? 
sible 918.118 | 1 a*Dy —2814° 1130.428 | 256 | aD —2ay? 

919.095 | Oo | a*Dy — 284° 1130.874 | 2 atF 4 —Say? 
023.884 30 a*D 4 — 244° 1133.413 25 | a*F 4 — 11 ay? 
924.970 | 1S 6*Day — 274° 1133.678 | 25 | a*Day — 194° 
the 926.220 60 20 a*Day —2 14° 138.039 | 5 | oF 4 — Say? 
926.618 0 | | @#Diy—274° 1138.642 25 | es 
1 to 926.900 } 25 at Duy — 20a," 1142.334 | 25 | @Da—¥P ay? 
927.176 30 2 aeDy —2434° | | aeDy — 1a° 
ira- 927.632 | 8 aD, —2714° 1143.235 | 25 Dy —¥F a? 
928.107 | 0 | 1 aD —222)° 1144.946 | 3Shb Dy —¥F 4° 
her 928.470 | 20 a*Dy —2514° 1146.963 | 1S a*Dy — YF 2° 
929.538 | 30 1 a*Dy —214)° 1147.413 | 25 aDy —¥F a° 
i po 929.612 30 | a* Dy — 244° 1148.295 | 30 Dy —*F a 
. 930.030 | 30 1 a* Dy —23,4° 1150.292 | 20 aDy —¥F ij" 
gly 930.165 30 : aD —25y° || 1150.689 | 20 | aD — Fay? 
aati 930.219 | 0 a* Dy —20a4° 1151.163 | 2s | @Dy — VE? 
om 930.558 30 a* Dy —2224° 1152.440 | is | | @Dy—sFy 
931.142 25 at Dy —2514° 1152.882 20 | Dy —¥F iy 
Pen 931.709 10 a*Dy — 2314" 1153.281 | 20 | @Dy —4Py 
932.244 30 Oo | a* Diy —2224° 1153.955 15 aD, —¥Fy 
ear 932.687 30 0 | aD, —23iy 1154.401 | 20 aD, —¥F iy° 
a*Dxy — 204° 1156.575 2 a*Say — 281 
um 935.783 | 0 a*Day — 165° 1159.347 20 | @tDy —14q" 
936.484 | 8 a* Day — 17 34° 1162.351 2 | | aDy — 13a4° 
t of 938.967 | 10 atF «4 — 26a4° 1165.269 | 12 | @Dy— lay? 
aDy — 1734" 1175.699 | ue | @Sa —26a;* 
the 939.159 | 20 a*D aj — 1634" | | @tSap —2544° 
941.660 12 a* D4 — 164° 1213.149 | 20 | @Dy —6a4" 

. 942.589 | 5 atF 4 —2 lay? 1213.764 | 20 | a*Dy — 1 1ey° 
er- 943.267 12 a*F 4 — 203° 1214.409 | | 0 | a*Day — Say? 
on @ 043.910 15 atk y —271,° 1220.882 5 | | atDy —Sa° 
yS, a*F 55 —2634° 1260.542 20 | atDu —x*P ay? 

045.095 25 ” oF 55 —24:)° 1266.694 | 20 | | @Dy —x*P a? 
or 946.051 0 a*F 55 —2224° 1267 .437 25 | aDy — Ps? 
= 947.564 I af 5 — 263; 1271.235 1 eDy — Py 
er, a*F 9 —2 144° 1272.001 25b | aD —x*P ay? 
952.470 10 atF «4 —163)° 1272.638 15 | @§Dy —x*Piy? 
nt 954.496 ! atF 54 — 1824° 1275.154 is | | @#Dy—x*Poy 
‘ 954.786 | : a*F 54 — 175° 1275.801 20 ~(| | @Dy—x*Piyy 
als 995.829 8 a*D 4 — 264° 1290.204 iS | @Pa — 100" 
999.003 1 a*D yy —2714° 1291.594 15 | @Py —9i9" 
1000.183 2 a*D a4 — 264° 1293.543 | 0 | atPay — 102)" 
1000 .665 l a*D, —2714° 1294.914 12 | aPy —9u" 
> © aD — 203° 1296.088 20 a*P iy —8y 
1005.082 l a*Dy —203;° 1298.815 2 oP; —9u? 
ve 1007.657 20 aD — 182)° 1299.984 | 0 a*P, —8 
1007 .975 25 a Dy — 174° 1459.311 15 aS —wPw 
to 101 1.037 25 atD a4 — 163° 1465.043 20 a*S1 —u* Pay? 
1012.088 | 20 at D214 — 1824° 1473.834 20 | aS —w Py 
ad 1012.417 25 1 a*Day — 17 34° 1476.054 10 | atSay — 1 tay? 
1015.083 10 a*Diy — 1824" 1541.011 . 1 0 a* Say — Lay? 
he 1015.520 20 a*D 24 — 1634° 1550.260 | 0.273 1 aff 4 — Fy? 
1038.370 1 a*P 24 —2814° 1558.543 558 8 10 | ofa —¥Dy? 
1055.269 25 at Day — 154° 1558.706 691 8 10 atF yy —¥ Diy? 
1059.57 1 20 a* Dy — 153° 1559.106 O84 25 20 2 atk 4 —x*F ay? 
1062.758 | 20 a*Dxy — 1534° 1563.790 188 25 25 2 ; atF 4 —x*F 5° 
1063.982 | 15 aDy — 133° 1566.825 821 20 20 1 s | @Fa—xGey? 
1068.356 | 30 aDy —1 334° 1568.031 O17 5 8 5 i a‘F 4 xtP 4° 
1069.038 | 15 a*Day — 1424° 1569.470 674 10 | 12 | @Fa—xGay? 
1071.260 | 5 | @tDiy — 144° 1570.248 244) 20 20 1 | @fFy —x*F a 
1 1071.596 | 30 a* Day — 134° 1572.750 754 5 ae oF 4 —x*F a? 
1076.556 2 atk 4 — 15a)" 1573.831 826 | 2 5 ‘ atF 4 —x*F 54° 
10 1096.616 20 Dy —u* Poy 1574.778 109 0 a 5s | @Fy —x*Ga? 
1096.793> 20 Dy —w* Pry" 1574.931 921 20 20 i s | atF 4 —x*F 4° 
1096.886> | 0 eDy—wPx? |) 1577.158 167 TS 1 atF yy —x*F 24° 

6 1097.782 2 a*F 14 — 14ay 1580.635 627 20 256 Bs | @tP sy —xtGay? 

0 1099.117 | 25h ati —w* Pi,” 1581.293 268 20 » | | @Fy —x*Ga 

c 1100.026 | 20 at Dy —u* P24? 1584.954 949 20 1S 1 | @Fy—xGyt 

‘ 1100.525p 20 aD 4—wu* Pi’ 1588.295 288 8 10 1 a*F 14 — Gay? 

1101.538 20 aDy —uwPx 1608 .446 40 35 15 eDy —¥Pa 
1102.385 8 a*Dy —w* P24? 1610.933 922 8 15h 1 oF 4 —yGy? 
1102.758 1 a*Dj — 1 124° 1612.814 805 20 20 8 | @Fa—y¥Gy 
1104.978 1 at Dy —u* Py? 1618.464 25 25 2 | #&Dy—y¥Pa 
1106.215 | iS a* Day — 1124° 1621.685 30 30 10 | @Dy —¥Po 
1106.362 5 at Dy —64;" 1623.102 090 x 8 i ; af y —¥Gy? 
1111.114 | 15 a*Dy —64° 1625.525 520 15 20 ~ 5 | oF y —yGay 
1121.987 25 aeDuy —24 1625.919 12 15 #Dy —¥ Px 
1122.858 | 25 aD — 324! 1629.155 25 0 8 | aDy —¥Pay 
1124.134 20 a Dy —414 1631.124 25 0 ? | @&Dy—¥Pyt 
1126.425 0 Dy —324 1632.672 665 2 1 5 atF 4 — Gry? 
1126.603 0 at Diy — 414! 1633.907 906 15 15 2 ; ary —yGsy? 
= 1126.850 0 a Dy — 234° 1634.353 20 20 1 | fDy—-¥ Pu 
1128.074 25 aD, —44 1635.389 | > > a 15 oDy —x*P a 
1128. 180 : a*F x4 — 1124 1636.334 | | 2s 0 5 | Dy —¥P iy? 
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A VAC INTENSITIES 
Ne | He | 
OBS CALC S.T S.T. | Spark 
a ; 
1637.400 | 0.398 "x et 
1639.403 23 | 2 | 2 
1640. 167 150 ila = 
1641.761 —: Se 
1643.588 576 15 . t 32 
1646.187 10 20 =| 1 
1647.161 10 25 1 
1649.444 423 12 | 156 i 
1649.583 12 | 20 i 
1650.709 is | 20 i 
1652.489 482 1 | 0 
1654.105 0b | 5 
1654.484 476 10 | 5 1 
1655.042 1 
1658.785 771 10 15 2 
: 1659.487 479 20 | 2 10 
: 1662.369 357 | 0 
1663.226 220 mw: wh S 
1670.759 746 20 | 25 | 20 
.787 
1671.010 |70.990 0 | 1 
1673.470 466 2 eS 15 
1674.258 254 10 | 2 1 
1676.871 854 1 1 
1679.388 379 8 1S 10 
1685.953 952 x 5 1 
1686.457 4S4 2 8 1 
1686.7 17 690 1 2 
1689.821 832 2 10d | 
1690.78 1 755 2 8 
1691.289 272 5 gs | i 
1693.477 475 0 0 
1693.961 935 0 | 
1696.800 | 0.794 2 | 8 | 
1698.190 134 | 0 | 
1699.199 .195 1 2 
1701.952 938 1 2 
1702.045 044 25 25 25 
1706.179 144 1 
1708.627 621 8 | x 2 
675 
1709.560 551 | 0 
1713.002 2.998 25 | 2 25 
17 16.569 .576 | 2 0 
1718.123 .100 2 
1720.621 611 20 20 
1724.847 853 8 1 
1724.963 .962 8 1 
1726.394 2391 12 | ~ 
1731.364 337 | 1 | 
1749.136 120 1 
1764.118 17 1 
1765.325 320 | 0 
1772.518 512 15 20 
1776.661 649 1 
1781,529 508 1 
1785.262 40 tt] 
1786.448 437 1 
1786.738 } 40 30 
1787.997p | 33 25 
1793,371 366 ; 10 20 
1815.406 | 411 | o 1 
1818.509 516 | : 1 
1822.150 120 1 Oh 
188 | 
1823.888 869 | 1 | 1 
925 | 
1826.991 994 1 1 
1831.261 263 1 1 
1831.724 751 1 
1833.071 073 0 
1835.869 872 | 1S 10 
1841.701 687 | 10h 1 
1842.256 .238 | 0 
1846.581 574 12 2 
1848.768 771 12 2 
1851.517 526 1 
1859.744 .744 15 10 
1860.040 052 20 20 
1874.931 970 0 
1876.173 212 8h | 
1876.835 836 iS | 10 
1877.462 470 | 20 20 
1880.046 050 2 0 
1888.729 734 20 | 25 
1894.006 022 10 | 25b 
1898.538 535 10 | 2 
1903.370 384 1 | 
' 
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TABLE VII.—Continued. 


IDENTIFICATION 


atk 4 - Dy? 
aD, —-¥ Py 
atF 14 —y*Gay? 
aDy o xP," - 
atk —Dy* 
aDy—x*Py 
a*Dy —x*P 2° 
a*F 4 —x*Diy® 
aDy ~# Pu 
atDy —x*Py 
aF 4 —x*Dy? 
a*Dy —x*P i)" 
a‘F a= Dy 
aDiy —x*P 2° 
atk 4 —y*F a? 
atk 4 — Day 
a‘F > x*D24° 
a‘F | ie yDy 
a‘tF “> ytDay? 
a‘F 4 - yDy 
atF yy —y*Diy? 


Gy —wtF 4° 
atF 4 —y*F 4* 
a‘F 4 — ytF 34° 
as - wF 24° 


ar 4 = y*F 24° 
a‘F 4 —y' Day? ~ 
a F 94 —s*D14°?- 
aPy —wu*Ds4°- 
a*Py —wtDay® 
atF yy —yF iy 
atPy —u*Diy 
atF 4 —y*F 24° 
atl 4 sO? 
at 5 —y*Dy"? 
Py —wDiy 
aPy ~wtD,° 
atk a — 5154 
atk yy ~sr24° 
atk 4 —s*Ga; 
aP; -utD 
a‘F 24 y'P iy? 
a‘F iy ~sUy” 
atF 4 —s*D 24° 
aie | —sGx?® 
a Fu —SUx° 
a*F 4 —s*D 24° 
atF yy —y*P 24° 
ary —sG2y° 
Gy —wtH 54° 
ay — xt} Th 
ey —x?F 24> 
a%ra4 —x*F 94° 
a%G 44 — x8 H 54% 
aX rah - x?H «4° 
aPy -y*F 94°? 
a*Say —x*P a? - 
a P14 —y*F 24°? 
a Sa —x*P ay? 
aS —x*P 
@Gy —x*H 4° 
@Dy —wtF 4° 
a@Dy —x*Dy 
atDy —x*Day? 
aDy —<Dy 
Py —yP iy 
e@Py—yPyP 
a*Dy —y'*Day? 
ae@Dy —w' 24° 
aD, —x*Dy? 
atDy —x*Duy? 
U4 —x*Gy® 
atDy —y*Day 
aDiy -y' Dy? 
Gy —x*GH? 
eDy —xtDy° 
aDy—yDy — 
aDy —yDy 
CG 4 —y*F 4° 
aDy —¥Day 
aDy —x*Day 
Gu —yF 24° 
aH 4 — wt »4° 
atDiy —x*Diy? 
aH 4 —wtH 4° 
a? H 4 —w*H 4°. 
aDy —¥ Pi, 
aDy ~ x2} 4° 























A VAC 
OBS CALA 
1904.784 785 
1910.150 147 
1917.337 321 
1918.114 .100 
1922.234 .268 
1922.797 .794 
1925.987 .986 
1927.481 485 
548 
1929.194 191 
1932.477 483 
1935.296 297 
1936.781 BOS 
1938.899 899 
1948.372 383 
1958.121 O86 
135 
1963.110 093 
142 
1964.330 339 
1975.542 547 
1993.289 298 
1994.857 .908 
1999.430 411 
462 
1999.727 | 681 
730 
2001.019 025 
2004.533 556 
2007 .665 658 
2008. 105 O88 
2008 .364 356 
2011.341 | 348 
2011.635 | .602 
2013.921 | 908 
2014.318 365 
2016.154 136 
2016.746 728 
2017.744 743 
2018.509 496 
2019.427 429 
2021.394 399 
2024.370 355 
2028.434 427 
2029.838 839 
2033.064 060 
2035.118 091 
2037 .093 O89 
2038.506 429 
2040.164 119 
2041.345 346 
2049.152 146 
205 1.688 689 
2055.931 922 
2057 .993 988 
2058.762 826 
2062.747p 774 
2064.335 336 
2066 .668 6606 
2068.580 575 
2070.616 615 
2070.994 994 
2072.485 449 
468 
2074.860 &50 
2076.348 340 
2078829 B24 
2080.912 902 
2084.178 178 
2086.939 940 
2088 .194 .205 
2095.310 294 
2095.654 640 
659 
2097 .659 686 
2098.181 175 
| 213 
2101.633 | 673 
2102.363 | 368 
2108.226 .222 
2108.529 | .461 
2109.613 | .635 
2109.768 711 
| .770 
2111.396 | 401 
2117.633 | .665 
2118.868 | 869 
2119.723 721 
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IDENTIFICATION 
a*Dys xiF 440 
a*H «4 —w*H 4°? 
G4 —YH wy? 
c*Dy —wtDuy?® 
aH «4 —w*H 54°? 
eDy —wtDy? 
otH 55 —x*H 4° 
Dy —-¥ Py 
eDy -y¥P} 
a? D2 —w*F 94°? 
aDiy —x*F 4° 
a*G ay — 92H 5" 
eGy —yH aw 
bs} 3 2 ADs? 
eH y —x*H 4! 
atH 4 —wtDy*? 
aH wt F 49? 
aH 3 —w*Dy®? 
atH 4 —wtF 4°? 
at yy —u*Day? 
aGy —yH sy? 
aan xtF 4° 
Pp wrF 24°? 
bak “ vty? 
ba} “4 tk «4° 
a*Gay — x*F 4°? 
aDy xray” 
aH 4 —x*Gay® 
a‘P ; xD; 
bk ; “Dp ;° 
3'P ; Dy 
Py —xDiy 
aH «4 — x14" 
Gy —#H 0° 

eoPy—x*Dj 
ay — x+} ‘4 
oPiy—xtDy 
bs} 24 wD 
aPy—xDy 
OF yy —wtF 
G4 —2H 4 
aP3 —xDay 
bt} iT w*Dy 
b*F 24 —wt F 24° 
By — Vay 
Gy —2H 4 
bf -w'F \ 
aD: Sel aT | 
a‘P, -y¥' Diy? 
a'P yy —y*Dy 
aus y? 74" 

eH yt i” 
eu vow 
aP ; Day? 
atP —y'*F a" 
a ; yl y°r 
mwPy yi 24 
PG —2F 4° 
aPy—¥Diy 
aD, —yl 
atk 3 wo? F 24° 
atk w*F 34° 
a’? P i xt} Th 
aPy y'Ds?° 
Guy —y¥oH?® 
oP, —<*F 
PG4 —y'Gay? 
aa —s*} 2° 
a*f aS wf 4° 
ara stF 4° 
aPiy—ssy 
oP, —x*F iy 
Gy — Gy’ 
Py —x*Gay? 
aXGaj vO ‘° 
gt} yi «a? 
aPy - YP iy 
dH ‘ wt H a? 
BP; x*D14° 
b°H 54 —w*H 4° 
aPy—y*Py 
iP j yiP ; 
Pp ¥P; 
b2 71 «4 —wtH «4° 
a*Py —s*S; 

‘Gog — wt F a4 
rH 4 tH ay 
"Hy -yH 
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OBS 


2123.126 
2130.934 
2133.213 
2134.666 
2135.268 





2138.412 
2138.780 
2140.353 
2141.289 
2146.736 
2147.049 
2148.398 
2151.297 
2151.441 
2151.774 
2153.053 
2154.554 
2156.519 
2159.199 
2159.833 
2161.453 
2161.842 


2161.994 


2162.263 
2162.704 
2164.052 
2165.021 
2165.240 


2168.084 
2168.563 
2169.608 
2170.114 
2170.633 
2170.876 


2172.233 
2172.739 
2173.363 
2173.673 
2173.904 
2175.533 
2176.129 
2176.708 
2177.048 
2177.510 
2177.709 
2180.940 
2181.555 
2181.822 
2182.092 
2183.987 
2184.154 
2184.489 
2186.308 
2188.131 
2188.365 
2188.555 
2189.512 
2192.622 
2193.362 
2197.961 
2199.349 
2202.284 
2206.843 
2207.272 


2209.110 
2209.740 
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IDENTIFICATION 
Gy —x*Ds° 
Py —y Px? 
oF 4 —x*Diy°? 
Gay —w*F 4° 
aGy —x*H 54° 
Py —wtDy? 
aeDy—sPy 
@Dy—¥Dy"? 
eDy —2P iy 
aGy —x*H “° 
Dy —8P xy 
eGy —x*Dy? 
aGuy —w'P 4° 
a*Dy —y*Day? 
OH 4 —wtF “° 
@Py—2P; 
ePy—2P; 
a*Dy —s*P 14°? 
aGy —wtF 4° 
Gy —y'F a? 
Dy —s*P 2° 
atH 4 —y*H 4°? 
Gy —wF 4° 
Py AP 
Py —y¥Py 
Day —AGy? 
eH y Ak 
Ge —8G4 
#Dy—f'Dy 
#Dy—-fDy 
# Dy —AGy? 
a*Gay —wtF 24° 
aH 4 —y*H 4°? 
aGy —wtF 14° 
rH —x*H 54° 
Day? —AGiy? 
#Du —AGa? 
oPy—2F 4° 
#DyP —f*Dy 
fDi —fDiy 
#Dy—-fDy 
#Dy —fDy 
a? Dy —x*F 24° 
BH ay —w*F 4°? 
eDy —#Di? 
OCH —8Gx 


#DP —f'Dy? 
oH y —~ PH wy? 
apt ay 5 
#Dy —AGy? 


Dy —AGsy? 
BD iy? —AGy? 
fDi —AGi;? 
OG —y*F 4° 
eH ay —yH °? 
b°H 4 —x*H 4° 
at F 44 —x*F 24°? 
atF 4 —x*F 34° 
@Gy —y*F 34° 
Dy —¥ Day 
a*H 54 — x*F 4° 
#Dy* —352 
Py —w*Disy? 
Py —wtDy 
#D 4 — 3624 
D249 — 3525 
sD i4° — 362 
a*F 4 —w*tDy? 
@Dy —x*F 14° 
D4 —31 4 
Dy = Wy 
Diy? — 3525 


neighborhood of 106,000 wave numbers. The 
unclassified odd levels tentatively marked *D are 
in about the proper place. 

The use of Dobbie’s three even *D levels as 
part of e*F seems amply justified by the intensity 
diagram given below in Table VI. His e*Ps has 
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A VAC 





| 
| 


OBS 


2211.643 


2211.803 
2214.371 


2214.751 
2215.786 
2216.420 
2218.982 
2220.582 
2221.081 
2221.146 
} 2223.373 

2224.560 

2228.164 

2229.456 
| 2232.208 
2238.283 
2239.752 
2242.132 
2244.886 
2246.171 
2248.388 
2249.754 





2249.891 


2252.531 
2254.766 
2256.369 
2257.576 
2258.468 
2375.906 


2379.264 
2403.182 
2403.355 


2416.708 
2429.708 
2429.886 
2431.614 
2431.974 
2433.789 
2434.791 
2434.968 
2435.561 
2435.727 
2437.354 
2437 .726 
2437 839 
2438.372 
2440.600 
2444.583 
2445.015 
2445.855 
2447.147 
2450.876 





|| 2454.490 
| 


2454.678 
2456.635 
2459.270 
2464.645 
| 2468.478 


|| 2470.459 


2477.185 
2480.134 
2486.245 
2488.107 
2495.645 








' 


| 


| 
| 
| 
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IDENTIFICATION 


aH - YH 
oH —yH wp 
#Day® —32%5 
#Dy — 3314 
Diy? — 344 
fDi —3 le 
Hy —yH yy 
oy —#H 
DP — 344 
fDi —33y 
fDi? — 324 
fDi —33y 
#Dy —30H 
fDi —324 
feDy —AFky 
#Ds° —OFy 
fDy—eAFy 
Diy? —AFy 
#Duy —A a4 
#Daj* —OFy 
#Dy —AFy 
eDyY—eAFy 
SD —AFy 
“Dy —sDy? 
PD —AF 4 
SDP —AFy 
SDy —AF 4 
SD —A a 
#Dy? — oP 4 
ory —s'Dy 
oF 54° — 36? 
oF 34° — 3525 
#F yu —3ia 
tie | —s'Diay?* 
Py —3Sy 
oF 4° — 30 
Fy —eFy 
Pay — 3224 
SF 4 —AF yy 
SFY —eFy 
P24 — 36% 
SF 3° —AF 5 
#Py —3ly 
SF ye —Ary 
Py? —304 
# Py? —35%5 
oF —eF 4 
oF ye —eAFy 
Fy —AF a 
SF ay —AP 5 
OF ye —Ahy 
Fy? —AF 4 
OF yy —AF 4 
oF 4? —AF ay 
oF a —OFy 
oF ye —AF ay 
OF yy? —AF 
#P iy? —36y 
#Pye —AF 4 
P94 —324 
Pi —34 
fPy—ery 
fP iy —334 
SP wy —AF a 
#Pay—AF iy 
fP iy? —325 
Pa —AF 5 


been given a number in place of its name because 
the z*D2,°—e*P,, line is definitely not present on 
my plates. Since 2°D4,°—e®Ps and 2*Dy,°—e*Ps 
are both of intensity 30, it is highly probable that 
it would appear if it existed. The assignment of 
J =2} instead of J=1} to level 36 (*P4) depends 
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ConFicura- | | APPROX No. oF CONFIGURA- APPROX No. OF 
TION | Desic. LEVE! LEVEI INTERVALS ComsB TION Desk LEVEI LEVEI INTERVALS ComMB 
3d | @Ds. | 0.0 2 3d5(*S) 4p SPs 89083.6 4 
436.1 —249.7 
a®Ds 436.1 | | 2 2P? 89333.3 4 
| 302.0 156.0 
a'Ds } 738.1 ; oP; 89489.3 4 
| —193.4 
| aD, 931.5 2 3d*(4G) 4D Pur 113584.5 2 
95.8 +19.4 
a'De 1027.3 1 2? 113603.9 2 
+298 
3d*(*S) 45 aS: 40998.7 ; PG 113633.7 ; 
+41.7 
3B(4G)4s | atGe | 63423.1 5 2G |113675.4 2 
41.3 62.5 
| a*Gs 63464.4 6 Ge 113737.9 1 
20.5 
aGi 63484.9 7 Id“) 4p 2H 114949.2 1 
7.4 160.7 
Gs | 63492.3 6 SH |115109.9 2 
2.2 178.8 
@G: | 63494.5 2 sH 115288.7 2 
| 184.1 
3H(P)4s | atPs 66463.5 2 SH |115472.8 2 
| -~58.2 167.9 
atP: | 66521.7 1 HH 115640.7 1 
—68.8 
oP; 66590.5 0 3A(4G) 4p s*F 116315.6 5 
| 150.6 
3d*(*D) 4s BD, 69694.4 2 oF Ye 116466.2 6 
141.2 8.0 
b&D, 698356 2 oF P 116474.2 5 
—1.2 
BD: | 698368 0 3d5(*S)4 aS 0.0 30000 3 
+50.3 
BD: 69786.5 0 3d°(8S)4 xP $1912.8 1 
| | 40.2 332.3 
| BDe | 69746.3 0 s] 52245.1 ! 
| + 12 ; 
oP¢ §2757.4 & 3000 l 


only upon the identification of the line \2375.906 
as 2° F'3,°— 362;. Since this line is also assigned to 
the transition a‘*F,,—2‘D,°, the evidence is in- 
conclusive. 

It is very surprising that a long search has 
failed to uncover the third member of the d*s*D 
series. Its position can be predicted fairly accu- 
rately, and the analogous transitions in Mn II 
and Cu II give strong lines. I am, therefore, 
unable to improve the present value of the 
ionization potential,® 16.16 volts. 

A list of identified lines of Fe II is given in 
Table VII. The list is complete for wave-lengths 
less than A2220.582 but beyond this only those 
lines are given which are of interest in connection 
with new levels and new assignments of high even 
terms. The first column contains the wave-length 
of the line in vacuum. When poorly determined, 
it is followed by a small “‘p.’’ If the wave-length 
of a line below \2225 can be calculated by 
means of the combination principle from meas- 
ures made above 2300, the calculated decimal 


* J. C. Dobbie, Phys. Rev. 45, 76 (1934). 


is given in the second column. Dobbie’s® level 
values were used for the calculations. The next 
three columns give the intensity as observed in 
the neon Schiiler tube, the helium Schiiler tube, 
and the spark. If the line occurs in a region of the 
plate which has not been measured, the space for 
the intensity is left blank. A dash in the intensity 
column means that the region was measured but 
the line was not present; ‘‘m’’ means that the 
line is masked; “‘h” that it is somewhat hazy; 
“6” that it is a blend. The great increase in the 
intensity of the spectrum in the neon relative to 
the helium Schiiler tube in the neighborhood of 
930 is readily apparent from a glance at the 
first part of the list. This region is within 4000 
wave numbers of the limit of excitation of 
Fe II by collisions of the second kind with 
neon atoms in the normal state of the ion. The 
next column of the table contains ‘‘s” if the line 
is regarded as especially suitable as a standard. 
The final column gives the identification, followed 
by a question mark if uncertain. All wave- 


* J. C. Dobbie, Annals of the Solar Physics Observatory, 
Cambridge (Cambridge University Press, 1938), Vol. V, 
Part I. 
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TABLE IX. Identified Fe III lines. 



































WAVE-LENGTH INT. IDENTIFICATION Watecmmen'! INT. IDENTIFICATION || WAVE-LENGTH INT. IDENTIFICATION 
859.737 15 a’D,—2F,° 1892.865 1 aG,—-2F,° | 1994.355p lh aG,—2Ge 
1122.551 25h a’D,—*P,° 1895.448 40 a’S,;-—2'P,? 1995.249 15 a*G,—2*G;° 
1124.885 25 a'D,—2#*P,° 1914.036 50 a’S,;—2'P,;® 1995.549 25 a*G,—2°G;* 
1126.747 8 a’D,—z'P,° 1915.062 30 a’G,—s*H,* 1996.408 25° a®G;—2*G," 
1128.074 256 a’D,—2*P,;° 1921.182 0 aG.—2H, a*G;—2°G;° 
1128.733 20 a’D,—2*P;* 1922.766 30 a’G,—2*H,® 1999.570 25 a*P,—s*F,° 
1129.205 20 a*D,—s*P,° 1926.284 40 a’S;—2z'P,® 1999.872 1 a’P,—s*F,° 
1130.428 255 a’Do—2*P,° 1929.586 1 aG,—2*H;° 2001.904 5 a’P,—sz*F,° 
1131.206 10 a’D,—2*P;° 1930.361 30 aG,—*H,° 2062.203 35 aS,;—2*P,° 
1131.914 8h a’D,—2P;° 1937.054 1 aG,—sH? 2068 .899 40 a'S,—z'*P,° 
1886.733 25 a’G,;—2F° || 1937.322 30 a’G,—s°H,® 2079.642 50 a’S,—s*P,° 
1887.174 10 a’G,—'F;° ! 1943.458 30 a®G,—2H;° 2138.038 1 PD,—#Fe 
1887.451 8 aG,—2*F° || 1987.486 35 aGe—s8'G" || 2144.151 2 PD,—F,° 

a’G;—2°F;° 1989.957 15 aG.—2°G;° 2144.504 0 PD,—s Fe 
1887.718 2 a’G,—2°F,° 1991.595 30 a®G,—2°G,° 2144.960 2 YD,—2F,° 
1890.644 | 30 aG.—2F,° | 1993.251 15 aG.—sG 
1892.068 5 | a&8G,—2*F,° 1994.064 25 a’G,—-2G,° || 
| i} i} 





























* Measured as double in the Schiller tube. 


lengths and intensities in the He Schiiler tube 
are taken from one plate except for lines of 
wave-length longer than A2190 arising from 
transitions between high and middle levels. 


Fe III 


The known terms of Fe III are collected in 
Table VIII. The aD, a’S and a5S, and z’P* and 
z°P® were found by Bowen.” The a'°P and }'D 
were found by Swings and Edlén." A search for 
the multiplet a’S—z'P® has been unsuccessful, 
and the septet and quintet systems remain 
unconnected. In the third column of the table 
the position of z’P°® is therefore given with 
reference to a’S as zero. An estimate of the 
probable position of a5G and a‘S relative to a’S 
can be obtained from a plot of the corresponding 
differences in Cr I and Mn II since the major por- 
tion of the change from one spectrum to another 
along an isoelectronic sequence is linear with 
atomic number. It is found that a5S would be 
expected to be about 11,000 wave numbers 
above a’S and a°G about 34,000 wave numbers 
above a’S. The fourth column of the table gives 


1. S. Bowen, Phys. Rev. 52, 1153 (1937). 
"uP, Swings and B. Edlén, Astrophys. J. 88, 618 (1938). 





estimated term values for the septets with 
reference to a°D as zero. Column six contains 
the number of times each of the various levels 
were used in identifying the lines of Table IX. 

Table IX contains a list of the identified 
Fe III lines below 42200. Column one gives the 
wave-length. When this is poorly determined, it 
is followed by a small “‘p.”” Column two contains 
the intensity and column three the identification. 

If the line is hazy or a blend, the intensity is 
followed by “hk” or “bd,” respectively. The 
a®D,—z*F;° line and the a®'D—z'P® multiplet 
were taken from a Schiiler tube plate, the re- 
mainder of the lines from a plate of the spark in 
nitrogen. 
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When particles interact with each other through the 
intervening mechanism of a field, the description of their 
dynamical behavior by means of action-at-a-distance 
potentials is only of an approximate nature. Two-body, 
three-body, +, m-body potentials may be regarded as 
successive stages of this approximation; their relative 
magnitudes are examined systematically for several types 
of classical and quantized fields, e.g., electromagnetic, 
mesotron, etc. It is found that the description of electrons 


INTRODUCTION 


N field theories of particle interaction, an 

exact description of the dynamical behavior 
of the particles necessitates the explicit intro- 
duction of variables describing the state of the 
field. A description of particle dynamics in terms 
of interactions depending only on the instan- 
taneous relative coordinates of the particles! 
(action-at-a-distance) is, therefore, necessarily of 
an approximate character. In the first stage of 
this approximation the interactions are of the 
so-called “two-body” type: 


V(rie, fis, °°) =D Vij(ri;). 
7 


In the higher stages, as shown below, one ob- 
tains additional interactions of such a nature 
that the force between any two particles is de- 
pendent on the positions of some of the others 
(““many-body”’ forces). For example, 


V= > V age (T ij, l ik, Tix) 
we 


represents three-body interactions. It is the 
purpose of this paper to examine the conditions 
under which a set of two-body interactions con- 
stitute an adequate substitute for the explicit 
use of field variables. It will be found that the 
use of two-body interactions is an excellent 
approximation for electronic motions in atomic 





* University Fellow. 

1 One also admits interactions depending on the particle 
velocity into the action-at-a-distance dynamical de- 
scription, 


in atomic systems by the customary two-body potentials is 
an excellent approximation; in nuclei, independent of the 
details of the field, one finds: three-body potentials 
=(v,/c)X (two-body potentials)---, m-body potentials 
=(v,/c)"~* X (two-body potentials), where », is the average 
velocity of the heavy particles in the nucleus. The usual 
description of nuclei in terms of two-body potentials 
cannot therefore be considered satisfactory, except in the 
case of the deuteron. 


systems, but a relatively poor one for the heavy 
particles in nuclei. 


CLASSICAL ELECTROMAGNETIC THEORY OF 
ELECTRON DYNAMICS 


(a) Equations of motion 


The equation of motion of a given electron in 
the presence of potentials, ¢g, A is 


10 
A ry, t) 


ma, = e,, —grad., o(f,, t)— 
c al 


Vi | 
+—>Xcurl, A(r,,t)}, Rk=1,---,m. (1) 
c 
Here ¢, A, arise from the other electrons, and 
describe the state of the field; they are deter- 
mined by the equations ? 
1 OA 


V2e= —4r) e,8(r—1;(t)) — div. - ’ \<) 
j Cc ot 


— 
=k) 


"A 


V; 
= —4r) e-—é(r—r;(t 
c*? ot? . € 


1 0¢ 
+grad.( div. A+ ). 3) 
c él 


To obtain an “‘action-at-a-distance’”’ dynamical 
description of the particles, one attempts to 
express yg, A in terms of the instantaneous rela- 
tive particle coordinates. Choosing the gauge so 


?W. Heitler, Quantum Theory of Radiation (Oxford 
Univ. Press, 1936), p. 2, Eqs. (8a), (8b). 
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MANY-BODY 
that div. A=0, one finds 2* 
e; 


o(r, ) => — ° 


1 TR 


€;f Vi Tej(Vj° Tes) 


i 2c\re; r,;#* 


exactly. (4) 


.. a; 
+terms in —+terms in—-+::-; 
-2 2 
i c 


a;=acceleration of jth particle. (5) 


The forces acting on the &th particle will be 
correct to the second order in v;/c, and the first 


2, if all terms in A except those in 


order in a;/c 
p ¢ ] . 2b 

v,/c, are neglected. 
With this approximation, the equations of 


motion (1) for the system of electrons, become: 


€x€ Ty, _ €xe; vr. 3(v5-Tej) he; 
ee . es 3 ¥ »s 2 = 3 + ‘ 
2 ri 


exe; fa, (ay-Tes)¥e, 
Pane Rana) 

j 2c? Vk; r,;* 
=f.(k)+f,(k)+f,.(k)+f£.(k), k=1,---,m. (6) 


Here, f.(k), f.(k), £.(%), represent, in order, the 
Coulomb force, a velocity-dependent correction 
to the Coulomb force, and the magnetic force. 
f,(k) is the force on the kth particle determined 
by the acceleration of the others. 

Since there are m equations of motion (4), the 
nm unknown accelerations are given in terms of 
the positions and velocities. To the zeroth order 
in v/¢, 

1 € je) 


aj=— > —Tryu, (7) 
mir; 


* The gauge div. A=0, and the subsequent approximate 
solution for A from the field equations, has been used by 
Breit in his derivation of the velocity dependent interaction 
between two electrons. See Phys. Rev. 39, 616 (1932). 

* For further discussion of this neglect, see Addendum. 
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whence, to v*/c 


f.(k) = >> —— 


i, ¢2mc? 





Cx j (= see) 
rete ref tit 


e ie e 1 
>— - — 2—--|f,|. (8) 
mecrr®? mer 


Thus f,(k) is of the three-body type. The 
three-body forces become appreciable whenever 
the relative distances between the electrons are 
not large in comparison with their classical 
electromagnetic radii. 

It is a general fact that ‘‘acceleration-de- 
pendent” forces, when expressed in terms of 
coordinates and velocities, are of the many-body 
type. 


(b) Lagrangian and Hamiltonian of the particle 
system 


The equations of motion, (6), are derivable 
from a two-body Lagrangian * 


Cx€ j 
L=>jmv,?-—} > 
k k, 1 Tp; 
CxO; Ve Vj (Ve Tes) ( Vs" Taj) 
HE (+ =") 
ki 2c*\ re; r,;* 


I 


Ck 
> hmv? —4h dec e(ti) +4 —ve- Alte), (9) 
k k k Cc 


from which one obtains the Hamiltonian : 


exe; 
H=> }mv,?+}3 > — 
k ke i VR; 
CxOj {VeVi (Ves Tes) (V5 * Tey) 
nea Seinen 
ei 2c*\ re; re; 


CxVi 
=> jmv.?+4Dee(ri) +432 —-Alte), (10) 
k k tk ¢ 


where the v's are to be expressed in terms of the 


* This Lagrangian was first given by C. G. Darwin, Phil. 
Mag. 39, 537 (1920). All relativistic terms in the kinetic 
energy, such as Dym,;*/8c?, are consistently omitted in 
what follows, since they introduce no essential modification 
in the derivation of many-body potentials. A further dis- 
cussion of the approximations involved in this Lagrangian 
is given in the Addendum, 
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p's, by the equations 


1 CxO; f Vi Tej(Vj°Te;) 
%=—| P-L —( —+—— 
m i 2c*\n; rp? 


| ek 
=— (p.- a(n))), Rol, ---,n#. (11) 
m c 


Substituting into (10), the value of vy. given by 


(11), one obtains 


px® ex Pi 
H=) —+4LDeae(m) -32 ‘A(r,) (12) 
ae ¢€ 


k 2m k m 


with the A’s given in terms of the p’s, by (cf. (5) 
and (11)) 


e; [(p;—(e;/c)A(r;)) 
A(r,)=> : 


4 2mc Vj 


Tez( Pj — (e; cee] 


e;? r,;(t;° A(r;)) 
—->— (Ac) + ). (13) 


-2 2 
i 2mc*r;,; Te; 


k=1, +--+, am. 


The linear inhomogeneous vector equations 
(13), may be solved, either exactly, with de- 
terminants, or approximately, with e?/2mcr,; 
as an expansion parameter. The latter method 
leads to 


ej Pj = Tej\Tej* Pj) 
A(r,)=> ~( aa =) 


i 2mc\re; r,;* 


9 


é;* e) Pp: ; Py( pr Tyr) 
-> _— ; + 
i, §12mce*r; 2meL \ rj ri 


Ty; Pi Ty Pr' Tj) 
+ Fei" P + : 
Tp;* rit rs 


‘ 


9 


e’ 1l\*e p 
+> terms in ( - ) 
8 @ 


i mc? r/ comr 
e* 1\%e p 
+ }> termsin { —-} -—+---, (14) 
iol, a, tt mc? r/ comr 


AND T. 
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whence, neglecting terms in [(e*/mc*)(1/r)}, 
[(e*/mc*)(1/r) , ---, and substituting for A(r) 
into the Hamiltonian (12), one obtains 


ex; 


Dp.” 
H=~—+it 


k 2m ki Tp; 
€x€; (Pe Py (Pees) (Py-Te;) 
—_— 7 — vv 
k, i2m*c?\ ry; a 
ea La (Pa Fjr) (Pee Tyr) 
— + 


k, i, t8mc4 3 


n~ 


+ 


Pe iPit Pe iP ji 


(Pe Tez) (Pr Te;) 


“+ 


(Peg Tyr) Pee Tez) (Pie Tjr) 
fi 


3 


re Pr 51 PT 5 
= H (kinetic) + /7(Coulomb) 
+H(Darwin)+H’. (15) 


The interaction H’ contains ‘‘velocity-depend- 
ent’’ three-body potentials (for 7+1). These are: 


H' (three-body vel.-depend) = 

€x€;°€: Pe Pi es v*\ e? 
> — — -(—-)(=)- (16) 

kei, (8mict rest i mc r csr 
Thus one obtains a three-body Hamiltonian 
from the two-body Lagrangian because of the 
peculiar relation between the p’s and v’s, in (11), 
and the consequent peculiar relation between the 
A’s and p’s (Eq. (13)). While the use of the 
three-body Hamiltonian is somewhat artificial in 
classical mechanics, the same equations of motion 
(6), being derivable from the two-body La- 
grangain (9), its introduction is essential in 
quantum mechanics, since the p’s, not the v's, 
enter into the fundamental commutation rela- 


tionships. 
The terms in A, of order 


[(e2/mce*)(1/r) Pep/mcer, [(e?/mc*)(1/r) Pep/mer, 


[ (e?/me*)(1/r) J" *ep/mer, 
when substituted into the 
—$>.(e C)\Pe/m -A r;) 


term of the Hamiltonian give 4, 5, ---, m-body- 
potentials. The ratio of the magnitudes of the 
individual terms in the m-body and Coulomb 
potentials is =[ (e?/mc*)(1/r) J"? /c*. 

If one considers the classical electron to have a 
spin s, and a magnetic moment py, proportional 
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to S;, then** 


j\Vj° Tez) wy XTi; 
A(t) =2 > (—+ )+z . an 
3 ; ri. 


mv," exe; e.€; /Ve-V 
Te peal ys fv ( 


9 


k ke 1 VK; Rk. i £C° Vx; 
(Vea) (V5 Ti;) €xVe wy XT; 
— 2 ee oe 
ki € r,;* 
€jVj XT; , By XTij\" 
pa Ue +3 2 yw: curl, 
cr,;* kei r,? 

mv," 

=> - — he, ots) +45 — *. A(r,) 
K 2 


sitoouie A(r,), (18) 
k 


1 C;f Vi Tei Vy Tj) 
vVe= (n.-= ( + ) 
m i 2c\n,; r,.;* 
uy XTi; | ey 
ot was Ce) 
i r,;* m ( 


. Cc k 


(20) 


ex Pr 
—}3> -A(r,) —} 30 u-curl, A(t). 
k k 


cm 


Using (19), one may express A (17), in 


terms of the p's, just as before. Thus 


e; ;  aj(Py-Tes) Xr 
¥ j (>: p )+a® kj 
i 


2mc Pi; r,.;* 


3 
ee Pi Fjr(Pr- Fin) 
= ) ® + : : 
i, 6 2mc*r,; 2mcl \rj1 ri 
pit e;? 
3 


Tx; pP: ft jl r 
+ r Tyj° " ; » 9 
i, (2mc*r,; 


° 
Tez” vil rit 


“werXTy = Le; wi XT; 
xi— +—ny-(* -P}. (21) 
7; r,;* r;? 


% A moving magnetic dipole gives rise to an electric 
dipole with moment v;/c The interaction of this 
electric dipole with the electric field due to the other 
particles is of the same order in v/c as the spin-orbit term 
appearing in the Lagrangian (18). It is omitted for reasons 
of simplicity since its inclusion introduces nothing essen- 
tially new. 
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Upon substitution of this expression for A into 
the Hamiltonian (20), the term: 


— 45°. (ex/c) (pe/m)- A(te) 


gives the Darwin two-body potential, and the 
three-body potential obtained before, and in 
addition, a “spin-orbit” two-body potential and 
a ‘spin-orbit’ three-body potential. The term: 
—4}>-.me- curl, A(t) gives “spin-orbit” and “‘spin- 
spin"’ two-body potentials; and “spin-orbit” and 
“spin-spin” three-body potentials. The ‘“‘spin- 
spin” three-body potential is 


H'(three-body spin-spin) 


e; 1 Birt 
_ y > ve ‘curl, — — 
ki, t4mc* fev oie 


Ta; wi Xty e ,* 
+--- Ti;° —_——_ <= —— a, (23) 
ri? rie mc*r r* 


It will be seen below that a three-body potential, 
with the same spin dependence, as in (23), is 
of considerable importance in the mesotron field 
theory of nuclear forces. 

In concluding this section it may be pointed 
out that when the A’s in the Hamiltonian are 
expressed in terms of px, Tf, 8 one need only 
apply the commutation relations to these vari- 
ables, to obtain a quantum-mechanical action- 
at-a-distance theory of electronic motion. 


QUANTUM ELECTROMAGNETIC THEORY OF 
ELECTRON DYNAMICS 


In the preceding section the classical electro- 
magnetic field was eliminated, to a certain degree 
of approximation, from the equations of motion 
of the electrons. The resulting action-at-a- 
distance Hamiltonian (15), could then be 
quantized. In the following section the procedure 
will be reversed : one first quantizes the electro- 
magnetic field, as well as the matter, and then 
proceeds to an approximate action-at-a-distance 
description of electronic motion, by means of a 
quantum-mechanical perturbation method. This 
method will give not only the same many-body 
potentials found above (‘classical’), but also, 
many-body potentials explicitly dependent on A 
(‘specifically quantum-mechanical”’). 

The Hamiltonian for the total system, field 
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and matter, is: (Fourier representation of the 
quantized field variables‘) 


Pp.’ Cx; 
H= WEP A+ 001+ 5 —+ 2 + 
? k 2m ki Te; 
Ce Pe ex” 
+{-5 -—-A(r,.) +>, ——(A(r,))? 
kom k 2mc* 


—_ Yu ‘curl, A(r,) 
k 


= H(field)+H(matter)+H(interaction) (24) 
with 
Fe 
A(r)= Eldrc’)'a, (0, cos (k,-r) —— sin k,-1)) 
, Vp 


= >> (4c?) 'a,(q, exp (tk, -r) (25) 
? 


+q,* exp (—1tk,-r)) 
- d@A,+¢,*A,*, 
Ld 


div. A=0; |a,|?=1. (26) 


In the eigenstates ¥(Q,, r;) of H, the number 
of light quanta is not specified, i.e. 
¥(Q,, 81) = Li Ca, npaltj) on, (Q,) (27) 
a; n%, 
with 
H(matter) Wa(r;) = «.Wa(r;), 
H(field) ¢,,(Q,) = 52 n,+})hv, le,,(Q,). 


The elimination of the field variables, and the 
consequent action-at-a-distance dynamical de- 
scription of the particles, corresponds, in quantum 
mechanics, to the consideration of transitions of 
the system among states, where the number of 


| € Peo 
(i —(aia))*|n )(» - 
| 2mc? cm 


n,n’ (E;—E,)(Ei— Ew) 


The initial and final states 7, and f, are 
characterized by no virtual light quanta present 


*W. Heitler, reference 1, paragraphs 6 and 7. 
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light quanta is always zero, i.e., states of type 
¥(Q,, rH ={ L ca’, ophar(Fj)} %,(0,). (29) 
a’, Op 

In particular, one may limit the discussion to 
transitions among the matter eigenstates, i.e., 
Ca’, 09 = 5a’, a. The transitions among the states 
¥., caused by //(interaction), i.e., by the virtual 
emission and absorption of light quanta, are now 
to be regarded as caused by an equivalent 
action-at-a-distance potential H’. The depend- 
ence of H’ on the particle coordinates is to be 
such that the transition probabilities between the 
matter states ¥., with H’ as perturbing potential, 
are identical to any desired approximation, with 
those arising from H (interaction) in the complete 
field theory. 

It is to be noted that the quantum-mechanical 
method of eliminating the field variables, is 
necessarily of a perturbation character of suc- 
cessive approximations, since one must consider 
transitions between states in which no quanta 
are present. Such a treatment, as already ob- 
served above, leads to two types of many-body 
potentials, “‘classical”’ and “specifically quantum- 
mechanical,’” which are discussed in order. 

(a) Classical many-body potentials 

In a system, consisting, for simplicity, of only 
three electrons and the radiation field, the follow- 
ing type of transition takes place: The first 
electron, say, simultaneously emits two virtual 
light quanta, by means of the (e?/2mc*)(A(r,))* 
term in the perturbation; one of these virtual 
light quanta is absorbed by the second electron 
by means of the — (ep2/cm)-A(rs) term, while the 
other is absorbed by the third electron by means 
of the — (ep;/cm)-A(r3) term. The matrix element 
for this transition, which depends on the instan- 
taneous coordinates of all the three electrons, is 
given by 


ee Ps | ‘ 
‘A(re) jn’ (w -- -A(rs) ‘) 
| com (30) 


| 


and matter wave functions y¥,; and y,;; the inter- 
mediate states mn, n’ have, respectively, two and 
one virtual light quanta present, and matter 
wave functions Wa, Wa’. 
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Employing the customary expressions for the 
matrix elements of emission and absorption of 
the virtual light quanta,’ neglecting recoil 
energies of the electrons, using the completeness 
relations for the matter wave functions, and 


167° e* exp ( (tke, - Tie) exp ( (ike, ‘T13)(pe—k, (p2° ‘k,)/ k,? \ps— k,. (Ps k, +) k, :*)) 


* > — ——E = 
fv , 3 2 
‘ee’ om Vp Vp’ 
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adding over the possible polarization directions 
of the virtual light quanta, as well as over all 
possible permutations of the order of their 
emission and absorption, one obtains for the 
matrix element (30) : 


~\Wdriydtedty. (31) 
} 


Thus, the equivalent action-at-a-distance three-body potential, H’, becomes 


(+=, > f(k,)— 


167r*e* exp (ik, -Ti2) exp (tk,: 


H' (riz, tis) = > —- — ~ 
Ct ee | he 


1 
—-- fa k,)dk, ) 
(27) 


Tis)(P2—K,(Pe- k,) ‘k ?*)(Ps— Kk,’ (psk,-)/k,-*) 


¥_*V_r* 


mm . exp (ik, -12) o(P2- k, ) exp (ak, Tis) k,-(ps-k,-) 
=— —f bh? 7 (2 7 ' = ak f- ——(»- )ae. (32) 


4x! m*< 


Now 


exp (tk, -f12) k,(p2-k,) 
k,? k,? 


whence 


e* P2 
H (12, 13) = — 
4mi'c* 


which is just the term obtained in the classical 
treatment, above.® (Cf. Eq. (15).) 

If one considers three-body potentials arising 
from the same type of transition as before, 
except that — we-curl, A(r2), and — ys: curls A(rs) 
replace —(ep2/cm)-A(r2), and —(eps/cm)-A(rs), 
one obtains ‘‘spin-spin” three-body potentials, 
which again, are just the same as those obtained 
in classical theory. (Cf. Eq. (23).) 


(b) Specifically quantum-mechanical many-body 
potentials 


Consider, again, a system of three electrons 
and the radiation field. In addition to the transi- 
tions discussed above, the following type of 
process also takes place: one electron emits two 
virtual light quanta, in succession; one of these 


1 Ti2\p2° Ti) 
)ae, = of = ), 
Ti2 r12" 


Ti2( P2'Tis) Ps Tis(Ps°Tis) 
+ — (- -+- —— ), (33) 
Ti2 ri2° Ti3 ris 


quanta is | absorbed by the ‘second electron, the 
other by the third. The perturbation energy 
responsible for any one of these single absorptions 
or emissions is either 


—w,-curl, A(rm), or —(ep,/cm)-A(r,). 


Only the first of these perturbations will be 
treated explicitly, since in the mesotron field 
theory of nuclear interaction, which has a 
formalism almost identical with that of electro- 
magnetic theory, the term analogous to 


=i." curl A( (f,), 


gives by far the largest effect. 

The matrix element corresponding to the 
transition described in the preceding paragraph, 
is 











(4 vi curl; Al t1) n)(m\ wi-curl, A(r,) n’)(n'| ys curls A(ts) n"")(n"" | ws: curls BG OI) 


n,n’, 





*W. Heitler, reference 1, pp. 95 and 96, Eqs. (12) and (13). 


n’’ (EB; —E,) (E;— Ew) (Ei— En) 


* A symmetrical expression in the indices 1, 2, 3, is obtained by interchanging the roles which the particles play in the 


transition process. 
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The initial and final states, i and f, are 
characterized by no virtual light quanta present 
and matter wave functions y; and y,; the inter- 
mediate states have, respectively, one, two, and 
one virtual light quanta present, and matter 
wave functions W,, Wa’, Wn’: 

The matrix element of —w,-curl, A(r;) for the 
emission of a light quantum of frequency v,, and 
the transition of the three electrons, from y¥, to 


Wn, 1S: 


AnD’ t. 
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= fvtyr-curt ((4rc*)4(h/2v,)'a, exp (tk, -1;)) 
Xvndridredr; (35) 


and similarly for the other emissions and ab- 
sorptions. 

Substituting (35) into (34), 
energies, and making use of the completeness 


neglecting recoil 


relations for the matter wave functions, one 
obtains for (34): 


(4r*c4 
- fv ( —(w ‘curl, Sca, exp (tk, -T:)pe-curle(a, exp (—ik, 1») ) 
? 


a, exp (tk, -T1)us3-curls(a, exp (—7k,--r3)) 


x(w-cuts 5 - 


r 2 - ) Wrdridraies (36) 


ep” (Mp¥ pr) (Vp Mp Mp") ¥p’) 


Summing over the possible polarization directions of the virtual light quanta, one obtains 


(40r2¢4 
- fue wi curl; >> curls (we-exp (7k, -ry2)m,-curl; > 
| h , 


| - 
The equivalent action-at-a-distance three-body 
potential, corresponding to a process where », is 
the first to be emitted, and first to be absorbed, 
is thus given by the quantity inside the curly 
brackets in (37). Taking into account all possible 
orders of emission and absorption of the virtual 
light quanta »,, v,-, one obtains, for the three- 
body potential, H’’(ry2, ris) : 


H'' (ria, ris) = 
4r? curls (we exp (tk, -112)) 
wicurl, ———— 
p 


y3/c 


curls (ws exp (¢k,--113)) 
X] wi-curl,; >}; ——— . (38) 


» 9 
p vy /C* 





c 
+same term with indices 2 and 3 interchanged. 
: 1 
With v,/c=k,, and > f(k,)— = J soya, 
p (27) 


the first bracket becomes 
1 Ti2X we 
——vi curl, =e Ge (38a) 
(21)? r12° 


while the second bracket is equal to 


1 Bs 
-——p, curl,’ {| — }, (38b) 
4dr Tis 


curls (ws exp (tK,--f13) | 
Wdridredr3. (- 


wa 
~~! 


p Pad Pid © Pe ot 

being, apart from the numerical factor 1/47, just 
the spin-spin two-body potential between the 
first and third particle. 


Thus, 


l TieX we 
H"' (ri, ’13)=— ui-curl, ( a os 
2rhc 12" 


Us 
<} wiccurl,? { - (39) 
ris 


+same term with indices 2 and 3 interchanged 
=y4/ hcr’. 


ORDERS OF MAGNITUDE OF ELECTROMAGNETIC 
MANY-Bopy POTENTIALS IN 
ATOMIC SYSTEMS 


The magnitudes of the many-body potentials, 
in particular of the three-body potentials, will 
now be estimated. Suppose the three electrons 
are orbital electrons in an atom. Then, on the 
average, the distances rm,; =r, between the elec- 
trons are of the order of Bohr radii, and are 
related to the electronic velocities, v, by: r =h/ mo; 
the electronic magnetic moments yu are <eh/mc 
<erv/c. Thus, from Eqs. (15), (16), (33), the 
relation between the magnitudes of the individual 
terms in the velocity-dependent three-body po- 
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tential and in the Coulomb two-body potential, is 


e? vy? e 
H' (three-body vel.-depend.) =———- — — 
mercer 
1 sv\' 
<—— (-) H(Coulomb). (40) 
137\¢ 
Further, from Eq. (23), 
e yt 


H' (three-body spin-spin) =— 
mc*r r° 


& sh/mc\? & 1 sv\' 
= (- ) = (=) 21(Coutomb». (41) 
mcer\ fr r 137\e 


Finally, for the specifically quantum three-body 
potential (cf. Eq. (39)), 


pil = e/h/mcy\‘ e? 
H" =——= =)- 
her’ he r r 


1 sv\‘ 
pe ( ) H(Coulomb). (42) 
137 \¢ 


It is therefore clear that the description of the 
electromagnetic interaction of electrons in atomic 


\§ 


systems, by means of action-at-a-distance two- 
body potentials, is an extraordinarily good 


68 since v/c 2Z/137." 


approximation, 


MESOTRON FIELD THEORY OF NUCLEAR 
INTERACTION 


(a) Elimination of field variables for the “‘clas- 
sical’? mesotron field 


The mesotron theory of the interaction of 
nuclear heavy particles’ (protons and neutrons) 


& See, however, the Addendum. 

% Z is the effective nuclear charge for the electron in 
question. 

7 The “vector” mesotron field theory will be used, since 
it gives the correct sign for the neutron-proton two-body 
potential. For a general discussion of mesotron theory, 
see H. Yukawa, Proc. Phys.-Math. Soc. Jap. 17, 48 (1935); 
19, 1084 (1937); 20, 320 (1938); also H. Bhabha, Proc. 
Roy. Soc. 166, 501 (1938); N. Kemmer, Proc. Roy. Soc. 
166, 127 (1938); Frohlich, Heitler and Kemmer, Proc. 
Roy. Soc. 166, 154 (1938). The use of a linear combination 
of the “‘scalar,”’ “‘vector,” “pseudo vector’’ and “‘pseudo 
scalar’ charged mesotron fields, and/or of uncharged 
mesotrons, would not essentially alter any of the results 
on many-body interactions obtained below. (See section 
n present paper on general field theory.) 
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is closely modeled upon the electromagnetic 
theory of electron interaction. Here the variables 
of the system also fall into two categories : those 
describing the motion of the heavy particles and 
those describing the state of the field. The 
dynamical relations between these two sets of 
variables are given by equations analogous to 
the Maxwell equations and the Lorentz force 
formula; the heavy particles act as sources of 
the field, and the field in turn affects the motion 
of the heavy particles. The characteristic differ- 
ence between this theory and that of Maxwell is 
the appearance of a fundamental length, R, in 
the field equations; a consequence of this new 
constant in the quantized form of the theory, is 
the existence of ‘‘quanta”’ of rest mass, mo=h/cR. 

The mesotron field due to mesotron-charge, 
mesotron-current, mesotron-magnetization and 
mesotron-polarization densities of the heavy 
particles,’ p, I, M, P is specified by two six- 
vectors’ E, B; E*, B*, and two four-vectors 
’, A; &*, A* satisfying the equations: 


B=curl A, (43) 
130A 
E= —- ——grad. 9, (44) 
c él 
4nI 4x OP 
curl B=—-+— — 
c c él 
10E 1 
+4 curl M+- —-—-—-A, (45) 
c 0t RR? 
1 
div. E=4rp—4r div. P— —4. (46) 
R? 


Taking the div. of (45) and the time derivative 
of (46), one obtains: 


Op 1 sd 
0=div. J+— —- (—+4iv. 4) (47) 
dt R*\ at 


It may be pointed out that the singularities in the 
mesotron field equations are exactly of the same type as 
the singularities in the electromagnetic field equations. 
Hence, the mesotron theory convergence difficulties are 
no better, and no worse, than those of electromagnetism; 
cf, H. Bhabha, Nature 143, 276 (1939). 

Sp = /\p\II; p*= |p| II* where the II and I* are operators 
(complex conjugate to each other) changing the heavy 
particle from a proton to a neutron, and from a neutron toa 
proton, respectively. Similarly for J, M, P. 

* Here the asterisks denote complex conjugates. 
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and so, if charge-current is to be conserved, the 
potentials must satisfy the “Lorentz” condition. 


om 
—+div. A=0. 
ot 


(48) 


Second-order equations for the potentials may be 
obtained in the usual way: 


1 1 a°*b 
V*h —— —— = —4r(p—div. P), (49) 
R? c? at® 
1 1 0°A 
v*7A——A-—— — 
R? c? ét? 
I 1 aP 
= —4r(-+cur M+-- ) (50) 
Cc c él 


Finally, the equation of motion of a heavy 
particle in presence of potentials ®, A is" 


10A 
Ma,= {eon( —grad. #—- — ) 
c él 


v 
+.*—Xcurl A+grad. (u,*-curl A) 
c 


10A 
+grad.(p.* ( —grad. — )) 
c al 


+comp. conj.|, k=1,-:- (51) 


a n, 


where g,* =gll,*, ue*=pll*, p* =pll,* (see foot- 
note 8) with g, wp, p, the mesotron-charge, 
mesotron-magnetic moment, mesotron-electric 
moment of the heavy particle. Terms involving 
p =v/cXy will be consistently omitted in what 
follows, since they do not essentially affect any of 
the subsequent results. 

The potentials &, A arise from the other heavy 
particles. As in electromagnetic theory, to obtain 
an action-at-a-distance description, one attempts 
to express , A in terms of the instantaneous 
relative heavy-particle coordinates. Approximate 


% The classical equation of motion (51) can be con- 
sidered in quantum mechanics, as an equation of motion 
between operators; in this sense it is equivalent to the 
wave equation (11) given by Bhabha, reference 7. 


AxND T. 
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solutions of (49), (50), for point sources, are 


geese  vF a; 
(r,, t) = >> g;———-+ terms in —, —, etc. (52) 
i ae ee & 
give "ek e rej/R 
A(r,, 4) =>, — — +) uw; Xgrad., ) 
j c "kj i lk; 
: v;*> a; dy; d*y; 
+ terms in ‘ ,etc. (SH 


c? c* dt dt? 


The equations of motion (51), with ® and A 
expressed by means of the sums in (52), (53), are 
derivable from the following Lagrangian and 


Hamiltonian: 


My,? : g,* 
L=D +) 1S eton) $4E vy A(t) 
oS 2 k k Cc 
+4>°u,*-curl, A(ns)+e-.}, (54) 
k 
p.” gu* Px 
H=) — +{sEet0(n) 35 *A(t,) 
kt 2M k zt cM 
—43>>u.*-curl, A(t) +00. (55) 
k 


In H, the A’s are to be expressed in terms of the 
p’s by means of the equations: 


g; (p; — ((g;* c A r;)+c.c.))e regi 


A r.)= 2 
i cM ray 
é Tkj R g, p. ¢ — 
+ Ev xerad.( )- s 
? Vj i ¢ M rej 
erki R 
+ Xv xerad.,(— —_ ) 
i re; 
gigjte~"*/® g ip, emrivh 
7, ¢ Mc*n,; Mc - 
gi2;"€ rkiiR enrilR 
“—_ “eet wxerad. 
7, 1 Me*r;,, rit 
+terms of higher order in g*/Mc*rs;. (56 


These solutions, including explicit expressions for the 
terms in v?/c*, a;/c*, dp;/dt, @u;/df are obtained in 
Appendix I. The only terms which are treated in the text 
are those explicitly written out in Eqs, (52), (53), For a 
discussion of the acceleration-dependent terms, see the 
Addendum. 





1A 
are 


ind 


rE er TF 
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Substituting for A(rm), one obtains for the 
Hamiltonian (55): 


pi’ gu*g 
Har +{[9 ee] 
t 2M hed Wx; 


j a rej/R 
+|-—} = w*- curly, xerad..(——) ) | 
. k,? re; 


gi pen’® 
afar y*-curls( = alin: 
5 kei 


cM *%; 
ge* De gee 
ze axena(—)] 
ka ¢ d "kj 


F £u*2; Pe Pi 





+ == i — ——¢~ ki R 


9 — 
kei M*c*? m%,; 


ni~ 





£i8;" grasa 
+f & 7 y.*-curh(— uv: 
kit M 


a d c? Vj 


e rjuUR 
xerad. —- ))| 
il 


] Be*2i2i*21 Pee pre "#1 Ber iwk 
mrt Me] 
7 


t,i,t Mc TET jl 


g.*gigi* seo"til® — 
af = SA") weet.) 
k. i,t M*c3 Tk; Tit 


7.9.*9) e~rki/R erik 
, £i8i £1 o. ic Aa 
+3>> ——-p,*-curk{ pr— 
k M?%c3 kj Tit 


2? 
+terms of higher order in — 
Mc*r 





tec. (57) 


= H(kinetic) + H(two-body ‘“Coulomb”’) 
+ H(two-body spin-spin) 

+H (two-body spin orbit) 
+H(two-body vel.-depend.) 

+H (three-body spin-spin) 
+H(three-body vel.-depend) 


+ H(three-body spin-orbit). 


The two-body ‘‘Coulomb” and two-body spin- 
spin interaction Hamiltonians have already been 
discussed by the authors of reference 7."* The 





le The procedure of solving the equations of the mesotron 
potentials in order to obtain two-body Coulomb and two- 
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order of magnitude of the other two-body inter- 
actions, as well as of all of the three-body 
interactions, will be given in a later section. 


(b) Quantum mesotron theory 


In the preceding section, the unquantized 
mesotron field was approximately eliminated, 
and an action-at-a-distance dynamical descrip- 
tion of the heavy particles obtained in terms of 
a Hamiltonian (Eq. (57)) which could then be 
quantized. The elimination of the quantized 
mesotron field gives results similar to the corre- 
sponding treatment in electromagnetic theory ; 
on the one hand the classical Hamiltonian (57) 
is confirmed, and on the other hand, additional 
specifically quantum many-body potentials are 
obtained. 

Since the Hamiltonian formalism of the 
quantized mesotron theory is somewhat different 
from the formalism of electrodynamics (due to 
the fundamental length), it will be discussed 
briefly. 

In the Fourier representation of the field : 


(r, t) = >a, (t)#,(r) 


= >a,(t)(4ac*)' exp (ik,-r), (58) 


Ax(r, t) =>0¢.(t)A.(r) = Da.(t)y grad. #,(r); 


curl Ay=0, (59) 


Ar(r, t) = >0¢,(t)A,(r) 
ad 
= }g,(t)(4ac*)'a, exp (tk, -r); 
. 


div. Ar=0, |a,|?=1, (60) 
A(r, t)=Ax(r, t)+Ar(r, t). (61) 


The potential equations (49), (50), and the 
Lorentz condition (48), become: 


G,+v2a,=¥g.%,*(r:), (62) 
k 


body spin-spin interactions was introduced by Yukawa, 
reference 7. Recently these interactions have been derived 
by Stueckelberg by a method of canonical transformation; 
Phys. Rev. 54, 889 (1938). A treatment similar to Stueckel- 
berg's has been reported by E. Feenberg, December meet- 
ing of the American Physical Society, 1938. 





— 


ee SS 


= 


“Sarto 


ne 8 as 


mee 


i 





1228 H. PRIMAKOFF AND T. HOLSTEIN 


gk 
Get+ ¥e'de = > —vi:A.* (re), (63) 
k eC 


gk ;, 
G,.+¥,"¢,= > —v,:A,* (ri) 


k ¢ 
+Sy.*-curl, A,*(t,), (64) 
7 
Gig = CheQe, (65) 
ad 
y? = c2h?+—., (66) 
R? 


The equations of motion of the heavy particles 
(51), are: 


1 
Ma,= 1( —grad., >-a,?,(r;,) —_ > GA, (rx) 
o Cc o 


* 


I gk a 
* Eied,(e0) +—v, Xcurl, ¥¢,A,(re), 
c? 


C » 


+grad.;, (vsr-curt, Eads(ns) ) +e. ', (67) 
. } 


Inspection indicates that the above equations of 
motion, for field and matter, are derivable from 
the following Lagrangian and Hamiltonian :” 


L= Dd (G0" 4, = ¥5"Qp*p) + > (Ge*Ge— Ve"Go*Qe) 
p o 





Mvy;’ 
— > (d,*d, — v,*a,*a,) +>. : 
¢ k 


. = ( —ge*> 2,9, (Fx) 
k og 


* 


gn” gk ; 
+—vz: > geAe(te) +—vi. 3 g,A, (Fx) 
c ¢ Cc P 


) 


} (68) 
) 


+u.*-curl, EaA,(r)) +c.c. 


In deriving the equations of motion (62)—(67) from 
the Lagrangian (68), ¢», ¢p*, Ge, Ye", Ge, Ge", Te are to be 
treated as independent variables. Eq. (65) must then be 
assumed as an auxiliary relation. Also p, =0L/0qp, etc. 





H= Dd (p,*Pp+ Ve"do"Qp) + DL (be* e+ Ve'Ge*Qe) 


1 
— > (b,.*b, + v."a,*a,) + >o— 
° 2M 
gx* : 
x aa (2e-A.(rs)+¥4,4,(n) )+ec.]) 
Cc ? id 


+ (LerDae(r ) tcc.) 
k ¢ 


es (Ze.*-curt > 9A, (Fx) +e.) . (69) 
a ? 


Now, a peculiarity of the system of Eqs. (62)- 
(67) is that the variables g, and a, are not inde- 
pendent, the connection between them being 
given by the Lorentz condition (65). Making use 
of this relation and of (62), one can completely 
eliminate the variables a, from the equation of 
motion (67), obtaining :™ 


f e rej/R 


Ma;,= ies*( rad. > 2; — 
{ j 


Vkj 





1 c 1 
on —GaAg (Tx) --E%,A,(t») ) 
c’ R*y,? c? 
gn 
+—v, Xcurl, >-¢,A,(rx) 
Cc r 


+grad., (ve*-curl EaA,(t)) +c.c. }, 


kR=1,---,m. (70) 
. . Bk 
Get vee = DV Ao* (Tx), 
k C 


gk 
G,+,*¢,= >). —vi-A,*(ri) + > curl, A,*(r;). 
b¢€ k 
(72) 


The new set of equations of motion: (70), 
(71), (72), as may be directly verified, are 
derivable from the following Lagrangian and 
Hamiltonian :“ 


48 Equation (70) is derived in Appendix II. 

“In the limit R-+«, the variables describing the longi- 
tudinal field disappear completely from the Lagrangian 
(73), and the equations of motion (70). Since in this limit, 
the mesotron field equations are identical with the Maxwell 
equations (apart from the complex character of the field 
variables) one obtains the well-known result of electro- 











69) 
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L,=>(¢,"4,— ¥.O."*do) +L (Ge*Ge — Vee" Qe) 
e o R*,y,? 





Mv? ( iltiadl. 
+> —— + { --E es" gi- 
t 2 ( V kj 
gn" a g.* 
+D—vs- S—qeAe(1s) + D—ve- DgpA, (Ps) 
hb € ¢ R*y,? k C , 


) 
+> >u.*-curl, >>¢,A,(t%) +c.c. | » (73) 
k e 


Pe" De 
c/ R*y,? 


C } ( Ps 
+(= —) nt Qe ‘a) + ¢ | Peace 
Rv, |" |\Fom 


e rej/R ) 
+(53 2 gx" g£;— “the 


l ej 


+{[- == — 2 (x qeAg| (ry) 
c ¢ R*y,? 


1 
oxeane) tee.|+E— 
G t2Mc 





H= Eee" Pet 05%) +E( 
iy : 





2 


2 
x ere aT ae (fx) +2%*>.9,A, (8x) +e 
? 





_ Sy." ‘curl, >-9g,A,(rx) +ec.| 
La F 


= H(mesotron-field) +H (heavy-particles) 


+H (interaction). (74) 
Numerically, 


H,=H=[Volume Integral of Energy Density 
of Field+Heavy Particle Kinetic 
Energy+Magnetic Moment Inter- 
action Energy ]. 


The Hamiltonian H, plays a role in the 
quantized mesotron theory, completely analogous 
to the role of the Hamiltonian (24) in quantum 
electrodynamics. It is to be noted that quantum 
perturbation calculations, in particular, the der- 
ivation of action-at-distance two-body and 
many-body potentials, will not involve that part 
magnetism, vis: The effect of the longitudinal waves may 


be completely expressed by means of action-at-a-distance 
two-body Coulomb potentials. 
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of the longitudinal interaction already exactly 
expressed by the ‘““Coulomb”’ term: 
e7re/R 


1 
—> gn*g; +c.c. 
2k, i 


Tei 





(c) Many-body potentials obtained in classical 
mesotron theory 

Three-body potentials can now be obtained 
just as in electrodynamics, by a perturbation 
treatment of transitions in which one has simul- 
taneous emission (by means of the g*A*/Mc 
interaction term) of two virtual mesotrons by 
the first heavy particle, one of the mesotrons 
being absorbed by the second heavy particle and 
the other by the third. The absorptions take 
place by means of either the — (gp/cM)-A or the 
—y-curl A interaction terms. 

In this way, one obtains exactly the three-body 
potentials already found in the Hamiltonian of 
Eq. (57)." 


(d) Specifically quantum-mechanical many-body 
potentials 

The largest specifically quantum-mechanical 
three-body potential is obtained by a transition 
of the following type: 

The first heavy particle emits two virtual 
mesotrons in succession; one of these is absorbed 
by the second heavy particle, and the other by 
the third. All individual absorptions and emis- 
sions are due to the —y-curl A interaction term. 

Since the expression for the transverse field 
energy: 2,(p,*>,+¥,"¢,"g,), and for the mag- 
netic moment interaction term: 


- [ Seme*- curl > ,qg,A,(te) +c.c. ] 


are formally alike in the electromagnetic and 
mesotron theories,'* the calculation of the three- 
body potential proceeds in the same way as the 
calculation of the corresponding three-body po- 
tential in electrodynamics. (Cf. Eqs. (34) to (38) 
and accompanying text.) 

Thus the specifically quantum three-body po- 
tential arising from the transition outlined above 


One can also obtain H (two-body spin-spin) and 
H (two-body spin-orbit) by a second-order quantum 
perturbation calculation with neglect of heavy particle 
recoil energies. The results, naturally, are identical with 
those obtained in Eq. (57). 

16 Compare the Hamiltonians (24) and (74). The complex 
nature of the field variables in mesotron theory introduces 
only trivial modifications in this connection, 
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is: (cf. the analogous electrodynamical Eq. (38)). 


, (1 Tio X pe 
: curl, (wz exp (tk, - Fiz) H"' (ry, 113) S4- | w*-curt ( ‘)| 
————— ihc rs? 


H"' (ria, 113) 
—4r 





= wi*-curl, > — 
{ hc p v,3 C 
curls (us* exp (tk, -T13) 
<} yi: curl, S— 
pf vy?/c 


+same term with indices 2 and 3 


interchanged }+ec (75) 


The characteristic difference between the 
two theories (the existence of the fundamental 
length R), now makes itself felt in the circum- 
stance that the frequency »v, is no longer pro- 
portional to the wave number &,; the relation 
between them is in this case: 


y2/et=k2+1/R. (76) 


Converting the sums to integrals by the 
relation 


1 
rt) f f(k,)dk, 
p (27r)3 


one observes that the second square bracket in 
(75) is equal to: 


1 e —ri3/R 
——y, curl,’ ( vs" ses -) (76) 


4n riz 


and is, apart from the numerical factor 1/47 just 
the spin-spin two-body potential between the 
first and third particles. The first square bracket 
becomes : 


1 ik, exp (tk, - fi) 
ui*-curl, wx f ———— dk,. (77) 
(2)* (k,2+1/R?)! 





Introducing the dimensionless variable, 
Q=k,ri2, one obtains 


(+ (rie ‘R)?}! 





ui*-curl; —X 


1 ue Cc exp (1Q-Tn ria) | 
(2)* ri2 


The integral is finite and is of the order of fi2/r12 
for ri22R. (For ry<«R, we have the electro- 
dynamic case and the integral is —4x(fi2/ri2) ; 
for ri12>R the integral is very small.) Thus the 
specifically quantum three-body potential be- 
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comes for r;2=R 


ps*e/ Rk 
| w-curl ( a )| 
13 


+same term with indices 2 and 3 
F \ 


interchanged }+c.c. (78) 


ORDER OF MAGNITUDE OF NUCLEAR POTEN- 
TIALS, FROM MESOTRON FIELD THEORY 


The orders of magnitude of the nuclear poten- 
tials obtained in the mesotron theory will now be 
estimated. The average distances, r;; =r, between 
the nuclear heavy particles, are —R=h/mge, 
the average nuclear heavy particle velocities, 
vn 2h/MR=myc/M. The mesotron charge g de- 
termines the magnitude of the various inter- 
actions. The mesotron-magnetic moment ux, is 
=—gR=gh/moc. It is to be noted that the mass 
occurring in the Compton wave-length in x, is 
the mass of the emitted mesotron, and not of the 
emitting heavy particle. The resulting anoma- 
lously large value of u, is needed if one is to have 
in Eq. (57): H(two-body “Coulomb”’) =H (two- 
body spin-spin) ;'? which is necessary for a proper 
description of the strong spin-dependence of the 
total two-body potential.'* 

The heavy particle mesotron charge g, is re- 
lated to the mesotron rest mass mo. Thus: 


h = Mo,? itl g° 
Mv,—— =——— = Average Potential Energy =—, 
MR 2 
whence v,/c =g*/he. (79) 
Thus mo/ M =¢*/he. (80) 


The order of magnitude of the individual terms 
in the various potentials in Eq. (57), and of the 
specifically quantum three-body potential H”’ 





17 See Eqs. (81), (82). Also, compare papers cited in 
reference 7. 

18 Direct experimental evidence for a strong spin- 
dependence of the total two-body potential follows from 
the transparency of para-H,; and the opaqueness of ortho-H, 
for slow neutrons. See E. Teller, Phys. Rev. 49, 420 (1936) ; 
J. Schwinger and E. Teller, Phys. Rev. 52, 286 (1937); 
F. G. Brickwedde et al., Phys. Rev. 54, 266 (1938); W. F. 
Libby and E. A. Long, Phys. Rev, 55, 339 (1939). 
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(Eq. (78)) can now be estimated. Thus: 


H(two-body ‘‘Coulomb’’) =g*/R, (81) 
H(two-body spin-spin) 
, £ 5 " 
=— =— =H (two-body “‘Coulomb’’), (82) 
R®? R 


H(two-body spin-orbit) 


Un Bh Un 


=p— —=—H (two-body “Coulomb”), (83) 


cK’ ¢ 
H(two-body vel.-dep.) 


On? g2 Dn? 
=— — =—H (two-body ‘“‘Coulomb”’), (84) 
eR ¢ 

g? pe? g? g? 
Me? Rt‘ MRR 


a 





H(three-body spin-spin) = 


Usn° 
=—JH]I(two-body “Coulomb’’), (85) 
Ce 
gt v2 g? v2 g? 
H (three-body vel.-dep.) =—— — =—-—- — — 
Mc*R*? Me?RCR 
v,' 
=—H (two-body “Coulomb’’), (86) 


C 4 


) g° uv, = g*—s«n, * 
H(three-body spin-orbit) =—— —- =— -— 
Me R®& MeRceR 





v," 
=—H (two-body “Coulomb”’), (87) 
a 


. m g? g? 
H"' (three-body quant.-mech.) =——— =— — 
hcR® hc R 


=" two-body “‘Coulomb’’). (88) 


c 


It is especially to be noted that the anoma- 
lously large mesotron-magnetic moment » =gR 
and the approximate equality of the average dis- 
tances between the particles, and the range R, 
gives rise to a specifically quantum three-body 
potential and a spin-orbit two-body potential'® 
both =(v,/c)H(two-body “Coulomb”’). 


_ ™ A two-body interaction of the spin of the particle with 
its own orbit, arises from the mesotron-polarization term: 


4Dp.* -grad., (ri) +c.c. 
k 


Vv r -_, 
=i ( ‘xw.*) -grad., (&* ~) +c.c. 
kj c Te 
“ g 


Un v ~ ” 
> = — H (two-body “Coulomb”’). 





c*eR=*% 





INTERACTIONS 1231 


The numerical value of v,/c is determined by 
the details of the magnitude and spatial de- 
pendence of the interactions and may be esti- 
mated to lie within the following limits : (for light 
nuclei) 

i 
->—_>— (89) 


3 c 10 


Many-Bopy POTENTIALS FOR A GENERAL 
FIELD THEORY’? 


It will now be shown that three-body poten- 
tials =v,/cX (two-body potentials), etc., are ob- 
tained in a general field theory satisfying the 
conditions : 

(a) The Hamiltonian H of the total system 
may be written as 


H (field) + H(heavy-particles) 
+H (interaction), (90) 


where, H(interaction) can be considered as a 
perturbation. 

(b) Two-body potentials obtained from H(in- 
teraction) in the second approximation of the 
quantum perturbation calculation, are, at least 
of the same order of magnitude, as any two-body 
potentials which may already be contained in 
H(heavy-particles), due to an elimination pro- 
cedure analogous to that performed in the 
electromagnetic and mesotron field theories. 

The matrix element for the emission of a 
virtual light particle of mass m) and wave number 
k, by one of the heavy particles will be denoted by 


fvrerentao He, gp; interaction) 
X ¢19(G,)Wa(t;)dr dq, 


‘ f vi*(r,) V, exp (ik,-r,)valr/dr;, (91) 


where y;(r;), ¥.(r;) are material states, and 
¢np(Qp) isa state of the field with m, light particles 
of wave number k, present. 

The usual quantum perturbation method em- 
ployed previously, now gives the following 

2° The contents of this section were first presented by 
one of the authors (H. P.) at the Washington meeting of 
the American Physical Society, April 28, 1938; Abstract 


No. 126, Phys. Rev. 53, 938 (1938). 
20. Again, with neglect of heavy particle recoil energies. 
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two-body and three-body action-at-a-distance 
potentials : 
V,V,* exp (ik, +112) 


H(t; two-body) = +> — =———=, (92) 
? ( h?c?k 2+ m oct ) j 








V,V,* exp (tk, -fis) 
H(t, r13; three-body) = }>§ —————————_—_- 
e PT (h2c*k,? + mo2c*)* ?? 


V,V,-* exp (tk,-- 13) 
me ————_—_——_—-++ same terms 
(h?c*k,.? + m?c*)! 





with indices 2 and 3 interchanged 


1 
-|—— —____—— H(r2; two-body) 
hclk,?+(h/moc)~? } bn 
X H(ri3; two-body) +same term 


with indices 2 and 3 interchanged. (93) 


Here, k/moc=R, must be the range of H(two- 
body), by a general argument due to Wick,” 
relating the rest mass of the virtually emitted 
particles and the range of the resulting inter- 
action. Further, for r;:=R, 


i$ 


1 
| —__] <r (04) 
(k,?+1/R?*)* dy 


since R is the only parameter characteriz- 
ing the r space dependence of H(two-body), 
and consequently, the k space dependence of 
VV ,*/ (ck ,?+m,%c*)*. Thus: 


H (ry, t13; three-body) 
=(R/hc)H(ri2; two-body) 
< H (ris; two-body). (95) 


For nuclear systems, (7:2: =ri3 =R) 


vn(h/R) =Mo,?/2 2H(R; two-body), (96) 


9) 


whence HH (three-body) =—H(two-body). (97) 
4 


Similarly, higher order quantum perturbation 
calculations lead to: 


H(m-body) =[ (R/hc)(H(two-body)) }"— 
=(v,/c)""H (two-body). (98) 


"= C. G. Wick, Nature 142, 994 (1938). 
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CONCLUSIONS 


These investigations indicate that the replace. 
ment of field interactions by two-body action- 
at-a-distance potentials is a poor approximation 
in nuclear problems. The error made is at least 
of the order of v,/c, if one compares the magni- 
tudes, term by term, of two- and three-body 
potentials. Furthermore, the number of terms in 
the m-body interaction of an n-body nucleus: 
n!/m!(n—m)!, is, in general, many times larger 
than the number of two-body interaction terms: 
n!/2'\(n—2)!=n(n—1)/2, but, a direct estimate 
of the magnitude of the total m-body interaction 
((number of m-body terms) X (average magnitude 
of each)) is complicated by the fact that the 
m-body interactions are, at least in part, of an 
exchange and spin-dependent character. It seems 
therefore, that a satisfactory description of 
nuclei, other than the deuteron, can be obtained 
only by an explicit consideration from the very 
beginning of the role played by the field.” 


ADDENDUM 


The electromagnetic two-body Lagrangian (9) is cor- 
rect to the second order in v/c and to the zero order in 
time-derivatives of the velocity. If, however, one wishes 
to consider the acceleration terms previously neglected in 
the vector potential (5),2* and hence terms in the time- 
derivative of the acceleration in the equations of motion,™* 
there are two alternatives: 

(1) To retain the time-derivative of the acceleration 
explicitly in the equations of motion. Now, if these equa- 
tions are to be derivable from a variational principle, the 
‘“Lagrangian’’ must contain the accelerations explicitly. 
This involves an action-at-a-distance particle mechanics 
beyond the scope of the present canonical formalism, and, 
consequently renders impossible the transition to quantum- 


mechanics. 


* It may be added that a description of nuclei in terms 
of many-body interactions, or, more hypothetically, in 
terms of an integrated field energy density is consistent 
with the nuclear model proposed by Bohr. 

% A vector potential correct to the first order in v/c leads 
immediately to the equations of motion (6), which are, 
in turn, derivable from the two-body Lagrangian (9). 

% The “‘self-force’’ term in the equations of motion is 
proportional to the time-derivative of the electron’s own 
acceleration, and represents dissipation of its energy by 
radiation. Naturally such ‘‘self-force” terms (along with all 
other “‘self’’ terms) are beyond the scope of the mutual in- 
teraction problem, whether or not, the mutual interactions 
themselves are capable of Lagrangian-Hamiltonian descrip- 
tion. This is formally indicated by the fact that the vector 
potential of the kth electron depends on the velocities, 
accelerations, ---, of the m—1 others. Thus the sum in 
Eq. (5) is extended over all j except j=&. 
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(2) To express the accelerations and their time deriva- 
tives in the equations of motion by means of the coordi- 
nates and velocities of the particles. This can be done to a 
first approximation by setting the acceleration equal to 
the Coulomb force divided by the mass. If the resulting 
equations of motion are to be the basis of a quantum- 
mechanical treatment, they should be capable of reduction 
to a Lagrangian, and hence, Hamiltonian form. If such a 
reduction proves to be impossible, then the canonical 
action-at-a-distance description of acceleration-retardation 
effects must be renounced. On the other hand, if these 
equations of motion can be deduced from a Lagrangian 
and Hamiltonian, then additional many-body interactions 
will be obtained. 

A counterpart of the explicit appearance of accelerations 
in the classical vector potential is the presence of particle 
recoil energies in the energy denominators of the quantum 
perturbation scheme involved in the elimination of the 
quantized field variables. An attempt to consider the 
effects of these recoil energies to a first approximation leads 
to problems in connection with the canonical action-at-a- 
distance description of the particles, similar to those 
arising in classical theory from the acceleration-retardation 
effects. 

The questions raised in this addendum are being investi- 
gated both for the electromagnetic and the mesotron field 
theories, and it is intended to make a more detailed report 
in the near future. 


APPENDIX I 


To obtain a solution of (49), in the form of an 
expansion in v/c it is simplest to make a Fourier 
resolution of @ and p. 


¥(r,1)= f a(r)errdr, (A1) 


p(r, i= forever. (A2) 


Substituting into (49), 


1 y? 
V°s, ——4,+—4, = —4rnp,, (A3) 
R? c? 
whence 
exp (—«|r—r’|) 
(0) = f pale’) — ——dr’' (A4) 
|r—r’| 
with x=(1/R?—yp*/c*)!. (A5) 
v c 
For -K1, vis<—, 
c R 
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for all p,(r) which contribute appreciably to 
p(r, t). Expanding «x, one obtains, 


, 





exp[—1/R(1—v*R*/2c*)|r—r’ | J 
,(r) 2 f ou) -dt 


ir—r’| 





exp (—1/R|r—r’}) 
a foe SRCURIMED 


lr—r’| 
R 
+= v*p,(r’) exp (—1/R|r—r’|)dr’ (A6) 

c 

and 
exp (—1 R\r-r |) 
P(r, n= for.1)- ~--—— dr’ 
lr—r’ 


R d* 
~ % S( —p(r’, ) exp (—1/R|r—r'| )dr’ 
2c? dt? 


+terms of higher order in the time 


derivatives of p. (A7) 


For point sources located at r,(t) and having 
velocities, accelerations, v;(t), a;(t), 


p(r’, 2) => g(r’ —1;(2)) 
i 
and #(r, t) becomes 


o(, :) = 2.2." 
j | 


a 


R 
——)g;— exp (—1/R|r—r;|)+terms 
2c; df? 


: _. f 
of higher order in —, —, etc. 
¢ € 


exp (—1/R|r—r;|) 
aed ee eee * 


j |r—r;| 





2 


> 2¢;(v;-grad.,) 
2c j 


\ 


X (v;-grad.;) exp (—1/R\|r—r,|) 


) 
+> ¢;(a;-grad.;) exp (—1 Rir—eil) | 
? 


+terms of higher order in — —, etc. (A8) 
ss 
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One may solve Eq. (50) for A in an entirely 
similar manner. Thus: 


g; exp (—1/R/r—r;|) 


A(r, ij=> ed ‘ 
7 ¢ tee 
exp (—1/R/|r—r;) ) 

+ Ew Xerad.( ) 

i r—f; 

R { 
+—(> curl,{ (v;-grad.,;) 

2c? | i 


X (v;-grad.;)p; exp (—1/R|r—r,;|) ] 
+> curl; [(a;-grad.;)p; exp (—1/R|r—r;!)] 
? 


du; 
+E curl,| (v;-grad.;) exp (—1/R/r—r, ] 
i dt 


ay; 
+E curt,|- exp (—1/Rir—r; |) 
j dt? 


+terms of higher order in 
Vv; a; dy; d*y; 


=) , (A9) 
di dt* 


» etc. 
¢ Uc 


APPENDIX II 


To eliminate the variables a, from (67), in 
order to obtain (70), one makes use of (62) and 
(65). The latter two equations give: 

> igi%.*(8;) —G, > ig iPo*(¥;) —CheGe 
a, = —__—_—— = ——. (A10) 
Ver Ve" 
The second expression for a,, is just the equation 
div. E=4rp—(1/R*)® written in terms of the 


ano (F. 
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Fourier components a,, gs. Substituting this 
value for a, into (67), one obtains: 


g,*(r;)P.(T,) 
Ma,= (g.*| —grad.,>. >> — —— - 
{ i ¢ Ver 
2b, 
. grad., &,(r,) — A,(r,) 


Ve 


1 ( 
+ E%.( 
c? 


g.* gy 
-- > 4,A,(te) +- 


* 
v,. Xcurl,> ¢,A,(rx) 
Cc v Cc oe 


+grad.a( ys*-curl,9,4,(ts)) +c.c.}. (Al11) 


/ 


From (59), (66) 


c*k, 
grad., ®,(r,) —A,(r;) 
Ver 
ck,? 2 
= { ———1 )A,(r,.) = ———_-A, (r,). (A12) 
Ve" R’y,* 
Also, 
},*(r;),(r;) 
9t.. ASNT tne 
o Ve" 
$,*(r;)(k,2+1/ R?)®,(r,) 
=—>} — — = —4rd(r,—r;). 
o Ve" 
},*(r;)b,(r;) é rk; R 
Thus >— — =—— (A13) 


Ver V kj 


Substituting (A12) and (A13) into (A11), gives 
Eq. (70). 
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Extending earlier work by one of us,' a theory of the 
positive column in an arc has been developed, from con- 
siderations of energy balance, from which good values of 
nitrogen arc parameters are calculated from known proper- 
ties of the gas. The power generation per unit volume is 
obtained in terms of the potential gradient, the electron 
mobility and the electron concentration. The electron 
concentration is computed with the aid of the Saha equa- 
tion for thermal ionization. The power loss is calculated in 
terms of a generalized heat conductivity which includes the 
heat transport that results from the diffusion of dissociated 
atoms. Convection is neglected, so that the theory applies 
only to low current arcs in ordinary space or to arcs below 
30 amperes in gravity-free space. Equating power genera- 
tion and power loss leads to a differential equation that 
can be solved numerically once the center temperature is 


INTRODUCTION 


HE electric arc can be divided into three 

distinct regions; one is near the cathode, 
one near the anode, and one between the two. 
The middle region is known as the positive 
column. The present investigation is concerned 
with the positive column of an arc running 
steadily between electrodes placed one above the 
other. The electrodes are of such a nature, or so 
cooled, as to prevent vapors or gases given off by 
them from being present in the positive column 
in greater than negligible amounts. In the arc at 
atmospheric pressure, the longitudinal potential 
gradient is known to be constant throughout the 
positive column ; the apparent diameter of the arc 
is constant throughout the column, and the tem- 
peratures of both electrons and gas are several 
thousands of degrees. 

Evidence for these statements can be found 
throughout the literature of the subject. Even for 
arcs less than ten millimeters in length, voltage 
vs. length plots show considerable straight por- 
tions for most of the current range investigated. 
This can be seen from the measurements taken 
by Nottingham® in air. Suits,* from the same 


1E. S. Lamar, Phys. Rev. 49, 861 (1936). 
?W. B. Nottingham, Phys. Rev. 28, 764 (1926). 
?C.G. Suits, Phys. Rev. 55, 561 (1939). 
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known. Without solving the equation a change of variable 
is evident, which shows the potential gradient to be inde- 
pendent of the total power. This gives an arc equation of 
the Ayrton type. The arc is shown to be free from certain 
constraints which might otherwise set the center tempera- 
ture. However, the center temperature is determined by 
introducing the additional consideration that the arc 
operates to make the power loss a maximum. The agree- 
ment with experiment is satisfactory. The inclusion of 
convection in a more complete theory is discussed, and it 
can be asserted that departure from the above simplified 
theory, for arcs of larger currents, is qualitatively of the 
type to be expected from the influence of convection. 
These results supply convincing evidence that the mecha- 
nism of the positive column of arcs is now understood. 


type of measurement and by a more direct 
method applied to a wide variety of arcs, con- 
cludes that the longitudinal potential gradient in 
the positive column is constant. 

Suits* as a result of his measurements on arcs 
of various lengths states definitely that the arc 
diameter is independent of length over the 
positive column. Further evidence on this point 
is to be found from various photographs appear- 
ing in the literature on the subject. Even for 
arcs as short as six millimeters,‘ as can be seen 
from Nottingham’s Fig. 4, an approximately 
uniform portion extends over several millimeters 
in the center. 

A number of different methods have been 
employed for the measurement of temperatures 
in the positive column. Ornstein’ and his co- 
workers have obtained values for both electron 
and gas temperatures from spectroscopic meas- 
urements. The electron temperatures were de- 
duced from the relative intensities of atomic 
lines and of electronic bands. The gas tempera- 
tures were obtained from relative intensities of 
the rotational lines in the bands and of the 
vibrational band heads. From these measure- 
ments the indications are that, within experi- 
mental error, the electron and gas temperatures 


‘W. B. Nottingham, J. Frank. Inst. 206, 52 (1928). 
°L. S. Ornstein: His Life and Work (Utrecht, 1933). 
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are equal.* In air or nitrogen the value of each 
temperature is independent of current. The best 
spectroscopic measurements on d.c. arcs give 
temperatures in air ranging from 5700°K to 
6700°K with an average of 6200°K. 

Electron temperatures deduced from probe 
measurements are in disagreement with the 
spectroscopic values by as much as a factor of 
three in some cases.’ It has been shown by 
Mason® that the probe constitutes a serious 
disturbing factor when introduced into the arc. 
Quantitative deductions from such probe meas- 
urements, therefore, remain open to criticism in 
the absence of further analysis. 

Values of the gas temperature in the positive 
column have been deduced from indirect meas- 
urements of the gas density. Engel and Steen- 
beck® obtained the gas density from measure. 
ments of the absorption coefficient of soft x-rays 
and from the range of a@ particles." Ramsauer" 
performed similar measurements using 100-kv 
beta-rays. The values obtained from these den- 
sity measurements were somewhat lower than 
the spectroscopic ones but hardly more than the 
probable experimental error. 

The latest and perhaps the most reliable 
values of gas temperature are those deduced by 
Suits” from measurements of the velocity of 
sound through the arc. His value for nitrogen is 
6100°K with little or no dependence on arc 
current. 

Three concepts underlie the present theory of 
the arc positive column. First is the theory of 
thermal ionization following the Saha equation, 
introduced by Compton" and found not incon- 
sistent with experimental observations. Second is 
the application of an energy-extreme principle, 
introduced into arc studies by Compton and 

*R. Mannkopf, Zeits. f. Physik 86, 161 (1933); H. Witte, 
Zeits. f. Physik 88, 415 (1934). 

7 W. B. Nottingham, J. Frank. Inst. 206, 43 (1928) ; 207, 
299 (1929). 

®*R. C. Mason, Phys. Rev. 51, 28 (1937). 

* A. von —— and M. Steenbeck, Phys. Rev. 37, 1554 
(1931); Wiss. Veroff. Siemens K. XII, 1, 81 (1933). 

10 A. von Engel and M. Steenbeck, Wiss. Veroff. Siemens 
K. XII, 1, 74 (1933). 

"C. Ramsauer, Electrotech. u. Maschinenbau 51, 189 
(1933). 

#2 C. G. Suits, Physics 6, 190, 196, 315 (1935); Proc. Nat. 
Acad. 21, 48 (1935); G. E. Rev. 39, 194 (1936). 

‘8’ K. T. Compton, Phys. Rev. 21, 266 (1923); J. A.I.E.E. 
46, 868 (1927). 
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Morse“ who, however, applied it differently and 
only to the region of the cathode. Third is the 
application of heat balance, earlier applied to 
the cathode region, but first applied with any 
rigor to the positive column by Lamar,' who also 
applied the energy-extreme principle to this 
region. Armed with further experimental evi- 
dence, Ornstein and Brinkmann" further justified 
the assumption of thermal ionization and the use 
of the Saha equation. 

Energy balance equations have been used by 
many investigators.'* In particular, Elenbaas by 
ingenious experiments was able to obtain suffi- 
cient boundary conditions to arrive at a satis- 
factory solution in the case of the high pressure 
mercury arc. Suits has enjoyed great success in 
correlating arc data from dimensional considera- 
tions following similar treatment of heat losses 
from solids.” At very low currents Lamar,! 
using an energy extreme hypothesis and no 
arbitrary constant, obtained temperature and 
power dissipation per unit length for the nitrogen 
positive column. The present paper carries 
forward this type of analysis in greater detail 
and precision. 


SIMPLE THEORY OF THE POSITIVE COLUMN 

Following Compton," the arc current density 
can be written as 

J=J54+J_=n ep,.E+n_ep_l. (1) 

The absence of an appreciable second derivative 
of the potential leads from Poisson’s equation to 
the equality of m, and mn_. Hence, since the 
electron mobility greatly exceeds that of the 
positive ions, the first term on the right of Eq. 
(1) can be neglected and with it the necessity 
for subscripts in the second. The power genera- 
tion per unit length in the ring element between 
r and r+dr, therefore, can be written as 


dW =22JErdr=27E*neyrdr. (2) 


4K. T. Compton and P. M. Morse, Phys. Rev, 30, 305 
(1927). 

1. S. Ornstein and H. Brinkmann, Physica 1, 797 
(1934). 

16 Ter Horst, Brinkmann and Ornstein, Physica 2, 65 
(1935); W. Elenbaas, Physica 1, 211, 673 (1934); 2, 757 
(1935); B. Kirschstein and F. Koppelmann, Wiss. Veroff. 
Siemens K. XVI, 3, 56 (1937); C. G. Suits, Phys. Rev. 
$2, 245 (1937); G. E. Rev. 39, 194 (1936); Physics 6, 
196 (1935); C. G. Suits and H. Poritsky, Phys, Rev. 52, 136 
(1937), 

17 W. J. King, Mech. Engin. May (1932). 
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POSITIVE COLUMN 


The assumption of thermal ionization as the 
only process contributing to the electron con- 
centration m permits m to be expressed as a 
function of temperature only, by the Saha" 
equation. The electron mobility « is computed 
from kinetic theory'* and hence is a function of 
temperature only. Eq. (2) can be rewritten, 
therefore, as 


dW =2rE*Frdr, (3) 


where F= ney, a function of temperature only. 

In the nitrogen positive column there are five 
processes by means of which energy is lost: 
(1) radiation; (2) the radial drift of ions and 
electrons, each pair taking with it the ionization 
energy; (3) convection; (4) the diffusion of 
atoms out from the arc, each pair taking with it 
the dissociation energy of the molecule; and 
(5) thermal conduction. Concerning radiation, 
Holm and Lotz,” from measurements of the 
tota! radiation from the positive column of a 
long carbon arc with large alternating currents 
flowing, give the radiation loss as five percent at 
30 amperes. Extrapolation of their experimental 
curve below 10 amperes indicates completely 
negligible radiation loss in this range. Hence 
radiation is neglected here. As will be seen later, 
the radial drift of ions and electrons accounts 
for only negligible power loss and hence is 
neglected. Convection within the radius occupied 
by the arc, discussed later, is neglected in the 
simple theory, making this first treatment appli- 
cable only to cases in which convection losses in 
the arc are known to be small. The term repre- 
senting the power loss by diffusion of atoms has 
the form of a conduction term and hence is 
included in a generalized conductivity 9. 

Neglecting convection, therefore, the power 
loss can be written as 

d dT 
dW = —2r— ro— )dr= 2eE*Frar, (4) 
dr dr 


which, integrated and rearranged, gives 
r 
dT /dr= —(E’, re) { Frdr. (5) 
9 


~ 18R.H. Fowler, Statistical Mechanics (Cambridge, 1929), 
p. 281. 

1* K. T. Compton and I. Langmuir, Rev. Mod. Phys, 2, 
218 (1930). 

20 R. Holm and A. Lotz, Wiss. Veroff. Siemens K. XIII, 
2, 87 (1934). 
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It is possible to integrate Eq. (5) for any 
value of E to give the temperature distribution, 
W and hence the current J. The temperature 
gradient in the arc center must be zero, however, 
and the temperature 7, known. The problem 
then resolves itself into one of determining this 
temperature 7, along the axis of the positive 
column. 

In a pure conduction problem of this kind one 
difficulty arises immediately. The boundary con- 
dition d7/dr=0 must be satisfied when T= To, 
the ambient temperature. This cannot be done 
unless W is zero or T, is infinity. Hence, although 
convection is neglected within the radius occu- 
pied by the arc, it must be considered outside of 
this radius in any argument for determining T,. 

Further information for use in determining T, 
can be obtained from consideration of a similar 
thermal problem; namely, that of the heat losses 
from solid cylinders immersed in a fluid. 

Dimensional arguments" applied to heat losses 
from solid cylinders lead to the conclusion that 


H/K =f(gaéd*/v*), (6) 


where H is the heat loss per unit length per 
degree temperature excess; K, the thermal con- 
ductivity; g, the acceleration of gravity; a, the 
thermal expansion coefficient of the fluid; @, the 
temperature excess of cylinder above surround- 
ings; d, the cylinder diameter; and v, the kine- 
matical viscosity (the ratio of viscosity to 
density). 

This formula has been applied successfully to 
cases in which @ is small in comparison with 7, 
with a, K and »v evaluated at the average tem- 
perature. A similar relation has been found by 
Suits and Poritsky to hold for the arc if a@ is 
evaluated at ambient temperature, and K and » 
at the temperature of the arc. 

From the plot of H/K vs. gaéd*/v* presented in 
King’s review" it can be seen that H/K does not 
change very rapidly with changes in the abscissa. 
This should be true for the arc also. 

The arc differs from the solid cylinders just 
considered in that it has no sharp solid boundary. 
Hence it may be possible to find a diameter d, 
which includes the arc and at which the dimen- 
sional relationship is satisfied, for a wide range 
of assumed values of T, rather than for only one. 
This seems to be true of the atmospheric arc 
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and hence so far as external conditions are 
concerned, this arc is free to select any value of 
T. within the allowed range. It is by no means 
certain that arcs having small values of ga@d*/v’? 
at pressures other than atmospheric can be 
treated without regard for the boundary con- 
dition at To. 

In order to fix the value of 7, within the 
allowed range it is assumed that the arc will 
adjust itself so as to operate with extreme 
power dissipation. The adjustment is possible 
because the outer boundary condition does not 
constitute a constraint. The integration indicated 
by Eq. (5) was carried out numerically for each 
of a number of assumed values of 7.. The values 
of W resulting from these integrations were 
plotted as a function of 7.. Within the range of 
temperatures permitted by the absence of con- 
straints, there is one maximum and one mini- 
mum. The maximum provides better agreement 
with experiment than does the minimum. Before 
carrying out the integration it was necessary to 
compute the two functions F and © occurring 
in Eq. (5). 

The function F= ney is a function of tempera- 
ture only. The mobility uw, occurring in F, was 
computed by means of Eq. (107) in Compton 
and Langmuir’s paper.'® For molecular nitrogen 
the value of Xo, given on page 208 of that article, 
was used. The kinetic theory mean free path for 
atomic nitrogen is not known. It seems reason- 
able to suppose, however, that the ratios of 
atomic to molecular mean free paths should not 
differ greatly from gas to gas. For hydrogen this 
ratio is known to be 1.183. If this ratio is used 
and each gas is weighted according to its partial 
pressure in obtaining Ao, the mobility of a mixture 
of atomic and molecular nitrogen turns out to be 


w= {4.52(10°)7'/P}{1+0.183P./P}, (7) 


where x is in cm?/sec. volt, P is the total gas 
pressure, and P, the partial pressure of atoms; 
both pressures are in atmospheres. 

Fowler’ writes the Saha equation for a single 
gas as 


n-n*+ wowts2ermkT\! 
EE e Vie ‘kT (8) 
n w h? 


where n~, n* and nm are the concentrations of 
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electrons, ions and neutral gas, respectively. The 
w’s are the respective statistical weights, V; is 
the ionization potential, and the other symbols 
have their usual meanings. The derivation of 
Eq. (8) involves the assumption that the neutral 
gas has no excited states below ionization and 
that the positive ions have only a ground state. 
With nitrogen over the temperature range con- 
sidered here, the population of the ground state 
greatly exceeds the combined populations of the 
other states for both neutral gas and positive 
ions. Eq. (8), in which the w’s are the multi- 
plicities of the respective ground states, can then 
be used. 

Substituting for the various statistical weights 
and introducing subscripts for the molecular and 
atomic gases, we obtain 


N~Nm* 2rmkT\ ! 

_ = =4 = ‘ e Vme/kT 
Nm h? 
ae 


2xrmkT\ ! 
Na h? 


If we remember that n,,++n,+=n~, and drop 


and 


the ~ superscript, 
2rmkT\! 
n= — (4n,,€ Vme/kKT 4+ hy e Vael/kT)h 0) 
h? 


Both n,,* and n,* are known to be small in com- 
parison with m, and m,. Hence the latter two 
can be computed directly from the partial 
pressures of atoms and molecules, respectively. 
The ionization potentials V,,=16.5 volts** and 
V.=14.5 volts* were selected. Numerically, 
therefore, 


n = 3.006(10'*)T? 
X (P e~88800/T 4. 8(P— P,)e-9800/T)4_ (10) 
and finally, 
F=2.17(10*)T? 
XK | Pe7188800/T 4+. 8( P — P,)e—199500/T } 4 
x (1+0.183P,/P)/P. 11 


1 W. Jevons, Band Spectra of Diatomic Molecules 
(Cambridge, 1932), p. 81. 

2 R. F. Bacher and S. Goudsmit, Atomic Energy States 
(McGraw-Hill, 1932), p. 293. 
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POSITIVE COLUMN 


The partial pressure P, was computed from 
the data of Giauque and Clayton,” a plot of 
which yields the equilibrium constant 


K =P,,?/Pa=1.36(10")e—*7"'T, (12) 
Since P.+P,=P, we have 
P,=(K/2){(1+4P/K)*—1}. (13) 


The functions F, P, and nm are given in Table I 
computed for a total pressure of one atmosphere. 

The generalized conductivity © is the sum of 
two terms, one the ordinary thermal conductivity 
and the other a term contributed by atomic 
diffusion with its accompanying energy transfer. 
The gas under consideration is, of course, a 
mixture of molecules and atoms. With regard to 
the ordinary conductivity, a sufficiently good 
approximation for the mixture is given by an 
average of the separate conductivities of the two 
gases in the mixture, each weighted in proportion 
to its partial pressure.* The diffusion term will 
be considered later. 

Measurements of thermal conductivity are 
not available at extremely high temperatures. 





*% W. F. Giauque and J. D. Clayton, J. Am. Chem. Soc. 
55, 4887 (1933). 

* E.H. Kennard, Kinetic Theory of Gases (McGraw-Hill, 
1938), p. 183. 
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Furthermore, there are difficulties inherent in the 
experiments which limit the reliability of thermal 
conductivity measurement in gases even at 
easily available temperatures. Hence, following 
Langmuir® the conductivity is obtained by 
means of the kinetic theory relationship con- 
necting conductivity and viscosity, i.e., K = enCy. 
Here 7 is the viscosity, Cy is the specific heat at 
constant volume, and e=}(9y—5), where y is 
the ratio of specific heats.** 

Viscosity measurements are available for mo- 
lecular nitrogen up to about 1000°K. Two 
different formulas have been considered for use 
in extrapolating these data to higher tempera- 
tures: the familiar Sutherland formula, and that 
due to Hassé and Cook.”’ The first of these has 
been employed here, since its use provides 
better agreement with experiment than does the 
second. Constants obtained from Landolt-Born- 
stein give the formula, 


n= 138(10-7)T!/(T+ 104.7). (14) 


The values of » given by the Sutherland 
formula are lower than those given by Hassé 


287. Langmuir, Phys. Rev. 34, 401 (1912). 

* J. H. Jeans, Dynamical Theory of Gases (Cambridge, 
1925), p. 302. 

27H. R. Hassé and W. R. Cook, Proc. Roy. Soc. A125, 
196 (1929). 


TABLE I. Values of the current density per unit potential gradient F(T); atomic nitrogen pressure P,; electron concentration 
n; and generalized conductivity 9. 


F(T) Ps 

















n eT) 
T°K AMP./VOLT-CM ATMOSPHERE (cm)"* WATT /CM-DEG 
2900 1.160 x 107° 2.99 «10-4 2.987 x 10° 1.235 x 10™* 
3100 1.065 x 10-8 8.454 x 10~* 2.653 x 10° 1.309 x 1073 
3300 7.612 x10 2.170 «10-3 1.846 x 10" 1.418 x 107% 
3500 4.437 «107-7 4.906 x 1073 1.039 « 108 1.579 x10-* 
3700 2.160 x 10~* 1.015 x10 4.916108 1.829 x 107? 
3900 9.144 10~* 1.949 x 10°? 2.023 « 10° 2.205 x 10-* 
4100 3.390 x 107% 3.496 x 107? 7.299 « 10° 2.750 X 107? 
4300 1.132 x10~* 5.922 x 107 2.368 x 10" 3.504 x 107% 
4500 3.382 xX 10~* 9.454 x10 6.873 x 10" 4.473 x10" 
4700 9.293 x 10~* 1.438 x 10™ 1.832 X10" 5.646 x 107? 
4900 2.358 X 10-3 2.086 x 10— 4.500 x 10" 6.940 x 107" 
5100 5.532 x1073 2.888 x 107" 1.024 x 10" 8.218 x10" 
5300 1.221 x10 3.822 X10 2.17410" 9.276 X10-* 
5500 2.520 X10™? 4.835 x 107 4.329 x 10" 9.894 x 107? 
5700 4.890 x 107 5.860 x 107 8.114 10" 9.952 K 107% 
5900 8.987 X10 6.811 «107 1.441 x10" 9.393 x 107% 
6100 1.563 x 107 7.633 X10 2.435 x 10" 8.417 x10-* 
6300 2.595 x 107 8.293 x 107 3.937 X10" 7.287 X10-* 
6500 4.135107 8.791 x 107 6.127 x10" 6.205 x10" 
6700 6.369 X10 9.154«10" 9.243 x10" 5.320 x 107? 
6900 9.309 x10 9.409 x 10™ 1.326 x 10" 4.664 x 10-* 
7100 1.383 & 10° 9.581 x 107 1.936 x 10" 4.178 x10™* 
7300 1.967 x 10° 9.702 X 107 2.71110" 3.862 x 10-* 
7500 2.743 x 10° 9.786 x 107 3.726 X10" 3.653 K 107? 
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and Cook, and undoubtedly the truth is some- 
where between. The use of the Sutherland 
formula together with a high estimate of the 
conductivity of atomic nitrogen leads to a 
reasonable value for the net conductivity. 

The specific heat Cy was obtained from the 
values of Cp given by Giauque and Clayton™ up 
to 5000°K. A plot of the data shows little curva- 
ture at that temperature. No great error was 
anticipated, therefore, in extrapolating to higher 
temperatures. 

Using subscript 1 for quantities characteristic 
of atomic, and 2 for those characteristic of 
molecular, nitrogen, we may write 

Ki 9y1-5 m Cri 
—_— = —__ -— -— . (15) 
Kz 9y2—5 m2 Cre 


Simple kinetic theory relationships were used in 
evaluating this ratio, ie., ys=5/3; ye=7/5; 
Cy, =3R/2Mi; Cy,=5R/2Mz, and 


m/n2= (M,/ M2) 'd:?/d,’. 


The ratio d,;*/d;?, as before, is taken as 1.183. 
Putting in the remaining constants gives Ki/K:2 
= 1.33. The argument, however, does not justify 
use of more than two significant figures. As was 
stated earlier, the ordinary conductivity arrived 
at by using the Sutherland formula does not 
increase with temperature with sufficient ra- 
pidity to conform with experimental data. This 
deficiency can be approximately compensated 
for by increasing the ratio of atomic to molecular 
conductivities. This is done and the ratio is 
reasonably taken as 1.5 instead of the 1.33 
computed from kinetic theory. Hence 


K=K,(1+0.5P./P). (16) 


The number of atoms diffusing across unit 
area per second is given by Chapman® as ND 
grad. (m,/N) in the absence of gradients of tem- 
perature or total pressure. In this formula WN is 
the total gas concentration, D the coefficient of 
ordinary diffusion, and m, the atomic concentra- 
tion. In the present case m, is a function of tem- 
perature only and hence the diffusion term can 
be written as ND(d/dT)(n,/N)dT/dr. On sub- 


stituting for N and for m, in terms of P and P,, 


**S. Chapman, Phil. Trans. 217, 158 (1918). 
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respectively, this becomes 
[73.85(10")P/T |D(d/dT)(P./P). 


This term does not include so-called thermal 
diffusion, which is neglected here for reasons to 
be presented later. Each pair of atoms diffusing 
carries with it the dissociation energy 2g. Hence 
the generalized conductivity (the coefficient 
which multiplies the temperature gradient) 
becomes 


73.85(10%)P d 


@=K+ — rT qD (Po P). (17) 


dT 


Of the quantities appearing in Eq. (17) K has 
been discussed already. The dissociation energy 
2q was taken as 7.90 electron volts per molecule.” 
The coefficient of diffusion has been calculated 
by Amdur*® for the case of hydrogen, following 
Enskog and Chapman. The formula given 
there is 


3R!T! 1 i\! 
Dicieeesammrelvnnis (. es ) 
8(2r)§*N;{4(di+ds) }? M, Ms 


1 £1.0364 —0.0303a 
x=(——). as) 
P 1+Ci2/T 


where N; is Avogadro’s number; R is the gas 
constant; d,; and dz the atomic and molecular 
diameters, respectively; M, and Mz, the cor- 
responding atomic weights; P the total pressure, 
and a the degree of dissociation. The constant 
Cy2 is the Sutherland constant for the mixture 
and is given by 
(CC)! 

C..=-—_-_ —— —- “. (19) 

{3[ (di /d2)*+ (d2/d,)*]}5 


Equation (18) is applied here to obtain the 
diffusion coefficient of nitrogen. From viscosity 
data Landolt-Bornstein give d;=3.90A. The 
atomic diameter is not given but is computed 
here on the assumption that the ratio d2/d; is the 
same for nitrogen as for hydrogen. As was 
mentioned earlier, the ratio is given by Amdur 


as 1.088. An average value of } is taken for a. 


- 


Since a goes from 0 to 1, the maximum error thus 
introduced is 1.5 percent. Assuming that C,/C: 


27. Amdur, J. Chem. Phys. 4, 339 (1936). 
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is the same for nitrogen as for hydrogen, and 
using C:=104.7, we obtain C,=87.8. Thus, 
C2=96.0 from Eq. (19). Putting in the other 
numerical factors gives, finally, 


44.1(10-*)T! 
D=——__—_ (20) 
P(1+96/T) 
and hence 
T} d 
© = K+0.205————- —-(P,/P). (21) 
1+96/T dT 


Values of ©, computed with the aid of Eq. (21) 
for P=1 atmosphere, are presented in Table I. 
Eq. (21) is a Sutherland type of equation. As 
was mentioned earlier, the Sutherland equation 
gives values of the viscosity too low at high 
temperatures. Since the diffusion coefficient is 
proportional to the viscosity, the diffusion co- 
efficient also should be too low at high tempera- 
tures. Thermal diffusion is opposite in direction 
to ordinary diffusion and is neglected here de- 
liberately to compensate approximately for the 
diffusion deficiency known to exist. 

The radial diffusion of electrons and ions is 
limited by the rate at which ions diffuse out. The 
coefficient of diffusion for the ions is about the 
same as for the atoms. The ionization potential 
is of the same order of magnitude as the dissocia- 
tion energy expressed in electron volts, so that 
each pair of electron and ion carries with it about 
the same energy as does a pair of atoms. The 
concentration gradient of electrons and ions is 
small in comparison with that of the atoms, as 
can be seen from Table I. Hence the power 
carried out by electrons and ions can be neglected 
in comparison to that lost by generalized 
conduction. 

Instead of carrying out the integration indi- 
cated by Eq. (5) a change of variable was intro- 
duced, namely, x = Er. With this change Eq. (5) 
becomes 


= 
dT /dx=-—(1 20) [ Fxdx, (22) 
0 
and W, the power input per unit length, becomes 


W=EI= 2x | Fxdx. (23) 
0 
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Hence Eq. (23) leads to the arc characteristic 
E=const/J, an equation of the Ayrton type, for 
cases in which convection heat losses within the 
arc are small in comparison with those due to 
conduction. 

Equation (22) was integrated numerically in 
order to evaluate the constant occurring in Eq. 
(23), starting with a number of different as- 
sumed values of 7., the center temperature. In 
the calculation of d7/dx, the values of x and F 
characteristic of the center of a zone of width 
dx were used in the numerator of Eq. (22). In 
the denominator of Eq. (22) the values of x and 
© were characteristic of the edge of the zone. 
The resulting value of dT'/dx referred to the edge 
of the zone, and its use in computing the tem- 
perature of the center of the next zone amounted 
to a three-term Taylor expansion of AT. 


RESULTS AND CONCLUSIONS 


The values of W resulting from the integrations 
described above are presented as a function of 
T. in Fig. 1. Any inaccuracy in the function © 
appears directly as an inaccuracy in W. In- 
accuracies in F appear in W to some power 
smaller than the first. This is easy to see, since 
a decrease in F both decreases the contribution 
of each zone to the power integral and increases 
the number of zones contributing by altering the 
temperature distribution. 

There are two extremes represented in Fig. 1, 
one maximum and one minimum. Of these the 
maximum provides the better agreement with 
experiment. 

The results of the simple theory should apply 
to cases in which convection is negligible, i.e., 
when ga6d*/y? is small. This variable can be made 
small by decreasing the arc diameter, which is 
done by going to low currents. In Fig. 2 W is 
plotted as a function of J. The horizontal line, 
curve A, is the theoretical curve and the other, 
curve B, is experimental. The solid line was 
obtained from Suits” data for pure nitrogen. The 
vertical lines represent unpublished data taken 
by Mr. J. J. Hopkins in this laboratory. The 
length of each vertical line indicates the probable 
error. In the figure the experimental curve ap- 
proaches the theoretical at low currents, and 
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Fic. 1. Power loss per unit length, W, as 
a function of axial temperature, 7.. 


the two coincide within experimental error, if the 
former is extrapolated to zero current. 

The temperature distribution is shown by the 
plot of 7 vs. x in Fig. 3. Experimentally, the arc 
appears to have a well-defined edge, so that the 
apparent arc diameter can be determined either 
visually or photographically. Lacking values for 
the light emitted from unit volume of the arc as a 
function of temperature, this diameter has not 
been determined from theory. It has been 
found,'® however, that the product of the visual 
cross-sectional area, the electric intensity E, and 
the F value characteristic of the measured 
temperature equals the measured current. This 
being the case, the apparent arc diameter should 
equal the theoretical root-mean-square diameter 
defined by Eq. (24) below. 


a=4f Fede / Frdr. (24) 
“oO 0 


In the literature one usually finds values of 
current density J as a function of total current 
rather than values of d. Remembering that 
x= Er and W=EI, we find Eq. (24) leads to 


th 
uw" 
i 


J = W?/x(x?\_ J =9.65/T, | 


where (x*), is the average value of x*. 

A plot of Eq. (25) is shown as curve A, Fig. 4. 
Curve B is a plot of the experimental values 
taken from Suits’ paper.? The comparison of 
theoretical and experimental current densities is 
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Fic. 2. Power loss per unit length, W, 


as a function of current, J. 


difficult, for several reasons. In the first place, 
one would like experiments below one ampere in 
order to see whether or not the trend toward 
increased current density at decreased currents 
is anything like as marked experimentally as 
theoretically. In the second place, errors in the 
function F appear directly in computations of 
current density. These errors may be quite large 
because of uncertainties in the mobility and 
because of the fact that slight changes in tem- 
perature are amplified in changes in F. 

The value of the function F required for the 
average current density given by Eq. (25) is that 
corresponding to a temperature of 6080°K. This 
temperature agrees remarkably well with the 
value of 6100°K given by Suits” as the tem- 
perature of the atmospheric arc in nitrogen de- 
termined from measurements of the velocity of 
sound. The center temperature 7., on which the 
computations are based, is that temperature at 
which the maximum in W occurs, namely, 
6200°K, again not far from the 6100°K given 
by Suits. 


EFFECT OF CONVECTION* 


The variable ga6d*/v»?, which brings in convec- 
tion effects, can be made small by effectively 


* Note added in proof.—Dr. Joseph Slepian has kindly 
pointed out that although gaéd*/»* must be small, it cannot 
be zero if the present theory is to apply. In future experi- 
ments it will be interesting to see how far g can be reduced 
without the need for considering longitudinal changes in 
the positive column, 
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Fic. 3. Temperature distribution curve 

temperature JT as a function of x= Er, the 
product of longitudinal potential gradient 
and radius. 


reducing the acceleration of gravity. The present 
theory should apply, therefore, to the results of 
experiments performed in gravity-free space. 
Steenbeck,” in a most ingenious set of experi- 
ments, has investigated an arc operating in a 
freely-falling container. His measurements were 
for air, not nitrogen, and were more qualitative 
than quantitative. 

The air and nitrogen arcs do not differ greatly 
one from the other. Hence a comparison of Steen- 
beck’s experiments in air with the present theory 
developed for nitrogen should at least prove 
instructive. Steenbeck concludes that the arc 
drop is less in gravity-free space than in ordinary 
space and mentions a factor of 2 or 3. His current 
range was from 1 to 8 amperes. He does not state 
at which of the various currents the factor of 2 
or 3 is observed. It is interesting to note, however, 
that in Fig. 2 the experimental and theoretical 
values of W observed at 8 amperes bear the ratio, 
one to the other, of almost exactly 3. The di- 
ameter of the arc is observed by Steenbeck to 
increase when gravity is removed. The current 
density corresponding to a total current of 7 or 
8 amperes is less than 1 amp./cm*. The theo- 
retical value observed at 8 amperes in Fig. 4 is 
1.2 amp./cm*. For currents below 4 amperes 
Steenbeck gives the current density as somewhere 
between 1 and 3 amp./cm?*. Fig. 4 shows 2.4 
amp./cm? at 4 amperes. If we consider the un- 


#® M. Steenbeck, Physik. Zeits. 38, 1019 (1937). 





Fic. 4. Current density, J, as a function 
of current, J. 


certainties in the theoretical determination of 
current density and the qualitative nature of the 
experiments, the agreement seems satisfactory. 

From Steenbeck’s measurements it is safe to 
conclude that the theoretical results show the 
same trends as do the experiments with respect 
to the influence of convection, and that theory 
and experiment are not in quantitative disagree- 
ment. Quantitative measurements in nitrogen 
are greatly needed. In a private communication 
Dr. Suits has expressed an interest in such 
measurements, and it is sincerely hoped that he 
will carry them out. 

A few preliminary computations on the arc at 
10 atmospheres indicates about 80 watts per 
centimeter for W. The curve of W vs. T, is almost 
flat over a wide temperature range. Hence the 
determination of 7, and of J awaits further 
computations. 

Some attempts have been made at atmospheric 
pressure with a view toward including convection 
in developing a more complete theory of the arc. 
To date several empirical functions have been 
tried for representing convection heat loss. Each 
is subject to certain restrictions as to form, im- 
posed by dimensional arguments, and hence none 
are entirely arbitrary. Any one of the three func- 
tions tried is satisfactory within the arc, but none 
of them behave properly at large radii. Work is 
still in progress, however, and it is hoped that an 
entirely satisfactory function will be developed 
before very long. 
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On the Calculation of Polarizabilities and Van der Waals Forces for Atoms in S States 


Jucian K. Knipp* 
Laboratory of Physics, University of Wisconsin, Madison, Wisconsin 
(Received April 26, 1939) 


The perturbation scheme of Mgller and Plesset, which 
has as its basis a complete set of solutions of the Fock 
single-electron differential-integral equation, is extended 
to the calculation of atomic polarizabilities and van der 
Waals force constants. The present treatment differs in 
three respects from the previous treatments of Kirkwood 
and Buckingham. First, the Hartree-Fock model is used 
consistently throughout the calculation. Additional func- 
tions are introduced to complete the set of single-electron 
functions. Sum rules are developed for these functions with 
the aid of their common Hamiltonian. These replace the 
Kuhn-Reiche sum rules, which do not apply in their usual 
form. Second, atomic polarizabilities are expressed as a 


SuM RULES FOR THE FocK EQUATION 
N the Hartree-Fock method! of dealing with 
the Schrédinger equation there is assigned to 
a state of the system an approximate wave func- 
tion having the proper symmetry and made up 
of products of single-particle functions. For an 
atom with N electrons in a nondegenerate state, 
the approximate wave function has the form 


(A) = Q@u;(a')u2(a*)---uy(a). (1) 


A stands for the collection of quantum symbols 
a', a’, ---, a; the functions u(a) are orthogonal 
normalized functions of the space and spin 
coordinates, xyze, of a single electron; and @ is 
the normalized antisymmetrizing operator.’ 


* On leave from Purdue University, 1937-38. 

1D. R. Hartree, Proc. Camb. Phil. Soc. 24, 89 (1928); 
V. Fock, Zeits. f. Physik 61, 126 (1930); P. A. M. Dirac, 
Proc. Camb. Phil. Soc. 26, 376 (1930). 

*@=(N!}',(—)*P, where P is a permutation of 
parity p of both positional and spin coordinates of the 
electrons. The notation of this paper follows more or less 
that of Condon and Shortley, Theory of Atomic Spectra. It 


sum of sums in the perturbation scheme. An ordered set of 
lower bounds is derived for the first of these sums and also 
for similar expressions for van der Waals force constants 
Third, the contribution of each electron is considered 
separately. The lower bounds are evaluated exactly with 
the help of the sum rules developed. In this way are ob- 
tained for the approximate values of the atomic polarizabil- 
ity of beryllium and argon 4.14 10-* cm’ and 1.28 10-™ 
cm’, respectively. Likewise the constant u« in the van der 
Waals energy, —u/R°*, is found to be about 222 x 10 erg 
cm for two beryllium atoms and 63.7 X 10-® erg cm® for 
two argon atoms, The observed atomic polarizability of 
argon is 1.63 X10-™ cm!. 


For the purpose of Hartree-Fock calculations 
the atomic Hamiltonian is assumed to be 


N 
H= ¥HS+0Q; 


i=1 
H° = (1/2m) p? —Ze?/r;, (2) 
Q=32 gin giy=e*/rii 
igi 
In terms of the two expressions 
(a! H®| a) =X f drut(a)Hu(a), 
¢ P 


(ab\q\cd)= > far farmu(ayusr 
7i¢3 
X iets C)te d), 


is an adaptation of the general Dirac notation to atomic 
problems. Coordinates are usually indicated through 
subscripts which indicate the particles to which functions 
belong. Quantum symbols appear in the main line of print. 
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POLARIZABILITIES AND 


the average value of H for the function (1) is 
En=(A | H|A) 
=> (a| H®|\a)+43 > [(aa’|q\ aa’) 


—(aa'|\g\a’a)]}. (4) 


The single-electron functions u(a'), ---, u(a*) 
are chosen to give the lowest possible value 
for Ey. The approximate atomic function then is, 
for the purpose of calculation of the energy, the 
best possible consistent with the restriction (1). 
On minimizing Ey with respect to variations in 
the functions u(a), it is found that these functions 
must satisfy the Fock equations, 


F\(A)ui(a) = (7,°+P)ui(a) —d | dr2Ky202(a) 


73 


=X(a)u;(a), a=a',a*,---,a%. (5) 


Here 


P\= 3 © fdraus*(a’yqraus(a’, 
(6) 


Ki2=)>) u2*(a’) gies (a’). 

s 
These are N simultaneous nonlinear differential- 
integral equations. Solutions for particular atoms 
have been obtained by Fock and Petraschen, 
Hartree and Hartree and others using numerical 
methods. When the solutions of the Fock equa- 
tions are used in (4), Ey becomes the Hartree- 
Fock energy, 

Eur=>(a)—D(A), (4a) 


a 


where 


D(A) =} © [(aa’|qg|aa’)—(aa’\q\a’a)}. (7) 
aa’ 


The differential-integral operator F(A) is com- 
pletely defined as a one-electron operator once 
the fundamental set of functions u(a'), ---, u(a*) 
is defined. After one has obtained the funda- 
mental set for the state A, F(A) can be used as 
a linear operator for the determination of other 
solutions, as has been pointed out by Mller and 
Plesset.* In this way is obtained the Fock single- 


2C. Moller and M. S. Plesset, Phys. Rev. 46, 618 (1934). 
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electron differential-integral equation 
F(A )ui(c) =X(c)ui(c). (8) 


N of the normalized orthogonal solutions u(c) of 
this equation are the N fundamental solutions 
u(a'), u(a”) obtained from (5). When 
written out in detail, (8) is 


[H+ > Dd | draue*(a’)giata(a’) — no) Juste 


a’ @ 


— > bX | draua*(a’)qisui(a’)us(c)=0. (8a) 


a’ 3 


For u(c) the characteristic value is 


A(c) = (c| H®|c) +L (ca’| g| ca’) — (ca’|q|a’c) }, (9) 


where, as before, a’ goes over the values 
a',---,a%. It isconvenient to denote by 0%*", -- -, 
b, +--+ those quantum symbols which do not 
belong to the fundamental set. A complete set of 
solutions of (8) can be written as u(a'), ---, 
u(a), «++, u(a%), u(b¥*), ---, u(b), «++; by u(c) 
is meant any one of these solutions. It should be 
pointed out that these functions do not become 
hydrogenic functions in the case of one electron 
(N=1). In the one-electron case (8a) differs from 
the real Hamiltonian, H®, through the density 
and exchange integrals, which cancel only for the 
lowest characteristic value. The rea] Hamiltonian 
and (8a) have the lowest characteristic value and 
its characteristic function in common but the 
other characteristic values and functions are 
different for the two Hamiltonians. 

By the use of the completeness relation the 
following sums over the set of solutions just 
considered are obtained 


g(a) =>" | (c|z|a)|*=(a|2*\a), 


oe 
c 


f(a) => [\(c) — Xa) J! (c| 2] a) |?, 


(10) 


=~ 
te 


=—-+)}°(aa’|s|a’a), 


2m a’ 


where [F,z] is the commutator Fz—zF and 
$=i2(2;*—2,22). The sum over a’ in the second 
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TABLE I. Sums for beryllium (Hartree units). 


nl &+(nl f,(ni 
ls 0.2329 1.801 
2s 8.43 3.377 


expression comes from the exchange integral in F(A), which integral does not commute with the 
coordinate z. The sums g(a) and f(a) have been reduced to expressions which contain only the 
fundamental solutions u(a'), ---, u(a’) of the Fock equation. 

For an atom in a state with only complete (nl) groups, the operator F(A) will not affect the spin, 
as one sees if delta-functions are taken for the spin parts of the single-electron functions, u(c). For 
such an atomic state the solutions of the associated Fock equation can be taken in the form 


u(c)=(1/r)R(nl*) P(lem,*)5(m,*, c), (11) 


with c=n‘l*m,°m,*, the usual four quantum numbers of a single particle in a central field. With 
functions of this form (8) can be separated after substituting the expansion for e*/7r,2 in the exchange 


integral and carrying out the integrations over the angles. The equation for R(n‘/*) is 


h? ¢ d? (I*(l*+1) e? > FF) 
= ( _ )- (z- drz— > 2(21 +1)Ra(n't)*) —X(w') [Ran I¢) 
2m\dr? r,? r) J 9 ry n'l’ 

ed r<* 
Dd 8 Creve yn (2l’ +1) Ri(n'l’) | dre R2(n'l')Re(n‘l*)=0, (8c) 
; k+l1 


> 


—@e*>" 
eo we vo i 


where Cie; is the integral of the product of three Legendre polynomials, 
~1 
Cure | dzP,, t)P,(s)P,,(z) 
1 


and r. is the lesser, r, the greater, of r; and rz. The fundamental solutions R(n*l*) of this equation 
are already available for some atoms. It would be valuable to have in addition some of the Mgller- 
Plesset solutions R(n*/*) with lowest characteristic values. Then the first, and often principal, terms 
in perturbation expressions could be evaluated exactly and the remaining terms approximated with 
the help of sum rules after the manner described in the last section. 

In this representation the matrix of z has nonzero elements only where / changes by unity. Sums 
like (10) can be separated into two parts, a sum over c,, in which /*=/+1, and a sum over ¢_, in 
which /¢=/—1; (a=nlm,m,). Each part can be evaluated separately since there is a different radial 


equation for each.‘ Let 
(lL—m,+1)(1+m,+1) 


g4(a)=>° | (c,|s/a)|?= —- g,(nl), 
e+ (2/+-3)(21+1) 
(/?—m,?) 
g-(a)=) | (c_|s/a)|*= —g_(nl), 
e- (2/+-1)(2/—1) 


10a) 
(L—m,+1)(l+m,+1) 


f(a) =>-[d(c.) —A(a) ]| (c,|2!a)|2#= ——— ——f,(nl), 
(21+ 3)(21+1) 


(?—m? 
f(a) => [ X(c_) — Aa) }| (c_| | a) |? =———__f_(nl), 
(2/+-1)(21—1) 


c- 


*See E. Wigner, Physik. Zeits. 32, 451 (1931). 
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TABLE II. Sums for argon (Hartree units). In this table and in Table I the effect of the exchange 
integral which occurs in the Fock equation is very noticeable. Eg. (12a) shows that if the ex- 
change terms were absent f,(ns) would have the value 1.5, f,(mp) the value 2.5, and f_(np) the value 
—0.5. The effect is greater the more loosely bound the electron. 





nl g+(nl) f.(nl) f-(nl) 





ls 0.0101 1.555 
2s 0.201 1.656 
2p 0.174 2.827 —0.531 
3s 2.348 2.007 


3p 3.310 3.943 —0.484 


where 
g+(nl) => | (mt+1\|r| nl) |?, 


fx (nl) =X [A(t +1) —A(ml) | (m1 +1) | nl) |*, 


(12) 


with similar expressions for g_(ml) and f_(nl). Then g(a)=g,(a)+g_(a@) and f(a) =f,(¢)+/f_(@). 
By using the completeness relation there result 


g+(nl) = (nl|r?| nl) =g_(nl), 


h? 2l’+1 
f(nl) mom (21+3)+ > (- —)ECwuGa™ (wl n'l’) — CrpsvaG, (nl, nl’) ], (12a) 
Zm n'i'k 2 
—h? 2l’ +1. 
f_(nl) = (21-—1)+ > (- = )£CwaGa (nl, nl’) —CrrriGi"” (nl, nV’) J, 
2m n’'k 2 
where® 
co aw r<* 
GG,“ (nl, n'V’) =e dr | drop i‘ra'Ri(nl) Ri(n'T’) Ra(nl) Ran’) — -, 
0 “0 » 


in which r. is the lesser and r, the greater of r; and rz. 

The sums (12) have been calculated by numerical integration for the ground states of beryllium 
and argon using the functions calculated by Hartree and Hartree.* The results are given in Tables I 
and II. The effect of the exchange terms on f,(nl) is very large for outer shells and progressively less 
important for inner shells. In f_(nl) the coefficients of the negative terms are larger than they are in 
the corresponding f,(nl). The result is that the exchange terms more nearly cancel in f_(nl). 


THE M@LLER-PLESSET HAMILTONIAN 


Let $(C) = @u;(c)ue(c)- --uw(c*). Then ©(C) satisfies the equation 


H(A)®(C)=E(C)®(C), (13) 
N 
where H(A)=>(F,(A)—D(A). 
=! 
The characteristic value is E(C)=>-X(c) —D(A). 


c 


* This quantity reduces to the familiar G;(nl, n'l’) for i=j =0. 
* Hartree and Hartree, Proc. Roy. Soc. 150, 9 (1935), Be with exchange; Proc. Roy. Soc. 166, 450 (1938), A with 
exchange, partially interpolated. 
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In particular for C= A, E(A)= Eur as defined in (4a). The functions #(C) form a complete set of 
functions in the 4N space-spin variables of the atomic system. 

Mller and Plesset introduce the Hamiltonian H(A) and its solutions #(C) with characteristic 
values E(C) for use as the starting point of a perturbation calculation of the atomic energy. The 
perturbing term in their scheme is the difference between H/, the actual Hamiltonian of the system, 
and H(A), a Hamiltonian to which the Hartree-Fock wave function belongs. It is convenient to 
introduce a parameter ¢, which is later put equal to unity. The perturbing term is e[ /7—H(A)]. 
The actual function and energy of the state can be developed in powers of « with (A) and E(A) as 
the zero-order terms. The first-order perturbation energy is obviously zero. 


ATOMIC POLARIZABILITIES 


In the presence of an electric field of strength &, directed along the z axis, the Hamiltonian is 
H'=H-+e&Z, where Z is the sum of the z coordinates of the electrons; Z=2,+22.+---+zy. By 
taking an approximate wave function of the form @wu;,'(e')u'(e?)---uy’(e’) in which the single- 
electron functions depend on &, new Fock equations are obtained. They are 


Fi'uy'(@) = (Hi + Py'+e82:)us'(e) —¥ f draKus'us'(e) =0'(0)us'), e=e',---,e, (14) 
a | 


where P’ and K,,’ are expressions (6) calculated with the functions u’(e'), ---, u’(e%). The approxi- 
mate (Hartree-Fock) energy is }°.A’(e) — D’. The coefficient of — } & in this expression might be called 
the Hartree-Fock polarizability, ayy. It is the polarizability of an imaginary atom the Hamiltonian 
of which is minimized by the Hartree-Fock field dependent wave function. It would be advantageous 
if the solutions of (14) could be conveniently expressed in terms of the complete set of solutions of 
the field-free equation. An attempt to obtain such relations by perturbation methods led to ex- 
pressions from which objectionable degeneracy terms could not readily be removed because of the 
nonlinearity of the equations. 

Another approach is through the Mgller-Plesset Hamiltonian H(A) and the perturbing function 
e| H— H(A) ]+e&z. The exact wave function, energy and polarizability of the atom, ¥’, E’ and a are 
developed in powers of the parameters «€ and 6, 


vw’ =[4(A) + &@ 01 deo ]+e[O0% + Shi foes [feee, 
E! =(E(A)+8E +... J+e[S*EUP+---]4---, 15) 
a=a')+eql +--+. 


Expressions for the coefficients of the various powers of e and & are given by the regular perturbation 
theory. These expressions involve only elements of the matrices of [H—H(A)] and eZ, in the repre- 
sentation scheme belonging to H(A), and the corresponding energy differences. 

The expression for a 


©) se 
{ is 


0) = Ie2>” : ' ; 16) 


The sum is restricted to terms B which differ from A in only one single-electron quantum number set 
since all other terms give zero. The terms can be separated into N groups, one for each of the N 
elements of A: a', ---, a¥. (16) becomes 


a) = 2e2*y 


= 16a) 
a \(b)—X(a) 


N 


where a runs over a', ---, @¥ and b over all other single-electron quantum number sets necessary to 








eS a | 


set of 


ristic 
. The 
stem, 
nt to 
(A)]. 


A) as 


an is 
. By 


ngle- 


(14) 


rOXi- 
illed 
nian 
-Ous 
is of 

ex- 


the 


tion 
are 


ion 
re- 


a) 


to 





POLARIZABILITIES AND VAN DER WAALS FORCES 1249 


specify the complete set of functions u(c). Similarly a® can be shown to be 


(a’|\2|\ b')X(b\ 2! a) 
a!) = Qe? ———$—___—. —_ (17) 


aa’bb’ [(b’) —X(a’) ][ (6) —X(@) J 
where X = (ab’ | q|a’b) — (ab’ | q| ba’) + (aa’ | q| b’b) — (aa’ | q\ bb’). 


The right side of (16a) can be obtained from the exact expression for the polarizability by replacing 
the exact atomic functions and energies by the Mgller-Plesset functions and energies. a“ cannot be 
expected to be a good approximation when the number of electrons is very small. The difficulty comes 
from the Fock equation. Even when there is but one electron the Mgller-Plesset functions and 
energies are not the exact functions; even in this case a™ is only a first approximation to a. 


VAN DER WAALS FORCES 


If two atoms are far enough apart that overlapping and accompanying exchange effects can be 
neglected, their interaction can be calculated by starting with a complete set of functions for each 
atom and expanding the Hamiltonian in inverse powers of the separation distance. A state of the 
system is represented by the wave function @’¥(T’) ¥°(T'), where ¥(T’) and ¥°(I'™) are functions for 
the first and second atoms, respectively. The operator @’ antisymmetrizes the product for all permu- 
tations of the N+ N° electrons.’? Let H be the Hamiltonian of the system, that is, of the two atoms 
with fixed centers a distance R apart and N+ N° electrons. Then since H is symmetrical in all the 
electrons, it commutes with the operator @’ and can be expanded in inverse powers of the internuclear 
distance, 


H@’vwv°= @'[H+ H+ (e?W2/R®) + (e?Ws/R*) + (e?Wi/R®) +--+ WW. (18) 


All monopole terms drop out since the atoms are assumed to be neutral. W;2 is the dipole-dipole 
coefficient ; W; is the dipole-quadrupole coefficient ; and W, contains the dipole-octopole and quadru- 
pole-quadrupole coefficients. In particular, the dipole-dipole coefficient is 


W:= —)>-a(m)F(m)F*(—m), a(—1)=a(1)=1, a(0)=2. (19) 


m 


Here F(m) => f(m), and F°(m) is defined for the second atom similarly, with the summation in each 
case over the electrons of the particular atom. The single-electron functions are 


f(—1)=(x—ty)/v2,  f(O0)=2, f(1)=—(x+#y)/v2. 


The van der Waals interaction energy, —/R°, is a second-order effect coming from the dipole- 
dipole term. It was first calculated by Wang for two hydrogen atoms.* Generalizations were made by 
London® using perturbation expressions and introducing average denominators equal to the sum of the 
first ionization potentials of the two atoms in question. He obtained the simple result that » is roughly 
equal to three halves the product of the polarizabilities of the atoms divided by the sum of the 
reciprocals of the ionization potentials. Hassé, Kirkwood and others'® have used variational pro- 
cedures to obtain similar expressions. Hellmann has used a combination of methods in his estimates of 
van der Waals constants. The most elaborate calculations have recently been made by Buckingham" 
using the methods of Kirkwood but taking into account the exclusion principle. 


7Q@’=[N!N®!/(N+N®)!}'2e(—)*Q, where Q is an exchange of parity ¢, that is a permutation of the N+ N* electrons 
leading to an ordered assignment in each atom. 

*S. Wang, Physik. Zeits. 28, 663 (1927). 

*F. London, Zeits. f. Physik 63, 245 (1930); Zeits. f. physik. Chemie 11, 222 (1930) 

10H. R. Hassé, Proc. Camb. Phil. Soc. 27, 66 (1931); J. G. Kirkwood, Physik. Zeits. 33, 57 (1932); L. Pauling and 
J. Y. Beach, Phys. Rev. 47, 686 (1935); H. Hellmann, Acta Phys. Chem. USSR 2, 273 (1935). 

“ R. A. Buckingham, Proc. Roy. Soc. 160, 113 (1937). 
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TABLE III. Sums for argon (Hartree units). The sums of Table II corrected as required by the 
exclusion principle. 





nl t+(nl) f (nl na (nl) n—(nl 
Is 0.0061 0.924 
2s 0.046 1.142 
2p 0.174 0.015 2.827 0.382 
3s 0.103 0.554 
3p 3.310 1.065 3.943 1.200 


An exact expression for yu is 


\(rr?| W; IT’) 2 


(20) 


u=et - —————, 
rr F(’)+F(T’) —A(T) —E(T°) 


provided exact solutions of the atomic problem are used. Here 


(TT?) We|I’T”’) = — S-a(m)(T| F(m) |T’)(T°| F(—m) | T”). 


m 


If Hartree-Fock functions are used, u can be thought of as a sum of terms, p=p+y%+---, ina 
perturbation scheme which starts with the Hartree-Fock approximation for the lowest states. The 
first nonzero contribution to yu is similar in form to the exact expression and can be obtained by 
substituting the Mdller-Plesset functions and energies in (20). There results 


; |(AA°| W2| BB) |? 
pO =et 5 —$—$——————_—____, 21) 
85° E(B) +E%(B°) —E(A)—E%(A° 


where (AA®| W;| BB®) = —}>-a(m)(A |! F(m)| B)(A°®| F°(—m) | B®) 


m 


= +) a(m)(a|f(m) | b)(a°| f°(—m) | 5°). 


m 


This can be easily transformed into 


(a|2|b)|?| (a®| 2°| 5°) |? 
pw =6et>- Sy - (21a) 


ha . ™ - a —_— a we ". 
aa® &® X(b)+2X°(b°) —A(a) —A*%(a") 


APPROXIMATE VALUES 


The exclusion principle operates in (16a), (17) and (21a) to limit the infinite sums to unoccupied 
states (the sums are over }, db’, etc.). It is convenient to introduce sums which are limited in this way 
and correspond to the sums (10) and (12) of the first section. The first of these are 


f(a)=g(a)—)> | (a/z\a’)|*, nl(a)=f(a)—Dd[A(@’) —X(a@) }| (a! 2!a’)|?; (10b) 
a’ a’ 
and in addition 
o(a)m = (1/2(21+1)) & f(a), nla)m_=(1/2(21+1)) > n(a). (10c) 


mami mami 
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Tas_e IV. Sums for argon (Hartree units). 


























a £+(¢) f(a) (e) 5(@) aw 9+(@) 9—(a) a(a) a(¢)ay 
is+40 0.002 0.002 0.002 0.308 0.308 0.308 
25+ 40 0.015 0.015 0.015 0.381 0.381 0.381 
2p+}sl 0.035 0.035 0.565 0.565 
2p+40 0.046 0.005 0.051 0.040 0.754 0.127 0.881 0.670 
35440 0.034 0.034 0.034 0.185 0.185 0.185 
3p4+4+1 0.662 0.662 0.789 0.789 
3p+40 0.883 0.355 1.238 0.854 1.052 0.400 1.452 1.010 








Here, as before, the four quantum numbers nlm,m, are introduced for a. Next are 


(l—m,+1)(1+m,+1) 








f.(a) =g,(a)—)> | (a|2\a,’) |?=— —f,(nl), 
e+! (21+-3)(21+1) 
(10d) 
Rug" (lL—m,+1)(1+m,+1) 
n(a) = f(a) —S[A(a,’) —A(@) ]| (e| 2) a,’) |? = ——,(nl), 
a4! (21+-3)(21+-1) 
and similar expressions for ¢_(a) and n_(a). In these expressions 
¢.(nl) =g.(nl) —>- | (n’l4+-1| r| nl) | 2, 
(12b) 


ns(nl) = f,(nl) —S[d(n’1+1) —d(nl) ]| (n’1+-1|r| nl) |?, 


and similarly for ¢_(nl) and n_(nl). In (12b) the precaution must be taken to sum only over the 
principal quantum numbers for which there are occupied shells having /’=/+1. The sums of this 
paragraph have been evaluated for argon and are given in Tables III and IV. 

Lower bounds to a and »™ will next be obtained by the use of the Schwarz inequality. It will be 
supposed that (b) —A(a) >0, a condition which is fulfilled for an atom in its lowest state. The Schwarz 
inequality can be applied in different ways leading to several lower bounds denoted by 8, 82, 8s, «+ -. 
Some of these will be seen to be related to expressions previously proposed, while others are quite 
new. The lower bounds form an ordered set, as will be seen in (27). 

Consider the lower bounds which can be completely evaluated using the functions of the funda- 


mental set, u(a'), ---, u(a¥). When the Schwarz inequality is applied to the entire sum in (16a), there 
is obtained the first lower bound 
2e7{ > | (b|2/ a) |? }? [> ¢(a) }? 
ab a 
By =< rt rr. (22) 
> [A(b) —A(a) J! (6| e/a) |? > n(a) 
ab a 


This expression is closely related to the formula obtained by Kirkwood.” If, instead of the sum rules 
which have been developed, the Kuhn-Reiche sum rule is used (or one-electron functions which 
satisfy the Kuhn-Reiche sum rule are employed) and if the terms missing in the sums because of the 
exclusion principle are introduced, then by replacing {(a) by g(a) and (a) by h?/2m there is obtained 
from (22) Kirkwood's formula, which is 


(e*m/h®)(4/9N)(X (alr? a) }? Sa, (22a) 


2 J. G. Kirkwood, Physik. Zeits. 33, 57 (1932). 
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This expression was obtained by Kirkwood by a variational type of calculation using a single-product 
atomic function. It was also obtained by Vinti'* with the aid of the Kuhn-Reiche sum rule. 

If in (16a) the Schwarz inequality is applied separately to terms with different principal quantum 
numbers n, there is obtained 


B2=2e*D [ LY ¢(a)]*/ LY x(a). (23) 
n imam Imam 


In a similar way treating each (n/) group separately gives 


B3=2e?> f(a) u?/n(a) a. (24) 


6 

The most extensive calculations of atomic polarizabilities have been made by Buckingham,” 
who has obtained expressions by starting with the variational method. He follows Hassé’s pro- 
cedure of adding terms to the wave function which have the same form as the perturbing terms of the 
Hamiltonian. Because of certain terms which he neglects, the expression for the energy which is 
obtained is not an upper bound to the energy as required by the variational principle. For this reason 
his result does not represent a lower bound for the atomic polarizability. The expression which 
Buckingham obtains when a different parameter is used for each (n/) group in the atom is related to 
83. The average value of {(a) over a complete (nl) group can be transformed to give 


C(a)w = 40 (a'r?'a)—> | (al ria’ 


where a|\rja’)|*=|(a\x\a’)|?+ | (a\y\a’)|*+| (a!/z\a’ 
Substituting this in 8; and replacing n(a)4 by A?/2m, there results 


4me?/9h®?>-[ (a! r?| a) —> | (a| e/a’) |? }? =a, 24a) 


a a’ 


which is the expression obtained by Buckingham." It contains corrections due to the exclusion 
principle, which are missing in Kirkwood's formula, because Buckingham’s functions were properly 
antisymmetrized. Values calculated from this expression are very large. This is to be expected since 
n(@)» is much larger than A?/2m for an outer shell. 

If each of the N terms in the summation over a in (16a) is treated separately, there is obtained the 
lower bound 


Nm 
ws 
—_ 


B,=2e?>- ¢(a)?/n(a). 
a 


Still another expression is obtained by separating the terms with /=/+1 from those with P=/—1, 


B;=2e?) [ ¢, a)? n+(a) T¢ (a)?/n_(a@ ]. 26 


i 


These five expressions stand in the relation 
8:=8:=8;=8,=8;=a™. 2 


The lower bounds for beryllium can be calculated directly from the data of Table I. 8; is 19.3a, 
(@9=radius of first Bohr orbit of hydrogen) ; 82 is 28.1a9*; and 83, 8, and 8; are the same as 8:2. Kirk- 


- 
i} 


4 P. Vinti, Phys. Rev. 41, 813 (1932). 

“RR. A. Buckingham, Proc. Roy. Soc. 160, 94 (1937); see also R. Eisenschitz and F. London, Zeits f. Physik 60, 491 
(1930); H. R. Hassé, Proc. Camb. Phil. Soc. 26, 542 (1930); H. Hellmann, Acta Phys. Chem. USSR 2, 273 (1935 

’% More complicated expressions are obtained by Buckingham on introducing a second function and second parameter 


for each shell. 
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wood’s formula (22a) gives 33.3a)* and Buckingham’s formula (24a) gives 63.2a,9*. In 8: the 2s 
electrons contribute 28.05a,* and the 1s electrons 0.04a,’ to the total. In ordinary units 8 is 
4.14x10-** cm’. 

For argon 8, 82 and §; are 5.05a,’, 8.41a,’, and 8.72a,', respectively. 83, 8, and 8; are almost the 
same, but differences can be calculated with some accuracy; thus §8;— 8; is only 3.4 10~*a,*. Kirk- 
wood’s formula gives 16.7a 9’ and Buckingham’s formula gives 17.5a,°. In 8; the 3p electrons contribute 
8.69a,'; the 2s and 2 electrons contribute 3.1 X 10~*a,’; and the 1s electrons contribute 5.2 K 10~a,’. 
In ordinary units 8; is 1.28 X 10-** cm*. The value of the polarizability obtained from the experimental 
data of C. and M. Cuthbertson" is 1.63 x 10-** cm’. 

In each case even the best of these lower bounds may not be very close to the true value of a ; the 
major contribution always comes from one of the groups of terms and the sum for each group has 
been approximated by the use of an average denominator. Better lower bounds could be obtained if 
some of the functions u(b"*"), --- were obtained and used to calculate the first terms in (16a). The 
sum of the remaining terms could be approximated by the use of sum rules in the way the entire sums 
have been treated.” 

Estimates of the next term in the polarizability, a, have been made and indicate that this term 
may not be small. If in (17) each (ml) group is treated separately and average denominators are 
introduced (the same approximation as 83), an expression is obtained which has the value 3.07a,' for 
beryllium and —4.53a,* for argon. The exchange terms, which give positive contributions, are for 
s electrons larger than the direct terms, which give negative contributions. For p electrons the relative 
contribution of the exchange terms is cut down and the combined effect is negative. These are not 
lower bounds to a“. 

Lower bounds to yu“ 
together, there results 


» can be obtained from (21a). If the electrons of each atom are all grouped 


6e*[ > ¢(a) PLS F(a") |? 
a® 


a 


1 =— ee aa (28) 
Dd n(a)>d £%(a") + dna") F(a) 
a a® a® a 
The corresponding formula of Kirkwood is 
[> (a! r?|a) *0 > (a*| r®?| 2°) }* 
e*m 4 a a® 
— ——__—____————.. (28a) 
h? 9[ N>-(a®|r?\a°)+N°D (a| r?/ a) ] 
a” a 


If in each atom electrons with the same principal quantum number are grouped together, there is 


obtained 
C2Lr@yPl Lv se)? 
lm ym) 1°m,°m7* 
ve=6e4 >> —— —- = - ——— ————., (29) 
an®{ > nla) D> F%(a%)+ FY a") & F(a)] 
im ym} 1°m ,°m :* 1°m ,°m* im mi 
Treating each (nl) group separately gives 
(a mw f(a am? 
(30) 


net sencniatens 
ec’ 9 a wo (au +® a® wt Q)m 


46 C._ and M. Cuthbertson, Proc. Roy. Soc. 84, 13 (1911). 
17 In addition upper bounds could be obtained. The terms of (16a) could be grouped and the denominators of the group 


replaced by the smallest denominator in the group. For example if \“(a) is the lowest A(b) which occurs in (16a) for a 


given a, an upper bound is 8’ = 2e*Z,¢(a)/L A‘ (a) — A(a) J 
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The corresponding formula of Buckingham is 
12e*m C(a) m2? f°(a®) wy? 
— . —_——_—_. (30a) 
h? aa® £(@) w+ £°() wy 


Similarly, if each electron is treated separately, an expression », is obtained ; and if each electron is 
treated separately and the sum separated according to the changes in /, an expression »; results. It is 
found for argon that », and », differ but slightly from v3. The above expressions have the relation 
y= ve— Ygp™. 

The results for beryllium are : »; = 167.2h9a° (ho = me*/h? = twice the ionization energy of hydrogen); 
Kirkwood’s formula (28a), gives 288.6hoa0°; ve=237.8hoa9°; Buckingham’s formula (30a), gives 
534.0hoao*. In ordinary units vz is 222.310~-* erg cm*. The interactions of 2s with 2s electrons 
contribute 236.5hoao* to v_ and the interactions of 2s with 1s and 1s with 1s contribute 1.286 and 
0.00935hoao", respectively. 

The results for argon are: »v,;=41.5hoa9°; Kirkwood’s formula gives 217.5hoa9°; ve=66.2h a9'; 
v3= 68.1ha°; Buckingham’s formula gives 135.9/9a9°. In ordinary units v3 is 63.7 KX 10-® erg cm®. The 
interactions of 3p with 3p electrons contribute 66.6hoa9° to v3; the interactions of 3p with 3s, with 29, 
with 2s, and with 1s contribute 0.65, 0.83, 0.073 and 0.0017hoao°, respectively. The interactions of 3s 
with 3s contribute only 0.0026/ 9a9°. The interactions of 2p with 2 contribute 0.0096, etc. 

A very extensive study of the nature of the interaction of two argon atoms has recently been made 
by Buckingham.'* He has used the magnitude and temperature dependence of the second virial 
coefficient of argon gas and the lattice energy and lattice constant of solid argon as experimental data 
to fix the constants in various assumed potential functions. It is found that the temperature depend- 
ence of the second virial coefficient is given satisfactorily for a wide range of the parameters. For the 
Lennard-Jones interaction \R*—y»R-, the lattice energy is given best for s=13.6 and .=90X10-" 
erg cm. This interaction then gives a lattice constant which is about three percent too small. The 
Born-Mayer interaction be~*®/*— »R~® with n= 102 X 10-® erg cm® and appropriate values of the other 
constants is found to reproduce all the experimental data fairly well. The Wasatjerna interaction 
cR'e—®!e —uR-* is also found to give good results; the best value of u for it is 105 10-* erg cm*. It is 
pointed out by Buckingham that higher order van der Waals terms, terms in R-*, R-, etc., are 
probably important at the distances considered and that they would, if included, have the effect of 
reducing the magnitude of the estimated value of u. Herzfeld and Goeppert-Mayer"® give an inter- 
action of the Born-Mayer type with ».=110X10~-® erg cm‘, which gives a somewhat smaller lattice 
energy than used by Buckingham, but about the same lattice constant and very good values for the 
second virial coefficient. Hirschfelder, Ewell and Roebuck®® have shown that the temperature 
dependence of the Joule-Thomson coefficient is given fairly well by a variety of possible potential 
curves. 

The writer is indebted to Professor Breit and Professor Wigner for discussion of this work and 
many suggestions regarding it. He wishes to thank the Wisconsin Alumni Research Foundation for its 


support. 


18 R. A. Buckingham, Proc. Roy. Soc. 168, 264 (1938). 
°K. F. Herzfeld and M. Goeppert-Mayer, Phys. Rev. 46, 995 (1934); K. F. Herzfeld, Phys. Rev. 52, 374 (1937). 
2° Hirschfelder, Ewell and Roebuck, J. Chem. Phys. 6, 205 (1938). 
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In the theory of the electrical conductivity of metals, the conservation theorem of Peierls 
establishes the invariance of the sum of the electron wave numbers and a function of the lattice 
vibrations. This is shown to be accompanied by other related conservation theorems based on 
the periodicity of the system. One of these refers to the difference between Peierls’ integral and 
the total momentum of the system. The connection between Peierls’ integral and the integral of 
momentum has usually been obscured by the use of electron states that do not represent a 
definite value of the momentum. When the system is treated as a whole it can be shown that the 
transfer of momentum from the electrons to the lattice need not be a process involving one 
electron at a time, but may involve a large number. One can say that the umklappresesse involve 
a whole group of electrons rather than a single one. As a result one can understand the estab- 
lishment of a steady state in a conducting metal without considering the umklapprosesse of single 


electrons as introduced by Peierls. 


1. INTRODUCTION 


INCE the work of Peierls' the theory of the 
electrical conductivity of metals has been 
marred by the presence of a conservation theorem 
whose physical significance has not been clearly 
understood. It has been interpreted as indicating 
that the conductivity of a metal should be very 
much larger, at low temperatures, than is ob- 
served, unless the electron energy as a function 
of wave number is restricted to a closely pre- 
scribed form. This seems an undue restriction, 
especially in the case of the alkalis. It is proposed 
to show here that this interpretation of the 
theorem is not justified, and that Peierls’ con- 
servation law presents no real obstacle to the 
understanding of the processes of conduction and 
resistance. 
The theorem in question is that, in the absence 
of an external electric field, the quantity 


I,=(1/G){>k;+Dfm;}, (1) 


is a constant of the motion, or can change by 
integral amounts only. Eq. (1) is written for the 
special case of a one-dimensional lattice in which 
d is the distance between the equilibrium posi- 
tions of the ions, G is the number of ions in one 
cycle, f is the integer characterizing a lattice 
vibration, and my, is an integer associated with 
the excitation of the vibration f. A positive 
value of m,; represents a wave traveling through 


1R. Peierls, Ann. d. Physik 12, 154 (1932). 
1 


2 


5 


the lattice in the positive direction. The quanti- 
ties k; are integers that characterize the wave 
functions of the individual electrons. These 
functions are of the form u(x;) exp (271/Gd)k,x;, 
where u(x;) is periodic with the period d. To 
satisfy the Pauli exclusion principle the k; must 
be different for different electrons. Since the &; 
for each electron changes under the influence of 
an electric field, and since an electric field 
cannot directly set up vibrations in the lattice, 
there has seemed to be no way to prevent J; 
from increasing indefinitely during the flow of a 
current. For the same reason, after a current 
has been started and the electric field removed, 
there has seemed to be no way in which the 
interaction with the lattice could stop the cur- 
rent without establishing a value of Zfmy, far 
different from the equilibrium value of zero. 

To avoid these difficulties, Peierls invoked the 
processes by which a single k; changes by the 
amount G. Such transitions are not prohibited by 
the conservation theorem, and since they may 
represent a reversal in the direction of motion, 
Peierls called them umklapprozesse. However, he 
also showed that the effective intervention of 
such processes at low temperatures requires a 
prescribed form of the electron energy as a func- 
tion of the wave number k. That all metals, and 
in particular the alkalis, should have this par- 
ticular form seems quite improbable. 

It will be shown here, however, that the 
restriction imposed by Peierls’ theorem applies 


wn 





ee oe 


} 
: 
‘ 


ote 
ee ae =a ae Fae 





1256 W. V. HOUSTON 


to all of the electrons together and not to each 
one by itself. In addition to the umklapprozesse 
of Peierls there can take place processes by which 
a number of electrons change their total =k; by 
the amount G. Such a process does not require 
the presence of a lattice vibration, but is due to 
the interaction with the undisturbed lattice. 
This provides a tremendous number of processes 
in which different numbers of electrons take 
part. Included in them are the processes in which 
each electron present changes its k; by a 
single unit. 

Transitions involving two or more electrons 
might be regarded as very improbable if the 
interaction between the lattice and the electrons 
were really a small perturbation. It is, however, 
a very large interaction, and conclusions charac- 
teristic of only the first-order perturbation treat- 
ment are not necessarily valid. The fact that the 
theorem of Peierls imposes a restriction on only 
the sum of the k; can be shown by consideration 
of the properties of the Hamiltonian function. 

The treatment of the complete problem shows 
other integrals of the motion in addition to /;. 
One of these is trivial since it expresses merely 
the cyclic boundary condition. It is that 

I;= k; (2) 


can change by integral amounts only. Since &; is 
restricted from the beginning to integral values, 
this is of little importance. The origin of this 
integral, however, is very similar to that of the 
others. The third is that 


I;=(1/G)(s— > fm,;) (3) 
f 


can change by integral amounts only. In this, 
s is an integer that represents the momentum of 
the lattice as a whole. The last is the sum of 
two others, 


T,=1I,+]s=(1/G) (dk; +5), (4) 
| 


and is associated with the motion of the system 
as a whole. The presence, in this sum, of both 
Yk; and s indicates that all of these integrals are 
closely connected with the momentum integral. 


2. THe HAMILTONIAN FUNCTION 


The most satisfactory treatment of the theorem 
of Peierls was given by Bloch,’ and is based on 
?F. Bloch, J. de phys. et rad. 4, 486 (1933) 


the invariance of the Hamiltonian function to 
various transformations. His general procedure 
will be followed here. 

The problem can be treated adequately in one 
dimension as the other dimensions add only non- 
essential complications. Let the lattice be com- 
posed of G ions of mass m,, arranged in a straight 
line, and separated by a distance d, in their 
equilibrium positions. These equilibrium posi- 
tions will have the coordinates nd, with m an 
integer. Only displacements that lie in the line 
of the ions will be considered. Transverse waves 
need not be treated since they are of little 
consequence in the resistance. Let u, be the 
displacement of the mth ion from its equilibrium 
position, and assume that the interaction be- 
tween the ions can be represented by springs 
connecting them. It is immaterial whether this 
interaction is restricted to adjacent ions or 
whether it extends also to those more distant. 
It is essential, however, that the lattice as a 
whole be free to move. This interaction, which is 
represented by springs, is in addition to that 
produced by the interaction with the conduction 
electrons, and it can be regarded as caused by 
the electrons in the closed shells. Such a specifica- 
tion makes, of course, a very much idealized 
model of a metal crystal, but it contains the 
elements essential to the present discussion and 
it is desirable to be very specific as to the model 
that is under consideration. In particular it is 
to be emphasized that only harmonic forces 
between the ions are being considered. It is also 
to be understood that the problem is treated as 
cyclic, and that the G ions constitute one cycle. 

If p; and x; are respectively the momentum 
and the coordinate of the jth electron, the 
Hamiltonian function for the system in the 
absence of any external field, is 


G 
H=(mz/2) > tin? + Do danthnthn 


f 


G . 
+> {(p7/2m)+>> V(x;-—nd—u, 
7=1 


n=! 


The 5,,,° are constants that can be expressed in 
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terms of the force constants of the springs. 
V(x;—nd—u,,) is the potential energy of inter- 
action between the jth electron and the mth ion. 
The use of a general function, instead of the 
first few terms of a power series expansion, is 
necessary to give a Hamiltonian function that 
guarantees the conservation of momentum. 

Following Bloch we may introduce new coordi- 
nates &; and n,; defined by the equations 


G/2 


u,=>. {t, cos (2rfn/G)+n,; sin (2fn/G)}. (6) 


' 
f=0 


The apparent presence of G+2 coordinates for 
the specification of the positions of G ions need 
not overdetermine them, since mo and ne2 are 
always multiplied by zero coefficients in Eqs. (6). 
They may therefore be set equal to zero without 
imposing any restriction on the motion of the 
ions. Expressed in these coordinates the Hamil- 
tonian function is 


G/2—1 
H=(M/2){&&?+(4) & LéP+nf+o/(Ef+0/*)] 


f=1 


G 
+ 7 6)2+we/2k*G/2} +> { (p;*/2m) 


I7=1 
G G/2 
+> V(x;—nd— > [£;cos (2xfn/G) 
n=] J=0 


+n,sin (2xfn/G) })+>V.(xj-—x;)}, (7) 
r- 


with M=Gmy,. 
Now let 


Ey = ps COS gy, and ns Py; sin Ss, 


with the special provision that go=0, and ge: 
is an integral multiple of x. These provisions 
preserve the zero values of mo and qe. It will 
also be convenient to introduce the center of 
mass of the electrons. Hence let 


é=x;—-X. 


j j 


X=(1/G)}>x;, and 


7= 1 


These coordinates are not all independent since 
=,°£;=0. When it is necessary to guard against 
any ambiguity due to this fact, & will be re- 


placed by —22%;. With these coordinates the 
Hamiltonian function becomes 
G/2-1 


H=(M/2){ po?+(4) & [67?+07¢7+o/7 7] 


f=1 


+ pG/2+w*e/2p* oat (Gm/2)X* 


G G 
+(m/2)¥°&?+(m/2)(> €,)? 
j=2 j=2 


+ ¥ V(&;—&) + V(X+E;—nd 


G/2 


—¥> p; cos [(2xfn/G)—¢,;]). (8) 
j=0 


This is not strictly the Hamiltonian function 
since it contains the velocities instead of the 
momenta, but the transformation is easily made 
and does not affect any of the conclusions to 
be drawn. 

In the presence of a uniform electric field 
there is the extra term 


H'=GeE(po—X) =GeEZ, (9) 


where Z= po—X. 

Peierls’ conservation theorem is associated 
with the invariance of H under the transforma- 
tion 


xj—xjt+d, gest (24rf/G), T, 


for all values of 7 and of f. The increase of all of 
the x; by the amount d is equivalent to the 
increase of X by d with all of the &; unchanged. 
The terms in the Hamiltonian that are affected 
by this transformation are those comprising the 
interaction between the electrons and the lat- 
tice. Their invariance under 7; is due to the 
cyclic boundary conditions which provide that 
Vn. ¢= Vase, » With this provision, the trans- 
formation 7; effects a rearrangement of the 
terms in the sum. 

However the Hamiltonian function is also 
invariant under the transformations 


X-X+d, &—&—d, (jxi), T: 
po—potd, eres (2rf, Q), T; 
X—X+d, po—potd. T, 


The transformation 7; is equivalent to x;—x; 
+Gd. The invariance of the Hamiltonian func- 
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tion, as well as all wave functions, under this 
transformation is due to the cyclic boundary 
conditions and is merely an expression of them. 
The transformation 7; represents the displace- 
ment of the lattice through the distance d in 
one direction, and the displacement of all the 
elastic waves the same distance in the opposite 
direction. It can be seen from the forms of the 
transformations that 


T4= 717s, (10) 


and that 7, is associated with the total mo- 
mentum of the system. To understand the full 
significance of these transformations it is helpful 
to examine the behavior of the wave functions 
under them. 


3. INTEGRALS OF THE MOTION 


Let the wave function for each electron be of 
the usual form indicated above. The total elec- 
tronic wave function can be built up out of 
products of these of the form 


G 
+++, xq) =II exp [(2ri/Gd)k jx; Ju;(x;) 


j=l 


U(x, 


G 
=exp [(27i/Gd) kx; I]u;(x;). (11) 


j=1 


The wave function of the lattice can be written 
in terms of the normal coordinates introduced 
into the Hamiltonian function 


U(ps, es) = exp [(24t/Gd)s po | 


7/2 
XII R(ps, ss) exp (imy¢y), 
j=l 


(12) 


where the R(p;, s;) are the radial functions for a 
two-dimensional harmonic oscillator, and the 
Sy and my are integers. The Pauli exclusion 
principle requires that all of the k; in the eléctron 
function be different, but this fact is unim- 
portant for the present considerations. The set 
of products of these two functions provides a 
basis for the representation of any state of the 
combined system. 

The above functions have been selected to be 
characteristic of the operators 7;, T72, 73 and 7,. 
The characteristic values are evident from the 
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following equations: 
TU (k;, my, Ss, S$) 
=exp [(2rt/Gd) (Lk; + DL fmy,) ]U(k;, my, s,s), 
i f 


T2U (kj, my, $7, 8) = U(Rj, my, $7, 5), 


T3U(k;, my, $7, 8) =exp [(24i/Gd)(s— > fm,)] 
f 


X U(k;, my, $7, $), 
T,U(k;, my, $7, 8) =exp [(2rt/Gd)(s+>k,) ] 
7 


X U(R;j, my, $7, $). 


Since these operators commute with the Hamil- 
tonian function, any stationary state that is 
a product of the functions (10) and (12) can 
be specified by a characteristic value of each 
of these operators. Furthermore, if the system 
is in a state represented by any one of the 
above products, it will make transitions to 
only those other states that have the same 
characteristic values of the above four operators. 
In such transitions the integrals J;, J2, J; and J, 
either do not change at all or change by integral 
amounts. 


4. DISCUSSION OF THE CONSERVATION LAWs 


It is important to notice that the integrals 
I, and J, contain the sum of the &;, and not the 
individual k; themselves. The Hamiltonian func- 
tion is not invariant to the operation which 
increases one of the x; by the amount d, changes 
the y’s by the amount indicated in 7), and leaves 
the other x; unchanged. The same thing is true 
of the operation on the angles gy. It is only when 
they are all changed that the Hamiltonian 
function is restored to its original condition. 
This is not due essentially to the presence of a 
term giving the interaction between the electrons 
but is due to the form of the interaction between 
the electrons and the lattice. It is because all 
of the electrons interact with all of the modes of 
vibration. It is true that this interaction consists 
of a sum over the electrons, so that if the inter- 
action is treated as a perturbation and only the 
first approximation is considered, the electrons 
act independently. Since the interaction is really 
a large one, this apparent independence may be 
quite misleading. 
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The original derivation of the integral J; was 
based upon this independent treatment of the 
electrons and so suggested that changes in J, 
by the amount G must be made up of a change in 
one m, and one k; only. Such an interpretation 
is not at all required by the general treatment 
given above. Nevertheless it remains to be 
shown that transitions involving two or more 
electrons actually do occur. For this purpose it 
will suffice to treat a special case. 

Consider the situation in which all of the s; and 
m,; are zero and do not change, and let the 
electron functions be those for free electrons. 
The second-order treatment will involve the 
square of the interaction energy and this will 
contain terms which are products of the inter- 
action with two electrons. Such matrix elements 
have the form 


(ky’, ky’, s’ V?! ki, ko, S) 


~ > | exp [(27i/Gd){ (ki—ki')x1 


mi, "2 


a/2 
+ (ke—ke’)x2+(s—s’) po} ] II | R(p;, 0) |? 
j=1 
G 2 
x V(x1— id — > p; cos [ (24 fn,/G) — ¢; }) 
0 


G/2 
X V(x2— med — Fp; cos [ (2x fn2/G) — ¢; }) 
0 
X psd psd dxydx>. (14) 


For ease in computation take the special case in 
which the interaction between an ion and an 
electron is limited to a very small region and 
let it be approximated by a 6-function. Then 
integration over x; and x2 gives 


(ky’, ky’, s’| V2 ki, ko, S$) 
~ > f exp [(2ri/Gd) {| (ki—k,’) 
mi, m2 
X (myd+ pot > py cos [ (2x fn,/G) — ¢,]) 
1 


G/ 
+ (ke— ke’) (ned + po+> py cos [(2xfn2/G) — ¢; }) 
1 


G/2 
+(s—s’)p } 1 R( py, 0) 2 pd psd gd po. (15) 
f=1 





Let x;= py cos gy, and ys= py sin gy. In the state 
of the oscillators for s;=0, 


R(py, 0) =exp [ —a;y(xf+y/)/2). 


The integrals over x; and y, can then be carried 
out. The constancy of J, is evident from the 
coefficient of po in the exponent. The integral 
over po Vanishes unless 


(ki'+ke'+s’) = (kitket+s). 


If this condition is satisfied the integral can be 
evaluated to give 


(Ry’, ky’, s’| V?| ka, ko, S) 
~exp [ —(x/Gd)*{ (ki— ky’)? +(ka— he’) } J 


G/2 
DX (1/4a,) D exp [(20t/Gd) 
f=1 mi, "2 


X { (ki— Ri’) mi + (ka— he’) no} 
G/2 
_— (x/Gd)?>” | (ki— ky’) (Ra— Ro’), 2a;} 
1 


Xcos (2rf/G)(mi—m) ]. (16) 


Since a, increases with f, the sum in the last 
exponent decreases rapidly with the absolute 
value of (m,;—m2). For m;=n,_ there remains the 
sum 


¥ exp [(27i/G)(ki— ki’ +ha— ha’) n)], 


n=1 


which vanishes unless (k;'’+:2’) — (ki +s) = wG, 
with w an integer. The same is true for any 
fixed value of (m,;—m:). This represents the con- 
servation of J, when there is no change in the 
state of vibration of the lattice. When the 
conservation laws are satisfied, the above matrix 
element is not generally zero, and such transi- 
tions can be expected to take place. 

The change of a single k; by the amount G has 
often been compared to Bragg reflection from 
the undisturbed lattice. This is true for a single 
particle. The change of the sum of the &; for a 
group of electrons may be likened to the Bragg 
reflection of an atom or molecule from the 
lattice. In the case at hand, however, the inter- 
action between the electrons need not be con- 
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sidered as due to their Coulomb fields, but 
merely as taking place through their interaction 
with the lattice. 

Some of the difficulty in understanding the 
significance of Peierls’ conservation theorem has 
been associated with the fact that the electron 
functions ordinarily used, u(x)e@*9®**, are not 
characteristic of momentum. The conservation 
law involves the k, which represents momentum 
for a free particle but not for a particle in a 
periodic field. However, it must be remembered 
that even though the function used is not 
characteristic of momentum, it is a sum of 
momentum characteristic functions whose mo- 
menta differ by just the amount h/d. Such a sum 
is just the ordinary Fourier expansion, 


u(x) exp (211/Gd)kx 


@ 
= >) A, exp (271/Gd)(k+nG)x. 


n=—@ 


Since all of the conservation theorems apply to k 
modulo G, the distinction between the & and 
the momentum is not really significant. The 
distribution of the momentum over the various 
values is not at all restricted by the integrals. 

The connection of =k; with the momentum is 
demonstrated by the existence of the integral J,. 
Any change in 2; (modulo G) is accompanied 
by a corresponding change in s, and s clearly 
represents the momentum of the lattice. Accord- 
ing to J;, s and 2 fm, must increase together so 
that the conservation of momentum can be 
expressed in the form of J;. It is the integral J; 
that gives the connection between = fm, and the 
momentum of the lattice. This integral shows 
that it is impossible for the electrons to excite 
an elastic traveling wave without a transfer of 
momentum to the lattice. 

When the whole interaction between the elec- 
trons and the lattice is treated as a perturbation 
it is quite clear that the magnitude of the inter- 
action is such that a first-order treatment is 
inadequate. However, the usual procedure has 
been to consider the unperturbed system as 
including the interaction between the electrons 
and the lattice in its equilibrium configuration. 
The departures from regularity were then treated 
as the perturbation. This procedure tends to 
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obscure the momentum relations, since the lattice 
is usually treated as fixed. 

Another difficulty with the usual method is 
that the contribution, to the perturbation, of the 
term proportional to the first power of the dis- 
placement of the ions is very small. Because of 
the symmetry of the interaction between an ion 
and an electron, the average of the first deriva- 
If the second derivative is 


tive will vanish. 


‘ considered, terms in the square of the displace- 


ment must be included. This leads at once to 
processes in which two of the m,; change together. 
As a matter of fact it can be shown that unless an 
infinite series is used to express the interaction 
between one electron and one ion, the Hamil- 
tonian function cannot have the proper peri- 
odicity and at the same time provide for the 
conservation of momentum. 

The principal consequence of the above con- 
siderations is that it is not necessary to give a 
special treatment of the umklapprozesse of a 
single electron in computing the resistance of a 
metal. Since, as Peierls showed, such processes 
require very special circumstances for their 
effective occurrence at low temperatures, they 
will be very rare, and will be replaced by 
processes in which a number of electrons make 
transitions at the same time. Most of the treat- 
ments of resistance have not included the 
umklapprozesse of a single electron in a very 
satisfactory way at the low temperatures where 
they would be of importance. In his original 
work Bloch’ neglected them entirely. Peierls‘ 
criticized this neglect and undertook to estimate 
the effect of their inclusion. This was not very 
precise, but he showed that their inclusion, with 
the special circumstances under which they 
might be expected to occur, would not seriously 
change the temperature dependence of the re- 
sistance from that otherwise estimated. In a 
recent treatment by Peterson and Nordheim‘ 
they were neglected on the ground that they 
would be unimportant at high temperatures, 
although still later they were considered by 
Bardeen® at the same high temperatures. Since 
the last two papers were principally devoted to 


*F. Bloch, Zeits. f. Physik 52, 555 (1938); 59, 208 (1930). 

*E. L. Peterson and L. W. Nordheim, Phys. Rev. 51, 355 
(1937). 

5 J. Bardeen, Phys. Rev. 52, 688 (1937). 
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the determination of the proper form for the 
lattice-electron interaction energy, their results 
do not throw much light on the role played by 
the single electron umklapprozesse. 

Another consequence of these considerations 
is the suggestion of a different approach to the 
problem of computing the resistance. It would 
seem that the treatment of the electrons as 


NUCLEAR FORCES 1261 


independent, and the inclusion of the Pauli 
exclusion principle in the integral equation for 
the electron distribution, might not be the best 
procedure. It might be possible to treat the 
motion of the center of mass of all the electrons 
and to compute the probability of a change of its 
motion under the influence of the electric field 
and of the lattice interaction. 
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The Meson Theory of Nuclear Forces 


H. A. 


BETHE 


Cornell University, Ithaca, New York 
(Received May 13, 1939) 


HE meson! theory of nuclear forces*:* pre- 

dicts two kinds of interactions between 
heavy particles (protons and neutrons). The 
first kind does not depend on the spin of the 
heavy particles and has the form 


U=g,"e"/r, (1) 


where r is the distance between the two interact- 
ing heavy particles, g; is a constant, \ the re- 
ciprocal Compton wave-length of the meson, 


h=uc/h (2) 


and uw the meson mass. Besides (1), there will be a 
spin-dependent force, 


V = V,+ bz, (3) 
Vi= 4322? 01:02 e~*"/r, (3a) 
V3=- 2(3 ee ay v:) 
e~>r 
K—(1+Ar+4r*r?), (3b) 
*r? 


where o; and a are the spin operators of the two 
heavy particles, and r the vector from one to the 
other. The constant ge has the same value in 
(3a) and (3b) but is independent of g; in (1). 


1 For the name ‘‘meson"’ and the arguments in its favor, 
see H. J. Bhabha, Nature 143, 276 (1939). 

2H. Fréhlich, W. Heitler and N. Kemmer, Proc. Roy 
Soc. 166, 154 (1938); H. J. Bhabha, Proc. Roy. Soc. 166, 
501 (1938). 

*N. Kemmer, Proc. Camb. Phil. Soc. 34, 354 (1938). 





The spin-dependent interaction has been split 
into one part, V;, which does not depend upon 
the relative position of the two particles (direc- 
tion of r), and another part, V2, whose average 
over all directions of r gives zero. It is usually 
argued? * that the latter part has no influence on 
spherically symmetrical states such as the ground 
state of the deuteron so that only the spherically 
symmetrical interactions U and V;, are consid- 
ered. In order to obtain agreement with the 
observed positions of the singlet and triplet 
states of the deuteron, it is then necessary*® to 
choose g; ~0.6g¢. 

The neglecting of V: cannot actually be 
justified. This interaction destroys the spherical 
symmetry of nuclear states and makes the ground 
state of the deuteron a mixture of an S and a D 
state. Quite generally, the orbital momentum L 
of the nucleus will cease to be quantized when a 
“tensor” interaction of the type V2 is present. 
V2 vanishes identically only for singlet states of 
the two-body problem; for any triplet state, 
including the ground state of the deuteron, it 
must be considered. 

In fact, V2, as it stands, will give an infinite 
binding energy for the ground state of the deu- 
teron, for it represents an inverse cube potential 
which is attractive for a certain linear combina- 
tion of an S and a D state, and for such a poten- 
tial the Schrédinger equation does not possess a 
lowest eigenvalue. The only remedy seems to be 
to “cut off” the interaction potential at a small 
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distance, ro. This is not very satisfactory from 
the esthetic point of view but seems justifiable 
in view of the large size of the interaction con- 
stant g(g:*/hc~1/10). The cutting-off distance 
fo turns out to be about 0.3 to 0.45 of the ‘“‘range”’ 
of the nuclear forces, 1/X. 

If the potential V2 is cut off at a certain dis- 
tance fro, the lowest eigenvalue of the deuteron 
will be finite, its exact value depending on rp and 


ge. The tensor interaction V_ will tend to lower. 


the triplet state but it will not influence the 
singlet level. This interaction can therefore be used 
to obtain the correct relative position of singlet and 
triplet state of the deuteron without introducing the 
spin-independent interaction U at all. This would 
mean a great simplification of nuclear theory: 
There would be only a single force V, given by 
(3), between nuclear particles, instead of the four 
different forces (Wigner, Majorana, Heisenberg 
and Bartlett) used previously. 

It seems very probable that the meson po- 
tential (3) satisfies the saturation requirement 
since its average over the spins of the interacting 
particles is zero. It also appears likely that the 
relative positions of the energy levels of heavier 
nuclei will remain qualitatively the same as with 
the old forces. The meson potential is superior to 
the old forces in predicting a quadrupole moment 
for the deuteron because the ground state of this 
nucleus will now be a mixture of an S and a D 
state rather than a pure S state. Such a quad- 
rupole moment has been observed by Kellogg, 
Rabi, Ramsey and Zacharias.‘ This cannot be 
explained on the basis of the old “central” 
nuclear forces (Majorana, etc.) but requires the 
introduction of a fifth force, of the same tensor 
character as our V2 (Schwinger*). 

The forces (1), (3) are based on the assumption 
that heavy particles interact only with neutral 
mesons (neutral theory). It is also possible to 
assume interaction with charged as well as 
neutral mesons. A theory of this type, sym- 
metrical in positive, negative and neutral mesons, 
was proposed by Kemmer*® (symmetrical theory) 
and leads to a force between heavy particles 
differing from (1), (3) by a factor *,-*2 where +; 
is the operator of isotopic spin for the first heavy 


‘]. M. B. Kellogg, I. I..Rabi, N. F. Ramsey and J. R. 
Zacharias, Phys. Rev. 55, 318 (1939). 
* J. Schwinger, in course of publication. 
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particle. For states ‘“‘symmetrical in charge” 
such as the |S state of the deuteron, ¢,-*:;=1; for 
states antisymmetrical in charge, such as the *§ 
state, t;-t2= —3. 

Both in the neutral and the symmetrical 
theory, the force between two neutrons (n-mn) is 
equal to that between two protons (p-p), and in 
the 'S state the force between neutron and 
proton (p-m) is also equal to the n-n and p-p 
force. The equality (n-n)=(p-p) is required by 
general nuclear theory while (-p) = (p-p) follows 
from the comparison of the scattering of slow 
neutrons and of protons by protons. With re- 
spect to the ground state of the deuteron, the 
two theories differ: In the neutral theory, the 
interaction (3a) is repulsive, in the symmetrical 
theory, it is attractive and equal to the 'S 
interaction. The influence of (3b) must therefore 
be greater in the neutral theory. 

In the neutral theory, V2 is attractive when 
the spins e,e2 are in line with the axis r of the 
deuteron. Therefore the theory predicts a “cigar 
shape”’ for the deuteron, i.e., greater probability 
of finding the axis r parallel to the total spin ¢ 
than perpendicular to it. In the symmetrical 
theory, the factor +,-+:=—3 reverses the sign 
of V: so that a “‘pill-box’’ shape results. The 
experiments of Kellogg, Rabi, Ramsey and 
Zacharias‘ give a cigar shape.*® 

We have solved the Schrédinger equation for 
the ground state of the deuteron using the po- 
tential V, both for the symmetrical and the 
neutral theory. The solution was obtained by 
numerical integration without neglecting any 
terms. The interaction constant g: and the 
cutting-off radius ro were determined so as to 
give the correct position for both the singlet and 
the triplet level of the deuteron. The latter was 
assumed to be —2.17 Mev, the former was 
deduced from a slow neutron cross section of 
18.3-10-** cm’. The meson mass was taken equal 
to 177 electron masses, in approximate’ agree- 

* In order to obtain sign and magnitude of the quadrupole 
moment from the experiments, it is necessary to know the 
inhomogeneity of the electric field in the hydrogen mole- 
cule near one nucleus. This inhomogeneity has been calcu- 
lated by Nordsieck using Wang wave functions. It is not 
known how much error is introduced by the use of such 
approximate wave functions. Even a reversal of sign can 
not be completely excluded at present. 

7 The value 177 is convenient for calculation because 


it makes h/yc equal to one-half of the “‘radius’’ of the 
deuteron. 
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TABLE I. Summary of results obtained on the basis of the two theories and the two ways of cutting off. 








NEUTRAL THEORY 


SYMMETRICAL THEORY 





CUT-OFF ZERO STRAIGHT ZERO STRAIGHT 
g3?/he 0.081, 0.080, 0.250 0.154 
ro/(h/uc) 0.320 0.436 1.679 1.733 
Quadrupole moment 2.73 2.67 — 24.7 —17.8 10% cm’ 
Percent ‘‘D"’ function 6.88 6.68 23.46 18.52 








ment with the latest determination of Nishina, 
Takeuchi and Ichimya* (17049). The cutting 
off was made in two different ways, viz. (a) the 
potential was taken to be zero inside of ro (zero 
cut-off), (b) the potential for r<ro was taken 
equal to V(ro) (straight cut-off). In case (a), 
the radius 7» must, of course, be taken smaller 
than in (b) in order to obtain the correct binding 
energy for the deuteron, but the final value for 
the quadrupole moment of the deuteron is 
changed very little. 

In Table I, the results* are summarized for 
the two theories and the two ways of cutting off. 
The values of the cutting-off radius obtained in 
the neutral theory (0.320 and 0.436 h/yc) are 
very reasonable, while those for the symmet- 
rical theory (~1.7h/yc) are unbelievably high. 

8 Y. Nishina, M. Takeuchi and T. Ichimiya, Phys. Rev. 
55, 585 (1939). 

®*The values given previously (Phys. Rev. 55, 1130 
(1939)) were erroneous. 





Correspondingly, the symmetrical theory gives 
improbably high values for the quadrupole 
moment (in addition to the wrong sign, i.e., 
pill-box shape). The neutral theory, on the 
other hand, gives a value for the quadrupole 
moment (~2.7-10-*? cm*) in close agreement 
with that obtained from the experiments 
of Kellogg, Ramsey, Rabi and Zacharias 
with the use of Wang wave functions*® ” 
(2.5-10-*7 cm?). Although the evaluation of the 
experiments with Wang functions may not be 
very accurate, present evidence is definitely in 
favor of the ‘‘neutral theory.’’ In this theory, it 
is of course difficult to explain the 8-decay and 
the magnetic moments of proton and neutron. 

The last line of Table I gives the percentage of 
*—D wave function contained in the eigenfunction 
of the ground state of the deuteron. 


“ | am indebted to Dr. Nordsieck and Professor Rabi 
for communicating this value to me. 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may be secured by 
addressing them to this department. Closing dates for this department are, for the first issue of the 
month, the eighteenth of the preceding month, for the second issue, the third of the month. Because of 
the late closing dates for the section no proof can be shown to authors. The Board of Editors does 
not hold itself responsible for the opinions expressed by the correspondents 


Communications should not in general exceed 600 words in length. 


Excitation Function for Iron by Energetic Deuterons 


When pure iron is bombarded by deuterons, several 
radioactive products! are formed. Two of these isotopes 
are radioactive cobalt of half-life 18 hours and radioactive 
manganese of half-life 25 minutes, both emitting positrons. 
These two radioactive isotopes are of particular interest 
since both are formed from the same parent isotope of 
iron (mass 54); the former by a (D, nm) reaction and the 
latter by (D, a) reaction. It is thus possible to compare 
the most probable nuclear reaction, that is, the loss of a 
neutron, with the less probable transition, the loss of an 
alpha-particle. These excitation functions have previously 
been observed? up to 5.5 Mev. 

With the increased energy now available from our cyclo- 
tron these observations can be extended to the more 
interesting region of higher voltages. When a wave-length 
of 27.5 meters is used the range of the deuterons outside 
a window of 2 cm air equivalence is quite sharply 61 cm 
in air. This beam was made incident upon a stack of uni- 
form iron foils, and after exposure the radioactivity of each 
foil was studied by a string electrometer with ionization 
chamber. 

Figure 1 shows the 18-hour cobalt activity expressed in 
relative units as a function of the average exciting energy 
for each foil. The equivalent air range of each foil was 
determined directiy by observing its stopping power for 
deuterons. The range-energy relationship given by Bethe 
and Livingston was employed. 

The striking result is apparent that at about 7 Mev a 
saturation occurs, so that no appreciable gain in radio- 
activity is obtained at higher voltages for this reaction. 
This subject has been treated theoretically by Konopinski 
and Bethe.* They predict a leveling of the excitation curve 
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Fic. 1. Excitation curve of Fe(D, n 


at somewhat higher voltages, 10 to 12 Mev. It should be 
mentioned that for other heavier elements of atomic 
number 40 or more an enormous increase in yield for the 
D,n) reaction occurs as the exciting energy is increased 
from 7.5 to 10 Mev. The data for the (D, a) reaction will 
be reported later. 

J. M. Cork 

B. R. Curtis 


Department of Physics, 
University of Michigan, 
Ann Arbor, Michigan, 
May 23, 1939. 


1B. T. Darling, B. R. Curtis and J. M. Cork, Phys. Rev. 51, 110 
1937); J. Livingood and G. T. Seaborg, Phys. Rev. 54, 51 (1938 

2 J. M. Cork and B. R. Curtis, Phys. Rev. 53, 946 (1938 

?E. J. Konopinski and H. A. Bethe, Phys. Rev. 54, 130 (1938). 





On the Angular Distribution of the Fast Neutrons 
Scattered by Atoms 


Recently, Aoki' has found that the scattering of 2.9-Mev 
neutrons by lead, copper and aluminum atoms cannot be 
spherically symmetric, as the differential scattering cross 
section measured by the ring scatterer method at the 
scattering angle of 40°+15° is much larger than the 
value expected from the total absorption scattering cross 
section determined by the transmission method on the 
assumption of spherically symmetric scattering. On the 
other hand, the results for carbon were consistent with 
the view that the scattering is spherically symmetric 

To test these points more directly, the differential cross 
sections at different scattering angles were determined for 
lead and carbon by using ring scatterers of different size. 


toc m* for Cc 
1o™*cm* for Pb 
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Fic. 1. Scattering cross section in Pb and C. 
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TABLE I. Differential scattering cross section in 10°-™ cm? 


=—— 


SCATTERING 


ANGLE 23 33° 44 55 
~~ 1.83+40.17 1.55+0.10 1.32+0.14 
Pb 24.2418 16.2 +06 6.9 +0.5 16 +0.7 


Our results are tabulated in Table I and illustrated in 
Fig. 1. The asymmetry in the case of lead is very astonish- 
ing; the differential cross section at 55°+5° is less than 
one-tenth of that at 23°+5°. In the case of carbon we see 
that the departure from the symmetric scattering is not 
marked in accordance with the observation of Aoki. The 
small departure from the symmetry in the case of carbon 
seems to be real. 

SEISHI KIKUCHI 

Hiroo AOKI 

Tetuo WAKATUKI 

The Physical Institute of Osaka Imperial University, 


Osaka, Japan, 
April 28, 1939. 


1H. Aoki, Proc. Phys. Math. Soc. Japan, in press. 





Powder Patterns on Permalloy Crystals 


If the origin of the inhomogeneities of surface magnetiza- 
tion is merely a magnetostriction effect, there will be no 
powder pattern formed on a ferromagnetic having no 
magnetostriction. On the other hand, if McKeehan and 
Elmore’s' model for silicon iron is also applicable to the 
ferromagnetics in general, it should be expected that a 
magnetic substance even without magnetostriction should 
also show powder patterns. So it is interesting to investi- 
gate this problem with a permalloy crystal of a certain 
composition which has practically no magnetostriction. 

Permalloy of 84 percent nickel and 16 percent iron was 
chosen. Several disks about 6 mm in diameter and 0.5 mm 
in thickness, parallel to (110) or (100) planes, were cut 
from the large crystals grown in an induction furnace. 
They were polished with Al,O; powder in the usual way. 
By using a water solution of Fe,O; with a little gum arabic 
a microscopic view of the patterns in either parallel or 
normal magnetic field was easily observed or photographed 
by means of a “‘panphot”’ microphotographic camera. The 
patterns consist of two sets of broken lines inclined to one 
another at about 130°, one set being more regular and 
distinct than the other. The (110) plane developed better 
patterns than the (100) plane, but of the same type. 
The average space between the lines is about 74. When the 
parallel or normal field was reversed (the former was mostly 
used in our investigation), the lines moved through a dis- 
tance of about one-half to one space. They could be 
brought back and forth without disturbing the sharpness 
of the lines. This shifting effect was first observed by 
McKeehan and Elmore on silicon iron crystals with normal 
field. After the specimens were annealed at about 600°C 
for six hours the patterns disappeared. However they could 
be recovered by polishing again. They were not affected 
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by increasing the field strength except that the lines 
became fainter and fainter until all the powders were 
attracted to the sides of the specimen. We found no 
patterns of other types no matter how strong the field. 
Because the pattern lines form tees and ells but never 
cross each other, and because they are also shifted by the 
reversal of an applied field, one may say that the origin of 
the lines is of the same nature as that of the maze patterns 
on silicon iron crystals. In other words, McKeehan and 





Fic. 1 (a) Powder pattern on (110) plane with a field parallel to the 
surface, magnification 190 <. (b) same as (a) with field reversed 


Elmore’s model may explain the general results. They are 
also similar to Sixtus” patterns of the first type, since for 
both of them the surface condition produced by polishing 
is necessary. Mechanical polishing might affect a metallic 
surface in two ways as pointed out by Elmore.’ It sets up 
stresses varying from tension to compression, and produces 
fragment structure in the surface just underneath the 
Beilby layer. In the case of permalloy the surface stresses 
should not be effective because there is no magnetostriction. 
So the magnetization directions of the elementary domains 
in the different districts, and hence those of the lines, are 
not controlled by the stresses, as may be argued in the case 
of iron crystals. We may, therefore, conclude that the 
second effect of polishing seems to be the essential one in the 
formation of the patterns and magnetostriction has little 
relation with them. 

The absence of the patterns of other types is probably 
due to the fact that the magnetic anisotropy in the crystals 
of the above composition is very small,‘ yet the existence 
of the preferential direction of magnetization is one of the 
necessary conditions for producing patterns. 

We wish to thank Professor L. W. McKeehan of Yale 
University and Dr. W. C. Elmore of Massachusetts Insti- 
tute of Technology for help in preparing this note. Its 
publication has been delayed considerably by circumstances 
beyond our control. 

J. W. Sara 
Tsu-YEN CHAI 
National Research Institute of Physics, 
Academia Sinica 
Kunming, Yunnan, China, 
February 15, 1939 
L. W. McKeehan and W. C. Elmore, Phys. Rev. 46, 226 (1934 
2K. J. Sixtus, Phys. Rev. 51, 870 (1937 
\ 
‘ bk 


C. Elmore, Phys. Rev. $1, 982 (1937 
Lichtenberger, Ann. d. Physik 15, 45 (1932 
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Search for Heavy Cosmic-Ray Particles 
with a Cloud Chamber 


Beacuse of the relativistic increase of masses with ve- 
locity, the determination of the rest mass of charged 
particles with a cloud chamber becomes impossible if 
their energies are very large. To investigate the nature of 
cosmic-ray particles a special anticoincidence amplifying 
set was used to trip the cloud chamber only by those 
cosmic-ray particles whose further path lies below a given 
range. By this method one makes sure to investigate only 
those particles which are of low energy and in which 
differences of mass can be detected by the ionization pro- 
duced in a cloud chamber. 

With a big rectangular Wilson chamber of 12 by 24 
inches area and a magnetic field of 2000 gauss, 118 success- 
ful photographs have been taken. In 104 expansions the 
particles traversing the cloud chamber had a range less 
than 5 mm of lead. In five pictures this range was less 
than 17 mm. Nine additional expansions were taken with 
15 cm of lead above the whole arrangement to count only 
the penetrating component. 

No case was found which showed any observable differ- 
ence of ionization from fast electrons. This result is in 
qualitative agreement with similar experiments published 
in the meantime by Street and Stevenson,’ and emphasizes 
the rarity of occurrence of the terminal portion of a 
mesotron track. 

The experiments were performed at the Swiss Institute 
of Technology in Zurich, and I would like to acknowledge 
the support and many discussions by Dr. P. Scherrer. 

G. HERzOG 

University of Chicago, 

Chicago, Illinois, 

May 18, 1939. 
1J. C, Street and E. C. Stevenson, Phys. Rev. 52, 1003 (1937). 





Zenith Angle Distribution of the Hard Component of 
Cosmic Rays and the Mass of the Mesotron 


In a recent publication,' a formula was derived for the 
relation between the path of decay L of mesotrons and the 
vertical angle distribution of the hard component of 
cosmic radiation which is supposed to consist of mesotrons. 
Regarding both, radioactive decay and absorption due to 
ionization, we get 

—d lin N/d sec 0 =u, (H+H,)+H;/L, (1) 


where N is the intensity of the radiation, H the mass of the 
earth atmosphere, H, the additional mass of the absorber, 
H;* the height of formation of mesotrons and yu, the ab- 
sorption coefficient of the hard component. 

Measurements of Brackertz* on the zenith angle distri- 
bution behind different thicknesses of absorber were used 
to draw new conclusions on the energy and mass of the 


hard component. 

The difference in value of the absorption coefficient be- 
hind different thicknesses of absorber has to be considered. 
Introducing the relation 


ua ™1/thickness of absorber (m H,0) (la) 


found by Auger for the first few meters of water equivalent 
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of absorber, and taking into consideration the inclination, 
we have 
pal (H+ Hj) sec #. 
With formula (1) this gives 
—d in N/d sec 8 cos 8+ H,/L. 


This formula means that the distribution of the hard 
component can be found without any assumption about 
the absorption coefficient if ZL and Hy are known, since 
ua» does not appear in it. 

Since L is proportional to the energy according to the law 


L=Ero/mce, 


and as the height of formation Hy can be found‘ from 
cos 3/10 =exp (—H;/H) and is 


H; = H(2.3+1n sec 8), 
the general formula 
—din N/d sec 8 ~cos 8+ (1/E)H(2.3+1n sec 3)mc/ro 
is obtained, or 
E=mc/roH(2.3+ 1n sec 38)/(—d ln N/d sec 8—cos 8), (2) 


which gives the energy distribution of the penetrating rays. 
The data given by Brackertz for (H+H,)=19.4 m may 
be used to investigate the energy distribution by applying 
formula (2) (Table I). As a simplification In sec 8 will be 
taken as constant, and the difference quotient will be used 
in place of the more accurate differential quotient. This 
shows an increase of the energy with greater angle of 
inclination as was to be expected 

As Brackertz gives as data on the inclination effect be- 
hind different thicknesses of absorber, we may also apply 
formula (2) to find the energy curve for different thick- 
nesses of dense absorber for a constant angle of incli- 
nation as for example the vertical rays (8=0°). Then 
(—dln N/dsec 8) may be found by extrapolation of the 
values found for —Aln N/Asecd’d for Ad’=30°—0°, 
20°—+0°, 10°-—+0° toward 0°-+0°. This was done in the first 
publication! on this subject. 

This result (Table II) is in absolute disagreement with 
the well-known fact that the mean energy of the cosmic 
radiation increases with the mass of absorber. 

The simple law for the vertical angle distribution as 
represented by formula (1) has been found experimentally 
to be correct especially near §=0°. The formula (la) has 


TABLE I. Energy distribution calculated from Eq. (2) 


Ain N DENOMI- INCREASE OF E 
v NV AsEc 0 cos 8 NATOR BY ForRMULA (2 
283 
0-10 2.079 0.996 1.083 
274 
10-20 2.055 0.966 1.089 0.4 
248 
20-30 1.996 0.906 1.090 0.4 
207 
30-40 1.796 0.819 0.977 10 
158 
40-50 1.631 0.707 0.924 17 
105 
50-60 1.418 0.574 0.844 30 
56 
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TaBLe II. Change in E predicted by Eg. (2) 


- din N —1 INCREASE OF E 
(H +H,)m H:O d sec 0 BY FoRMULA (2 
10.1 0.89 
19.4 1.09 ~ —20%, 
25.2 1.00 ~ — 159, 


also been found by experiment. There were no other as- 
sumptions made to find formula (2), except for the con- 
stancy of c, ro, m. As we have sufficient proof that ¢ and 
ro are constants, our results may point to the existence of 
mesotron particles of different mass. The average mass has 
to be assumed to increase at least 30 percent, in order that 
formula (2) should yield the measured increase of energy 
when about 10 m absorbing mass is added. 

I am indebted to Professor W. Kolhoerster for his interest 
in this work, part of which has been carried on at the 
Institut fiir Hoehenstrahlenforschung of the University 
of Berlin, Germany. 


Pau. WEisz 


Cullman, Alabama, 
May 7, 1939. 


1P. Weisz, Naturwiss. 27, 132 (1939). 

*In the first publication (reference 1), Hy was falsely assumed as 
0.9H instead of about 2.4H because of the pressure distribution in the 
earth's atmosphere. Then, L will be found as about 24 km (behind 
about 10mH2O additional absorber). 

+E. Brackertz, doctor's thesis, University of Berlin, Germany (1936). 

‘+P. M.S. Blackett, Nature 142, 992 (1938). 





Collision Cross Sections of K Atoms and K, Molecules 
in Gases* 


Measurements of effective collision cross sections are 
here reported for the neutral potassium atom, K, and for 
the neutral potassium molecule, Kz, scattered in hydrogen, 
in deuterium, in helium, in argon and in nitrogen. A 
molecular beam method has made it possible to measure 
the effective collision cross sections of the K atom and the 
K; molecule under identical conditions. 

A beam of neutral potassium, the source of which is an 
oven at a temperature of approximately 500°K, is pre- 
dominantly composed of K atoms, but is found to contain 
a small number of K; molecules. The molecules are sorted 
from the atoms by utilizing the fact that the K atom 
possesses a much larger magnetic moment than the Kz 
molecule. The beam is passed through a strong magnetic 
field the gradient of which is sufficiently high to deflect 
the atoms completely out of the beam, while the K, 
molecules suffer no appreciable deflection. 

The beam is scattered by a gas whose pressure and 
temperature (approximately 300°K) are measured. The 
scattering gas is confined to a region small compared to the 
total length of the beam. The mean free path is determined 
by measuring the intensity of that part of the beam which 
traverses the scattering region without being deflected by 
more than 45 seconds of arc. Thus the geometric resolution 
of the apparatus enables a collision between a beam par- 
ticle and a particle of the scattering gas to be defined as any 
encounter which deviates the beam particle by more than 
45 seconds of arc. 

The collision cross sections are calculated from the mean 
free paths by using Tait’s expression '* for a mixture of 


Taste I. Cross sections of K and Ka. 





EFFrEecTIvE RATIO OF 
COLLISION PERCENT Cross SEcTION 
Cross SECTION ACCURACY or K: MOLEecULe 
cm*® XK 10" To K Atom 
K in Hs 197.5 1.6 
1.264 
Kz in He | 249.6 2.5 
K in Ds 252.4 20 
| 1.36 
Kein Ds | 343 5.9 
K in He | 170.8 2.3 
| 1.214 
K:inHe | 207.3 3.9 
| 
KinA 587.1 1.8 
1.197 
K:in A 702.7 2.5 
KinN: | 613 54 
1.21 
K:in Ne | 741 5.5 


two systems, modified to take account of the v* velocity 
distribution characteristic of effusion from a slit. The 
results are expressed in Table I as effective mutual collision 
cross sections, i.e., ro". 

The intensity of the beam of K, molecules is 0.5 percent 
of the total intensity of the parent beam. This low intensity 
makes it difficult to measure the mean free paths of the K, 
molecule as accurately as the mean free paths of the K 
atom, as is reflected in the estimates of accuracy in Table I. 

Values of the effective collision cross sections of the K 
atom in these gases have been reported by Mais* and by 
Rosin and Rabi.‘ In the present experiments the estimated 
accuracy of the results is much higher than in the experi- 
ments of Mais and of Rosin and Rabi, and the angular 
resolution has been increased. 

The last column of Table I gives the ratio of the effective 
collision cross section of the K, molecule to the cross 
section of the K atom for each scattering gas. Perhaps the 
most interesting result in these experiments is the small 
difference in cross section between the K atom and Kz, 
molecule even though the internuclear distance in the K; 
molecule is large (3.91 10-* cm from band spectra). The 
ratios in the last column of Table I are about 1.2 except for 
a ratio of 1.36 in the case of Dy. It is noteworthy that no 
two of these ratios differ from each other by a factor of 
more than 0.13 although the cross sections change by a 
factor of as much as 2.58 as we go from one scattering gas 
to another. 

It also should be noted that both the K atom and the K, 
molecule have considerably larger cross sections in deu- 
terium than in hydrogen. 

A complete account of these experiments will be pub- 
lished in this journal. 


PAUL ROSENBERG 


Department of Physics, 
Columbia University, 
New York, New York, 
May 31, 1939. 


* Publication assisted by the Ernest Kempton Adams Fund for 
Physical Research of Columbia University 

! Tait, Trans. Roy. Soc. Edinburgh 33, 65 (1886) 

J. H. Jeans, The Dynamical Theory of Gases (fourth edition, 1925), 
p. 254 

*W. H. Mais, Phys. Rev. 45, 773 (1934) 

‘S. Rosin and I. I. Rabi, Phys. Rev. 48, 373 (1935). 
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The Variation of the Adiabatic Elastic Constants of Poly- 
crystalline Ammonium Chloride with Temperature 
between 200°K and 273°K* 


The data which follow were obtained with the dynamical 
method described in this journal by Balamuth! and Rose.? 
The form of specimen required by this method is a right 
circular cylinder 4.6 mm in diameter and about 3 cm long. 
Such cylinders are cut from a block of material prepared 
by compressing dry powdered ammonium chloride to 
50,000 Ib./in.? in a steel cylinder at room temperature. The 
result is a coherent isotropic array of microcrystals whose 
average linear dimensions are 5 X 10~* cm. The densities of 
different blocks at 24°C vary slightly about the value 1.520 
g/cm?, which is slightly less than the density of crystalline 
ammonium chloride as measured by Wulf and Cameron,* 
namely 1.527 g/cm*. It is found, however, that small 
changes in density are very nearly without effect on the 
temperature variation of the elastic constants, expressed in 
percent change per degree. 

The temperature of the specimen is kept constant to 
0.01°C during a measurement by manually controlling the 
temperature of an enveloping well stirred methanol bath. 
The temperature of the bath is measured with a platinum 
resistance thermometer, certificated by the National 
Bureau of Standards, used in connection with a Mueller 
bridge. 

The curves of Fig. 1 show the observed variation of the 
adiabatic Young's and rigidity modulus with temperature 
through the phase transition which occurs at 242.8°K. 
The corresponding variations of the adiabatic compressi- 
bility and Poisson's ratio, as calculated from these data, 
are given in Fig. 2. The absolute values of the Young’s 
modulus, rigidity modulus, compressibility and Poisson's 
ratio at 273.2°K are, respectively, 2.733 X10" dynes/cm?, 
1.096 X 10"! dynes/cm?*, 5.54 10~" cm?*/dynes, and 0.246. 

The temperature of the transition point has been de- 
duced from observations on the temperature variation of 
the specific heat at constant pressure by Simon, v. Simson 
and Ruheman,‘ and of the coefficient of thermal expansion 
by Smits and Gillavry® and Adenstadt.* Both quantities 
show a pronounced maximum at 242.8°K, which is exactly 
the temperature here found for the occurrence of the 
minimum value of Young's modulus and the maximum 
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Fic. 1. The variation of the Young's modulus (curve 1) and the 
rigidity modulus (curve 2) with temperature near the transition point. 
The ordinates are the ratios of the values at the given temperature to 
the values at 273.2°K. 
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Fic. 2. The variation of the adiabatic compressibility (curve 1) and 


Poisson's ratio (curve 2) with temperature. 


value of the compressibility. May’? has computed the iso- 
thermal compressibility of ammonium chloride at 273°K 
from supplementary unpublished data supplied him by 
Bridgman.* The value given is 5.60 X 10-” cm*/dynes. 
The present measurements, together with those on the 
temperature variation of the coefficient of thermal ex- 
pansion®: * and on the heat of transition’, indicate that the 
values of both c, and the ratio c,/c, at the transition point 
may be much larger than has hitherto been believed. 
Measurements similar to the above on the variation of the 
isothermal moduli with temperature will settle the matter, 
and apparatus designed for this purpose is now under 
construction in this laboratory. Data will then be available 
for comparison with Fowler’s theoretical calculation of the 
variation of c, with temperature.'® 
A. W. Lawson 
RICHARD SCHEIB 
Pupin Physics Laboratories, 
Columbia University, 


New York, New York, 
May 31, 1939. 

* Publication assisted by the Ernest Kempton Adams Fund for 
Physical Research of Columbia University 

! Balamuth, Phys. Rev. 45, 715 (1934) 

2? Rose, Phys. Rev. 49, 50 (1935) 

* Wulf and Cameron, Zeits f. physik. Chemie B10, 347 (1930) 

‘Simon, ef al., Zeits. f. physik. Chemie A129, 339 (1927 

* Smits and Gillavry, Zeits. f. physik. Chemie A166, 97 (1933 

* Adenstadt, Ann. d. Physik 26, 69 (1936). 

7 May, Phys. Rev. 52, 339 (1937). 

§ Bridgman, Phys. Rev. 38, 182 (1931) 

* Eucken, Physik. Zeits. 35, 954 (1934) 

1° Fowler, Proc. Roy. Soc. Al49, 1 (1935 





Long-Lived Radioactive Fe* 


In a previous paper! we have discussed the production 
of radioactive iron isotopes Fe and Fe®*, with half-lives 
9 minutes and 47 days, respectively. Failure to observe 
any activity attributable to Fe® led to the conclusion that 
its lifetime was either very short or extremely long. (The 
mass numbers of the stable iron isotopes? are 54, 56, 57 
and 58.) 

Continued observations over a period of 22 months on 
the chemically separated iron fractions from deuteron- 
bombarded iron samples show that the 47-day period is 
accompanied by a much weaker and very much longer-lived 
activity. That this cannot be ascribed to incompletely 
removed long-lived isotopes of cobalt? (~250 days) or 
manganese* (310 days), which produced by 
deuteron-bombardment of iron, is shown by the absence 
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of the very strong short-lived cobalt and manganese activi- 
ties in these same iron samples. A particularly rigorous 
chemical separation, designed to remove all elements other 
than iron, was made on a more recently activated specimen; 
this precipitate, now 10 months old, has already departed 
from the 47-day period and is now going into one much 
longer. 

These facts assure us that Fe* has been formed through 
Fe(d, p)Fe® with the activity probably leading to stable 
Mn® either by positron emission or by K-electron capture. 
An absorption curve on one of the old samples (unfortu- 
nately very weak) shows that the radiation has a soft 
component with half-thickness 3 to 5 mg/cm? of aluminum. 
This suggests the existence of an internally converted 
gamma-ray. 

It is too early to give a reliable value for the half-life of 
this activity. The observed decay curves, which are still 
going through the transition interval from the 47-day 
period to the long period, set a lower limit of 1 year for the 
half-life. A comparison of the intensities of the 47 day and 
the longer activity (assuming equal cross sections for their 
production and equal ionizing powers for their radiations, 
and allowing for the abundances of the primary isotopes 
involved) predicts that the half-life will exceed 10 years. 

It is a pleasure to acknowledge the generous support of 
the Research Corporation. 

J. J. Livincoop* 
G. T. SEABORG 
Radiation Laboratory, Department of Physics (J. J. L.), 
Department of Chemistry (G. T. S.), 
University of California, 


Berkeley, California, 
May 30, 1939. 


* Now at Harvard University. 

1 J. J. Livingood and G. T. Seaborg, Phys. Rev. 54, 51 (1938). 
2A. O. Nier, Bull. Am. Phys. Soc. 14, 40 (1939). 

+ J. J. Livingood and G. T. Seaborg, Phys. Rev. 53, 847 (1938). 
‘J. J. Livingood and G. T. Seaborg, Phys. Rev. 54, 391 (1938). 





Stability of Uranium and Thorium for Natural Fission 


The question of the occurrence of possible natural fission 
processes among the heavy nuclei is one of considerable 
importance to both nuclear physics and geophysics. The 
characteristics of the neutron-induced splitting of the 
uranium and thorium nuclei which have recently been 
studied so intensively by many workers seem to indicate 
that a naturally occurring explosion process probably 
would form radioactive isotopes of elements of medium 
atomic number with convenient half-lives. Further, the 
emission of neutrons by uranium in the artificial process 
suggests that neutron emission might accompany the 
natural process. Finally, natural fission might be detected 
by disparities between the results of the various calcula- 
tions of the age of the oldest rocks based on the observed 
abundances of the elements and the intensities of the 
ordinary radioactive emissions from uranium and thorium. 

It is the purpose of this letter to point out how well 
evidence on these three points excludes natural fission. In 
all of the numerous experiments which have been done on 
the neutron-produced activities of uranium and thorium 
contro} separations must have been made without neutron 
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irradiation to exclude the possibility of contamination by 
natural activities. In order to have definite data for a 
typical calculation for this type of evidence the experi- 
ments'-* on extraction of radioiodine from irradiated 
uranium were repeated with 0.90 mole of uranyl nitrate 
which had not been disturbed chemically for at least five 
years. The iodine, extracted by adding a little solid iodine 
to a slightly acidified aqueous solution of the uranyl 
nitrate, shaking with CCl,, and precipitating AgI in a thin 
layer was counted in a screen wall counter so no beta- 
radiation harder than 20,000 electron volts would have 
been missed. The result was zero within 20 counts per 
minute. If it is assumed that each ten explosions produced 
at least one radioactive iodine on the average this result 
requires that the half-life for natural fission be at least as 
long as 10" years. Similar results must apply for the other 
elements which have been separated, so we can conclude 
that natural fission to produce any of the radioactive 
elements found in the artificial process must correspond to 
a half-life of the order of or greater than 10" years. A 
similar test was performed on thorium with the same results. 

In order to investigate possible natural neutron emission 
from uranium and thorium a BF;-filled counter was sur- 
rounded with paraffin and standardized with 200 mg of 
RaBr; mixed with Be powder. Seven and one-half moles of 
uranium salts were found to give less than two counts per 
minute whereas the Ra-Be source in the same position gave 
4600 counts per minute. If it is assumed that the Ra-Be 
source gives 17,000 neutrons per second per millicurie,* 
the half-life for fission must be at least as large as 10" years 
if at least one neutron were emitted per explosion. Similar 
measurements on a smaller amount of thorium gave a 
lower limit of 5X10" years. 

The agreement between the uranium and thorium age 
determinations on old rocks and the agreement of these 
with other estimates of the age of the oldest strata, e.g., 
the Sr*?: Rb*’ ratio found by Hahn, Strassmann and 
Walling* in lepidolite from the Canadian shield indicate 
that the age of the earth is at least 210° years and that 
no fission process with a half-life less than 510° years 
occurs, unless uranium and thorium have been or are now 
being generated by some terrestrial process. In the absence 
of any evidence for such a generation we must conclude 
that the half-life for any possible fission exceeds 510° 
years. 

Consideration of all these points leads to the conclusion 
that no fission similar to those induced by neutron absorp- 
tion can occur naturally for either uranium or thorium at a 
rate greater than that corresponding to a half-life of 10" 
years and that no natural fission of any sort has a life less 
than 510° years. 


W. F. Lipsy 


Department of Chemistry, 
University of California, 
Berkeley, California, 
May 31, 1939. 


1 P. Abelson, Phys. Rev. 55, 670 (1939). 

2 R. W. Dodson and R. D. Fowler, Phys. Rev. 55, 880 (1939) 

*E. T. Booth, J. R. Dunning and F. G. Slack, Phys. Rev. 55, 876 
(1939). Their figure of 15,000 for radon has been increased for the 
extra alpha-particle from radium. 

‘O. Hahn, F. Strassmann and E. Walling, Naturwiss. 25, 189 (1937). 
F. Strassmann and E. Walling, Berichte 71, 1 (1938). 
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Secondary Emission of Electrons from Sodium Films 
Contaminated by Gas* 


Nelson! has given results showing rapid variation of 
secondary electron emission from thin oxidized films bom- 
barded with primaries of low energy. This occurs as the 
secondary emission coefficient changes from less than to 
greater than unity, and he has suggested a reasonable 
explanation in terms of the charging of the surface. In this 
connection graphs presented by the writer? at Indianapolis 
may be of interest, since they show a similar phenomenon 
for high primary energies. 

The logarithms of the secondary to primary ratios are 
shown in Fig. 1. The data shown in curve 2 were obtained 
after the following treatment. Upon a tantalum base, 
giving the secondary emission indicated by curve 1 of the 
figure, a thin film of sodium was condensed. This deposit 
was allowed to stand in the vacuum produced by the 
pumps for approximately one hour. A fresh deposit of 
sodium was then distilled over to the target, and im- 
mediately thereafter the secondary emission data shown in 
curve 2 were obtained. It will be seen that the secondary 
emission remains at a high value, about 2.5 secondaries per 
primary, until a primary energy of 2000 electron volts is 
attained, and then it decreases very rapidly to a value of 
less than 0.4 for primary energies of about 4000 electron 
volts. From the first it was evident that this peculiar be- 
havior (which was not common to other data obtained in 
the investigation) was due to the chemical combination of 
the sodium in the first film with gas. Nelson's hypothesis 
suggests a suitable mechanism for its explanation. Through- 
out the high emission region the outermost layers of the 
surface film have a positive charge which assists the second- 
aries in escaping. At a critical primary energy, this positive 
charge rapidly disappears and is replaced by a negative 
charge in the outermost layers; hence the rapid decrease of 
the secondary emission. It is of interest to notice that the 
total secondary emission is about 2.5 secondaries per 
primary when the critical value is reached. This would seem 
to indicate that a large proportion of the secondaries 
originate at considerable depths in the surface, and, even 
though many escape, enough are trapped in the surface 
layers to account for the rapid change of the surface 
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Fic. 1. Secondary electron emission from sodium on tantalum. 
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charge necessary to explain this curve on this basis. At the 
end of the secondary emission observations, a microtitra- 
tion of the sodium in the film revealed that it contained 
about 6 micrograms of sodium per square centimeter of 
surface area. 

It is interesting to notice that rapid changes in secondary 
emission for primaries of high energy do not necessarily 
involve a transit through unit secondary emission ratio 
(or through zero on the semi-logarithmic plot). Curve 3 of 
the graph was obtained with a target formed by a single 
condensation of sodium under conditions such that con- 
siderable gas was present. The decrease of the secondary 
emission in the range from 200 to 1000 volts primary 
energy is so similar to that in curve 2 that the same cause 
is naturally suggested, but in this case the secondary emis- 
sion coefficient remains greater than unity. The results 
shown in curve 4 give a dip whose slope is similar to that of 
curves 2 and 3, as shown by the dotted line extension of 
the trend, but in this case the secondary emission drops 
only a small amount before it again increases. 

The total secondary emission is the integrated result of 
secondary excitation at various depths within the surface. 
Where the primary energy is high there is evidence’ that 
conditions at considerable depths in the target influence 
the results. In the high energy region, therefore, certain 
layers might acquire a positive charge at the same time 
that other layers acquire a negative charge. If the results 
shown in Fig. 1 are to be explained on the basis of Nelson's 
hypothesis, this probably does occur in a target containing 
compounds of sodium bombarded with primaries of high 
energy. It would, of course, be interesting to measure the 
potential at various layers in such a surface, or, failing in 
that, to measure at least the potential of the outermost 
layer together with the resulting secondary emission as one 
check on Nelson's hypothesis. Related work on surface 
films-is being continued in this laboratory. 

Pau. L. CopELAND 


Armour Institute of Technclogy, 
Chicago, Illinois, 
May 27, 1939. 


* The writer is indebted to the National Research Council for a 
grant-in-aid under which this work was done. 

1H. Nelson, Phys. Rev. 55, 958 (1939). 

2P. L. Copeland, Phys. Rev. 53, 328 (1938). 

'P. L. Copeland, Phys. Rev. 48, 96 (1935). 





The Possible Use of Superconductivity for Radiometric 
Purposes 


The limitations of radiometry, particularly in the infra- 
red region, are given by the magnitude of the thermal 
indeterminacy of the produced effect itself and that of the 
indicating device caused by 4nkT for the m degrees of 
freedom of the system at the temperature level at which 
the radiation is received and indicated. The obvious way 
of decreasing this indeterminacy is to lower the temperature 
for the receiver of the radiation. In general this fails, 
however, for most indicative phenomena decrease at a rate 
comparable to the gain of thermal determinacy (e.g., 
thermal e.m.f., temperature coefficient of conductivity, 
thermal dilatation, etc.). Although some improvement may 
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still be expected, the total gain does not appear to justify 
the inconveniences connected with the application of low 
temperatures. 

Two effects, however, exist within the lower end of the 
temperature scale (7 <4°K) which do not follow the men- 
tioned trend: the paramagnetic susceptibility of certain 
salts and the superconductivity of metal crystals, of which 
two effects the latter appears to fulfilf the conditions of a 
radiometer favorably for the following reasons: aside from 
the practical nonexistence of thermal indeterminacy, the 
atomic heat is decreased to about 10~* and the transition 
from the superconductive to the conductive state lies 
within 10-*—10-* degrees for good crystals (Sn). The 
further advantage of this transition lies in its nearly 
infinite temperature coefficient. 

The calculated sensitivity of such a radiometer ap- 
proaches, with generous allowance for practical deficiencies, 
10-'— 10-" cal./sec., i.e., 50-500 times better than the 
present radiometric limit. The application of the single 
adiabatic expansion technique for He does not restrict the 
use of this apparatus to a cryogenic laboratory, as only 
liquid air and a limited (transportable) quantity of liquid 
hydrogen will be required. 

ALEXANDER GOETZ 


Cryogenic Laboratory, 
California Institute of Technology 
Pasadena, California, 
May 26, 1939. 





Anomalies in the Directional Intensity Distribution 
ot Cosmic Rays* 


From the banded structure of the penumbra! of the 
Lemaitre-Vallarta allowed cone, Schremp* some years ago 
inferred the existence of an anomalous directional intensity 
pattern in the sky, the analysis of which might be expected 
to yield detailed information concerning the identity of the 
primary cosmic rays, their energy spectra at infinity, and 
their interaction with absorbing matter. An east-west 
directional intensity survey has recently been carried out 
at Washington University, St. Louis, to test these pre- 
dictions with apparatus of improved angular resolution. 
The predictions are confirmed by the results of this survey; 
and these results, in turn, are in complete accord with 
earlier results’ extracted from the data of Johnson‘ and 
Johnson and Stevenson® for the same geomagnetic latitude 
and atmospheric depth. 

The intensities J(z) which were recorded against the 
zenith angle z in the east-west plane roughly follow the 
well-known empirical relation 


I(z) = Io cos? z. (1) 


The observed anomalies, which may be considered as 
deviations A(z) from this empirical curve, are presented in 
Fig. 1. The quantity A(z) plotted here is the percent 
deviation of 

Io(z) = I(z) sec.? z (2) 


from the mean value of Jo(z) over all angles. The results 
were taken in such a way as to be essentially independent 
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Fic. 1. East-west section of the cosmic-ray directional intensity 
pattern. A(s) is the percent deviation of [ observed east-west dis- 
tribution from the empirical cos* s distribution. 


of secular variations in the counter sensitivity. The tele- 
scope was shifted in direction periodically so that the 
counts taken at any one direction were contributed to on 
at least twenty separate occasions. The succession of 
directions was deliberately made random. The probable 
errors shown in Fig. 1 were computed, not from the total 
counts at each zenith angle, but rather from residuals, 
which included any secular variations in the counter 
sensitivity. 

Our results* definitely establish the existence of sym- 
metrical prominences at s=+20° and further indicate 
other symmetrical prominences in the neighborhood of 
z= +10° and s= +40°. The east-west symmetry’ of these 
prominences confirms the symmetry which was earlier 
pointed out* to exist in the data of Johnson. According to 
the theory, this symmetry indicates the presence, in the 
primary cosmic radiation, of comparable numbers of par- 
ticles of the same mass and opposite charge, and has been 
interpreted by Schremp* as furnishing evidence that the 
observed primaries are exclusively positrons and negatrons. 

In view of these results it appears quite certain that the 
complete directional intensity pattern in the sky, obtained 
at one or more localities by an extension of this type 
of survey to a number of azimuthal planes, will provide in 
the future a highly refined method of analysis of the 
primary rays, their spectra, and their behavior under 


absorption. 
H. S. Ripner 


Wayman Crow Hall of Physics, 
Washington University, 
St. Louis, Missouri, 
May 26, 1939. 


* This work is the subject of a Ph.D. dissertation, a full account of 
which will be published shortly. 

1M. S. Vallarta, J. Frank. Inst. 227, 1 (1939). Cf. also E. J. Schremp, 
Phys. Rev. 54, 156 (1938); R. Albagli Hutner, Phys. Rev. 55, 15 (1939), 
55, 614 (1939). 

2 E. J. Schremp, Phys. Rev. 53, 915A (1938); 54, 157 (1938). 

* These reduced results, which do not appear in the original articles 
cited, form a part of certain unpublished calculations of Dr. E. J. 
Schremp, which he kindly made available to the writer. 

‘T. : Johnson, Phys. Rev. 48, 287 (1935). 

*T. H. Johnson and E. C. Stevenson, a Rev. 44, 125 (1880. 

*Similar results in the eastern azimuthal plane, obtained i 
pasuey by Mr. Densil M. Cooper, are described in an accompanying 

tter. A comparison of the present two surveys shows quantitative 
agreement with respect to the 10° and 20° prominences. Cooper's 
minimum at 25° and prominence at 30° compare qualitatively with our 
minimum at 30° and prominence at 40°. The relative displacement of 
our respective patterns at large angles may possibly be ascribed to 
secular fluctuations in the intensity pattern arising from magnetic and 
barometric disturbances. The existence of such fluctuations has already 
been indicated by the successive results compiled in the course of this 
survey. 

7 The symmetry alluded to here refers to the positional symmetry of 
the prominences, and is not to be confused with the well-known east- 
west asymmetry 4 intensities. The latter — yn + which is also 
demonstrated by Fig. 1, is of noticeably smaller magnitude than the 
intensity pattern fine structure sought for here. 
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Fine Structure in the Zenith Angle Distribution of 
Cosmic Rays 


Multiple coincidence Geiger-Miiller counting systems 
have made possible the measurement of cosmic-ray in- 
tensities in definite directions, and such systems have been 
used extensively by various investigators to determine the 
variation of cosmic rays with zenith angle.! If @ is the 
zenith angle, it is found that the intensity of cosmic rays is 
proportional essentially to cos* @. It is generally true, how- 
ever, that these investigations have been carried out to 
determine the gross shape of the curve representing the 
angular distribution of intensity, so that the experimental 
systems and the methods of observations were not es- 
pecially suited to detect fine structure in this distribution. 
An attempt has been made in the present work to search 
for small variations from the cos? @ law in the hope that if 
they are present, information might be obtained concerning 
the energies of incoming cosmic rays. 

Certain features of the experimental set-up and pro- 
cedure require special attention for an investigation of this 
sort. First, it is desirable to have the direction as well 
defined as is practicable; second, it is desirable to take 
readings at frequent angular intervals; third, it is desirable 
to have instantaneous readings at all angles; and fourth, 
it is desirable to have a large total number of counts at all 
the angles investigated. The direction may be better 
defined by placing the counters far apart in relation to 
their lengths and widths. In the present work, counters of 
8.8 cm diameter and 36 cm active length were used with 
the distance between centers of adjacent ones, 50 cm. With 
a train of three counters, this gives a maximum divergence 
of 40° due to their lengths, and of less than 10° due to their 
widths. Readings were taken at angular intervals of 5°, 
from the vertical to 45° towards the east. Instantaneous 
values of cosmic-ray intensity cannot be obtained for all 
angles. However, it seems desirable to vary the direction of 
observation periodically and in a cyclic fashion in order to 
minimize the effect of drift in sensitivity of the instrument. 
Thus, readings were taken at a given angle for 15 minutes, 
the outfit was rotated through 5° and readings were again 
taken for 15 minutes, and so on. The total number of 
counts recorded at a given angle is between 3000 and 4000 
for most angles, though three points have been included 
which are based on only about 900 counts. 
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Fic. 1, The deviation, A(@), of the experimentally observed intensity 
from the cos? @ curve as a function of the zenith angle @. 
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Since the difference between the observed intensity at 
a given angle and the general background of intensity is 
desired, the counting rates for each angular setting were 
reduced to unity for zero degrees, and the differences 
between cos? @ and the observed values are obtained as a 
function of 6. The preliminary results are plotted in Fig. 1 
where A(@) is the difference between the observed results 
and the cos? @ curve. Although the effect is small, it appears 
that there is some experimental support for the conclusion 
that there is fine structure in the angular distribution of 
cosmic-ray intensities. Further work is being carried out to 
improve the reliability of these results and to extend the 
angles of investigation. 

Mr. Ribner has carried out a similar experiment inde- 
pendently, and his more extensive results are reported ina 
companion letter. It is a pleasure to acknowledge the 
cooperation and advice of Dr. E. J. Schremp and of Pro- 
fessor N. S. Gingrich. 

DensiL M. COOPER 


University of Missouri, 
Columbia, Missouri, 
May 26, 1939. 


1D. K. Froman and J. C. Stearns, Can. J. Research 16, 29 (1938). 





On Alfvén’s Hypothesis of a ‘Cosmic Cyclotron” 


In a recent paper,' Alfvén has suggested that charged 
primary cosmic rays might acquire their high energy by 
being accelerated in the magnetic field of double stars, by 
a process somewhat analogous to that which takes place 
in an ordinary cyclotron. 

If we assume with Alfvén that the field of a double star 
is the field of two parallel dipoles, and that a charged 
particle can really describe in their common equatorial 
plane the motion assumed by him, which is questionable, 
there remain three important objections to the mechanism 
he suggests. 

(1) The electric field, created by the rotation of the 
second dipole relative to the first, vanishes for a charged 
particle rotating synchronously around the first, since then 
there is manifestly no relative motion between the charged 
particle and the second star. 

(2) The magnetic flux linking the elementary circular 
path of the charged particle, in Alfvén’s analysis, is con- 
stant so long as the condition of synchronism still obtains. 
Therefore, there is no induced e.m.f. along the path and 
hence no acceleration. 

(3) Finally, so far as Alfvén’s analysis goes, there is no 
way for the particle to leave the field of the double star. 

In a more extended paper,? Alfvén has endeavored to 
analyze the more general case where synchronism does not 
obtain. It however, that his calculations are 
erroneous. In particular, his Eq. (17), fundamental for his 
calculation of the energy, does not take into account the 
first dipole; since the particle does not, in general, describe 
a circle around the first dipole, there is no reason to neglect 
the latter's influence. But even assuming his calculations 
were correct, his conclusion is that in the case of parallel 
dipoles the orbits are closed, so that obviously when the 
particle returns to its initial position it must have the same 
momentum, and the total change of kinetic energy along 
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the orbit must vanish. Thus, the fundamental idea of 
cyclotron action is untenable. 

To be sure such a mechanism entails a periodic change of 
the particle's energy, which varies from a minimum V4, 
at a certain point A on its orbit, to a maximum Vg, at a 
point B, later to return to V4. In a favorable case, and with 
dipole moments 16 times the sun’s (10" e.m.u.), 


Ve=10 Va. 


A double star might be a generator of cosmic rays if two 
conditions, both difficult to accept, were realized: (1) In 
the field of the double star there must be already particles 
of very high energy (about 10" ev), and (2) by an unknown 
mechanism, particles must be released just at the moment 
when they go through the point of maximum energy. 

Alfvén also considers the case of two antiparallel dipoles. 
Qualitative, and somewhat obscure, considerations lead 
him again to expect synchronism, so that the objections 
already discussed again apply with full force. 

I wish to thank Professor M. S. Vallarta for suggesting 
this problem and for worthwhile discussions. I thank also 
Dr. F. Cernuschi for his criticism. 


E. R. Sasato* 


Massachusetts Institute of Technology, 
Cambridge, Massachusetts, 
May 25, 1939. 


* Fellow of the Argentine Association for the Progress of Sciences. 
1H. Alfvén, Nature 136, 761 (1936). 
2H. Alfvén, Zeits. f. Physik 105, 319 (1937). 





Raman Effect of Fluorochloromethane 


Using our previously described technique and apparatus,! 
we have determined the Raman shifts for fluorochloro- 
methane. Eastman Spectroscopic Plates Type 1] were used. 
Two plates were run with exposure times of 8.25 and 36 
hours. The results are shown in Table I. The material 
boils at —9.1°C, and the determinations were made at an 
average temperature of — 30°C. - 

The plates were completely free from background. 
Hence, the sample must have been almost completely dust- 
free. No filters were used, and no photodecomposition 
was observed. 

The material was furnished by the E. I. duPont de 
Nemours Company, and was specified ‘‘Fractionated in 
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TABLE I. Raman shifts of fluorochloromethane. a= 4358A; 
b=4046A; c=4078A. 








EXCITING PERCENT MEAN RELATIVE 
cu LINEs DEVIATION INTENSITY 
385.3 a,b 0.241 10 
742.8 a,b, ¢ .170 10(b) 
1004.3 a,b .176 0.5 
1045.6 a, b, ¢ .170 2(b) 

1352.5 4,6 .104 2 
1467.9 a,b 067 2 
2910.6 a,b 053 4 
2993.1 a,b, ¢ 036 10() 
3048.3 a,b 059 6(b) 








the laboratory in an efficient column, boiling range about 
0.2°C.”"’ About 43 grams of sample were available. We wish 
to express our gratitude to Dr. A. F. Benning of the 
Jackson Laboratory for the loan of this substance. Further 
details regarding the data will be published later. 

Geo. GLOCKLER 


J. H. BACHMANN 


University of Minnesota, 
Minneapolis, Minnesota, 
April 26, 1939. 


1 Geo. Glockler and J. H. Bachmann, Phys. Rev. 55, 669 (1939). 





Erratum: Range Distribution of the Uranium Fission 
Fragments* 


(Phys. Rev. 55, 982 (1939)) 

Because of an oversight, a Letter to the Editor which 
appeared in the May 15, 1939 issue of the Physical Review 
was sent in signed incorrectly. The Letter, entitled ‘‘Range 
Distribution of the Uranium Fission Fragments,"’ which 
appears on page 982, should have been signed: E. T. Booth, 
J. R. Dunning and F. G. Slack instead of E. T. Booth, 
J. R. Dunning and G. N. Glasoe, as it appears. 

E. T. Boots 
J. R. Dunninc 
F. G. Stack 
Department of Physics, 
Columbia University, 


New York, New York, 
May 29, 1939. 


* Publication assisted by the Ernest Kempton Adams Fund for 
Physical Research of Columbia University. 
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Excitation of intermediate elements, E. J. Konopinski— 
235(A) 

Fission of U, P. Abelson—418(L); H. L. Anderson, 
E. T. Booth, J. R. Dunning, E. Fermi, G. N. Glasoe, 
F. G. Slack—511(L); in cloud chamber, D. R. Cor- 
son, R. L. Thornton—509(L); delayed neutron emis- 
sion, E. T. Booth, J. R. Dunning, F. G. Slack—876(L); 
1124(A); droplet fission, R. B. Roberts, R. C. Meyer, 
L. R. Hafstad—416(L); energy of fragments, E. T. 
Booth, J. R. Dunning, F. G. Slack—981(L); 1273(L); 
heavily ionizing particles, G. K. Green, L. W. Alvarez 
—417(L); mechanism of fission, N. Bohr, J. A. Wheeler 
—1124(A); J. Frenkel—987(L); neutrons produced, 
H. L. Anderson, E. Fermi, H. B. Hanstein—797(L); 
L. Szilard, W. H. Zinn—799(L); by neutrons, y-rays, 
J. C. Mouzon, R. D. Park, J. A. Richards, Jr. 
668(L); products of cleavage, P. Abelson—670(L); 
876(L); G. N. Glasoe, J. Steigman—982(L); radio- 
active recoils, E. McMillan—510(L); radioactivity of 
products, G. N. Glasoe, J. Steigman—1124(A); range 
of fragments, E. T. Booth, J. R. Dunning, G. N. 
Glasoe—982(L); E. T. Booth, J. R. Dunning, F. G. 
Slack—981(L); search for 8-particles, J. W. Kennedy, 
G. T. Seaborg—877(L); H. H. Barschall, W. T. 
Harris, M. H. Kanner, L. A. Turner—989(L) 

Fission of U and Th, R. B. Roberts, R. C. Meyer, 
P. Wang—510(L); delayed neutron emission, R. B. 
Roberts, L. R. Hafstad, R. C. Meyer, P. Wang— 
664(L); intensity ionizing particles, R. D. Fowler, 
R. W. Dodson—417(L); radioactive halogens, R. W. 
Dodson, R. D. Fowler—880(L); resonance, N. Bohr— 
418(L) 
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y-rays from Al, G. J. Plain, R. G. Herb, R. E. Warren— 
1135(A) 

y-rays from B+D, E. R. Gaerttner, W. A. Fowler, 
C. C. Lauritsen—27; J. Halpern, H. R. Crane— 
415(L) 

Identification of x-rays, radioactive elements, P. Abel- 
son—424(A) 

Internal conversion coefficients, S. M. Dancoff, P. Mor- 
rison—122; 423(A) 

Mesotron disintegration, C. C. Montgomery, W. E. 
Ramsey, D. B. Cowie, D. D. Montgomery—1117(A) 

Neutrons from He‘, H. Staub, W. E. Stephens—845 

Neutrons from H?—H?*, low energy, E. Hudspeth, H. 
Dunlap—587(L) 

Penetration of fast protons into nuclei, V. F. Weisskopf, 
D. H. Ewing—241(A) 

Short range particles from Li and a-particles from B, 
R. B. Bowersox—323 

By 6.5 Mev protons, L. A. DuBridge—603(A) 

Of U, simple capture of neutrons, H. L. Anderson, E. 
Fermi—1106(L) 

Of U, transuranic elements, E. Segré—1104(L) 

Doppler effect 

In canal-ray tube, C. W. Sherwin, A. J. Dempster— 

582(L) 
Dynamics 
Inertial mass, P. Fireman—683(A) 


Elasticity 

Compressibility of Li, C. Herring—598(A) 

Constants of NH;Cl, A. W. Lawson, R. Scheib—1268(L) 

Elastic, electric and piezoelectric constants of Rochelle 
salt, W. P. Mason—775; 1141(A) 

Electronic states and compressibility of Be, A. G. Hill, 
C. Herring—1140(A) 

Process of fatiguing, x-ray study, R. G. Spencer— 
242(A); 991 

Stress-strain relationship for rubber, F. E. Dart, E. 
Guth—1141(A) 

Theory of rubber elasticity, E. Guth—593(A) 

Thermal dependence in solids, L. Brillouin—1139(A) 

Thermal and stress dependence, H. Ludloff—681(A) 

Ultrasonic determination of elastic properties, H. Lud- 
loff—593(A) 

Electrical conductivity and resistance 

Anisotropy of metals, E. M. Baroody—1140(A) 

Anomalies of zincblende crystals, M. Distad—1147(A) 

8-brass in single crystals, W. Webb—297 

Breakdown in single crystals, R. C. Buehl, A. v. Hippel 
—1122(A) 

Change in magnetic field, L. Davis, W. V. Houston— 
1143(A) 

Effect of electron bombardment on zincblende, M. 
Distad—1146(A) 

Effect of pressure on single crystals, R. M. Holmes, 
H. W. Allen—593(A) 

Of liquid Na-K alloys, C. H. Kean—750 

Magnetoresistance of Ni, C. W. Heaps—1069 

Momentum in electrical conductivity, W. V. Houston— 
420(A); 1255 





Progressive breakdown in a liquid, L. B. Snoddy, J. W. 
Beams—879(L) 
Of tantalum, L. Malter, D. B. Langmuir—743 
Thermal dilatation of superconductors, E. C. Wester- 
field—319(L) 
Electrolytes 
Ionic volumes in aqueous solutions, G. W. Stewart— 
240(A) 
Electromagnetic theory 
Electric currents in terminated lines, R. H. Kent—762 
Velocity of radio waves, G. H. Brown—1100(L); A. L. 
Vitter, L. C. Brieger—416(L) 
Electron diffraction (see also Electrons, scattering of) 
Compounding sine functions, L. R. Maxwell—1135(A) 
Electrons (see also Positrons and e/m) 
Atomic electrons, radiation and pair production, J. A. 
Wheeler, W. E. Lamb, Jr.—858 
Creation of pairs by fast electrons, H. R. Crane, J. Hal- 
pern—8&38 
Electron velocities in nitrogen and methane, A. L. 
Hughes, M. A. Starr—343 
Field and self-energy, V. F. Weisskopf—678(A); 1131(A) 
Field theory, N. Rosen—94 
Interactions of heavy electrons, J. F. Carlson—599(A) 
Interchange energy of two free electrons, C. A. Ludeke— 
315(L) 
Retarded interaction, I. S. Lowen—601(A) 
Self-energy of electron, H. A. Bethe—681(A) 
Electrons, scattering of 
Of fast electrons in gases, J. H. Bartlett, R. E. Watson— 
235(A); A. L. Hughes—350 
From ZnO, R. M. Whitmer, H. J. Yearian—1114(A) 
Electrons, secondary 
Contaminated surfaces, H. Nelson—985(L) 
Electron multiplier, J. S. Allen—966; 1133(A) 
By H,* and D,* ions on Ni, M. Healea—984(L) 
From metals bombarded with protons, J. S. Allen— 
236(A); 336 
Under positive ion bombardment, A. G. Hill, W. W. 
Buechner, J. S. Clark, J. B. Fisk—463 
From Na films, P. L. Copeland—1270(L) 
From tungsten and thorium-coated tungsten, E. A. 
Coomes—519 
Electrons, thermionic (see Thermionic emission) 
Electro-optical effects (see also Photoelectric effect and 
properties) 
In colloids, H. Mueller—508(L); 792(L) 
Influence of frequency, F. J. Norton-—668(L) 
E/m 
Spectroscopic and free electron values, J. A. Bearden— 
584(L) 
Equations of state 
For ammonia and steam, J. L. Finck—682(A) 
Of frozen rare gases, G. Kane—1138(A) 
Virial coefficient of He, L. Gropper—1095 
Errata 
Range distribution of the uranium fission fragments, 
E. T. Booth, J. R. Dunning, F. G. Slack—1273(L) 
The scattering of a-particles by argon, oxygen, and 
neon—G. Brubaker—877(L) 
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Evaporation 
Of tantalum, D. B. Langmuir, L. Malter—748 


Field currents 
Energy distribution, J. E. Henderson, R. K. Dahlstrom 
—473 
At high and low pressures, B. E. K. Alter, R. T. K. 
Murray—672(A) 
Films, properties of 
Activity and orientation of metal films, O. Beeck, 
A. Wheeler, A. E. Smith—601(A) 
Atoms and molecules in extremely thin films, L. H. 
Germer—605(A) 
Potentials of multilayers, W. D. Harkins, R. W. Mat- 
toon—320(L) 
Preparation of oriented metal films, A. E. Smith, O. 
Beeck—602(A) 
Reflection from glass, multilayer films, C. H. Cart- 
wright, A. F. Turner—595(A); 675(A) 
Reflection of light from glass, K. B. Blodgett—391 
Reflectivities of evaporated metal! films, G. B. Sabine 
1064 
Rubbed films of barium stearate, electron diffraction 
patterns, L. H. Germer, K. H. Storks—648 
Fluorescence 
And absorption of diacetyl, G. M. Almy, H. Q. Fuller, 
G. D. Kinzer—238(A) 
Of Pb vapor, J. G. Winans, F. J. Davis, V. A. Leitzke— 
1126(A) 
In Hg-Tl mixtures, J. G. Winans, F. J. Davis, V. A. 
Leitzke—242(A) 
Of OH molecules, E. R. Lyman—1126(A) 
Sensitized fluorescence of K, E. H. Krause—164 
By ultraviolet radiations, N. C. Beese—1126(A) 


Geophysics 

Intercalibration and comparison of measurements, ages 
of rocks, R. D. Evans, C. Goodman, N. B. Keevil, 
A. C. Lane, W. D. Urry—931 

Natural fission of Th and U, W. F. Libby—1269(L) 

Origin of earth's magnetic field, W. M. Elsasser—489 

K*/Ca“ and age of earth, A. K. Brewer—669(L) 

Radiogenic leads, geological time, A. V. Grosse—584(L); 
A. O. Nier—153 


Hall effect 
Calculation of, L. Davis, W. V. Houston—1143(A) 
Heat of dissociation 
Of CO, H. D. Hagstrum, J. T. Tate—1136(A) 
High voltage tubes and machines 
Compact high voltage generator, J. G. Trump, R. J. 
Van de Graaff—676(A); 1160 
Cyclotron at Chicago, W. D. Harkins, H. W. Newson, 
R. J. Moon, A. H. Snell, L. A. Slotin, L. P. Borst, 
S. L. Simon, B. Carpenter, P. R. Bell—1110(A) 
Cyclotron at M. I. T., M. S. Livingston, J. H. Buck, 
R. D. Evans—1110(A) 
Cyclotron at Purdue, W. J. Henderson, L. D. P. King, 
J. R. Risser—1110(A) 
Jon paths in cyclotron, L. H. Thomas—1110(A) 


Westinghouse electrostatic generator, W. H. Wells— 
599(A) 


Hyperfine structure (see also Nuclear moments and spin) 


Of Be I line \4573A, S. Mrozowski—798(L) 

Of Au, R. M. Elliott, J. Wulff—170 

Of In III, J. S. Campbell, J. R. Davis—1125(A) 
Of 44686 of He, Djen- Yuen Chu—175; 423(A) 
Of Mn I, R. A. Fisher, E. R. Peck—270 


Instruments (see Methods and instruments) 
Ionization by collision (see also Ionization potentials) 


Of CHBrF;, R. F. Baker, J. T. Tate—236(A) 

Excitation in Hg vapor, T. McFadden—797(L); W. B. 
Nottingham—203 

By neutrons in gases, P. C. Aebersold, G. A. Anslow— 
680(A); 1134(A) 

K ionization of Ni by cathode rays, D. L. Webster, 
L. T. Pockman, K. Harworth, P. Kirkpatrick—682(A) 

Probability; Hg atoms by electrons, M. E. Bell—201 


Ionization potentials 


Of Ca VII and Sc VIII, L. W. Phillips—708 
Of Hg, T. McFadden—797(L); W. B. Nottingham—203 


Ionization by radiation (see Photoionization) 
Ionosphere 


Changes, radiation from N:, J. Kaplan—110(L) 

Critical frequencies, recording of, O. Rydbeck—1127(A) 

E region, E. O. Hulburt—639; during eclipse—646 

Motion of clouds of abnormal ionization, J. A. Pierce, 
H. R. Mimno—1128(A) 

Nature of radio fade-out, L. V. Berkner—536; D. F. 
Martyn—983(L) 

Nocturnal E-layer, N. E. Bradbury—423(A) 


Isomers, nuclear (see Radioactivity) 
Isotopes 


Of Br, separation by centrifuge, R. F. Humphreys— 
674(A) 

Concentration of Cl isotopes, C. Skarstrom, H. E. Carr, 
J. W. Beams—591 (A) 

Concentration of U (23 min.), J. W. Irvine, Jr.—1105(L) 

Of Hf, Yt, Lu and Ta, A. J. Dempster—794(L) 

Of Fe and Cr, A. O. Nier—1143(A) 

Mass difference ,Be*—,Be®, S. K. Allison, E. R. Graves, 
L. S. Skaggs, N. M. Smith, Jr.—107(L); 599(A) 

Masses of light elements, S. K. Allison—624 

Packing fraction differences, A. C. Graves—238(A); 863 

Separation by thermal diffusion, W. H. Furry, R. C. 
Jones, L. Onsager—1083; 1137(A) 

Thermal-gravitational separation, A. K. Brewer, A. 
Bramley—590(A); L. Onsager—1136(A) 

Of U, half-lives of U isotopes, A. O. Nier—150 


Joule-Thomson effect 


In CO:, J. R. Roebuck, T. A. Murrell—240(A) 


Kinetic theory of gases 


Condensation of Hg vapor, J. Slepian, W. M. Brubaker— 
1147(A) 


Liquids (see also Hydrodynamics) 


Liquid He below A-point, F. London—235(A) 
Properties of liquid and solid HD, F. G. Brickwedde, 
R. B. Scott—672(A) 
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Structure of liquid K, N. S. Gingrich, C. N. Wall— 
1116(A) 

Structure of liquid Sn and Cl, C. Gamertsfelder— 
1116(A) 

Unsupported flowing liquid films, B. O’ Brien—674(A) 


Magnetic properties 


Anisotropy of Fe-Ni and Cu-Ni alloys, H. J. Williams, 
R. M. Bozorth—673(A) 

Anisotropy in Ni-Fe alloys, superstructure, E. M. 
Grabbe, L. W. McKeehan—1142(A); 505(L) 

Ferromagnetic impurities in metals, F. W. Constant, 
J. M. Formwalt—1143(A) 

Ferromagnetism of semi-conductors, Sydhei Miyahara 
—105(L) 

Ferromagnetism, theory of, P. R. Weiss, J. H. Van Vieck 
—673(A) 

Higher hydrates of y- and a-ferric oxide, L. A. Welo, 
O. Baudisch—1143(A) 

Of Fe and Ni at ultra-high radiofrequencies, J. L. Glat- 
hart—833 

Magnetoresistance of Ni, C. W. Heaps—1069 

Of Ni crystals; temperature effects, T. Okamura, T. 
Hirone—102(L) 

Origin of earth’s magnetic field, W. M. Elsasser—489 

Paramagnetic relaxation, theory of, J. H. Van Vieck— 
673(A) 

Permeability of Fe and Ni from 98 to 410 megacycles, 
J. B. Hoag, N. Gottleib—410(L) 

Powder patterns on crystals, J. W. Shih, Tsu-Yen Chai— 
1265(L) 

Reversible magnetization, theory of, W. F. Brown, Jr.— 
568 

Saturation of Fe and Ni, A. R. Kaufmann—1142(A) 

Shape of domains in ferromagnetics, E. H. Kennard— 
312 

Susceptibilities in weak fields, L. G. Hector, M. F. 
Peck—672(A) 

Susceptibility of Cu-Fe alloys in high fields, F. Bitter, 
A. R. Kaufmann—1142(A) 


Magneto-optical effects 


Of nickel sulfate, a-hexahydrate, L. R. Ingersoll, P. 
Rudnick, F. G. Slack—672(A) 


Mass defects (see Isotopes) 
Mechanics, quantum—general 


Born’s reciprocity and Mie’s theory, A. Landé—1132(A) 

Contact-transformations, J. M. Jauch—1132(A) 

Iteration method, G. Horvay—70; 604(A) 

Symmetry properties of variational functions, H. M. 
James, A. S. Coolidge—873 


Mechanics, statistical 


Proof of H theorem, O. Halpern, F. W. Doermann—1077 


Melting point 


Of tantalum, L. Malter, D. B. Langmuir—743 


Mesotrons 


Lifetime, L. W. Nordheim—506(L) 
Mass of, Y. Nishina, M. Takeuchi, T. Ichimiya—585(L) 
Name, R. A. Millikan—105(L) 

Occurrence of slow, C. G. Montgomery, W. E. Ramsey, 
D. B. Cowie, D. D. Montgomery—1117(A) 
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Metals (see Crystalline state) 
Meteorology 


Distribution of ozone in stratosphere, W. W. Coblentz, 
R. Stair—590(A) 
Solar constant determinations, B. O’ Brien—1142(A) 


Methods and instruments 


Ages of rocks, R. D. Evans, C. Goodman, N. B. Keevil, 
A. C. Lane, W. D. Urry—931 

Air-blast atomization, R. A. Castleman, Jr.—592(A) 

Band igniter for Hg-pool tubes, K. J. Germeshausen— 
228(L) 

8-ray spectrometer, C. Witcher, E. Haggstrom, J. S. 
O’Conor, J. R. Dunning—1135(A) 

Calibration of ionization chamber, W. Gentner, E. Segré 
—814; G. T. Seaborg, E. Segré—808 

Camera for study of nuclear scattering, T. R. Wilkins, 
G. Kuerti—1134(A) 

Circuit of short resolving time, L. A. Turner—1134(A) 

Compact high voltage generator, J. G. Trump, R. J. 
Van de Graaff—676(A); 1160 

Compounding sine functions, L. R. Maxwell—1135(A) 

Continuously sensitive cloud chamber, A. Langsdorf, 
Jr.—421(A) 

Control of current-intensity in spot-welding, W. B. 
Nottingham—1144(A) 

Counters, design and construction, G. L. Locher—675(A) 

Counters of unconventional geometry, S. C. Brown, 
R. D. Evans—1133(A) 

Counting rate meter, R. D. Evans, R. L. Alder—1134(A) 

Current control device, J. L. Lawson, A. W. Tyler— 
238(A) 

Cyclotron at Chicago, W. D. Harkins, H. W. Newson, 
R. J. Moon, A. H. Snell, L. A. Slotin, L. P. Borst, 
S. L. Simon, B. Carpenter, P. R. Bell—1110(A) 

Cyclotron at M. I. T., M. S. Livingston, J. H. Buck, 
R. D. Evans—1110(A) 

Cyclotron at Purdue, W. J. Henderson, L. D. P. King, 
J. R. Risser—1110(A) 

Detection of single ions, electrons and photons, J. S. 
Allen—966; 1133(A) 

Dilatometer, elevated temperatures, F. C. Nix—606(A) 

Dispenser cathode, thermionic cathode for gaseous dis- 
charge tubes, A. W. Hull—1145(A) 

Electrolytic “polishing” of W, J. M. Hughes, E. A. 
Coomes—1138(A) 

Electron spectrograph, W. T. Harris—1135(A) 

Energies of soft 8-radiations, W. F. Libby, D. D. Lee— 
245 

Field distribution in Hailer canal-ray tube, C. W. Sher- 
win, A. J. Dempster—582(L) 

Flowing liquid films, B. O’ Brien—674(A) 

Focused source of ions, G. W. Scott, Jr.—954 

Fundamental space-time coordinates, E. E. Witmer— 
1132(A) 

y-radiation in roentgens, T. N. White, L. Marinelli, 
G. Failla—676(A) 

y-ray detector, L. Marinelli—677(A) 

y-ray energies, measurement of, D. C. Kalbfell—422(A) 

Gettering powers of metals for gases, L. F. Ehrke, C. M. 

Slack—684(A) 
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Methods and instruments (continued) Source of band spectra excitation, O. H. Wulf, E. H, 





High current ion tube, H. R. Crane, N. L. Oleson— 
1110(A) 

High intensity bombardment, F. N. D. Kurie—241(A) 

Integrating meters for ultraviolet, J. B. H. Kuper, F. S. 
Brackett—1128(A) 

Intense ionic beams, L. P. Smith, G. W. Scott, Jr 
946 

Ionization in chambers by fast neutrons, P. C. Aeber- 
sold, G. A. Anslow—1134(A) 

lons in cyclotron, L. I. Schiff—422(A) 

LiF achromats for large spectral ranges, C. H. Cart- 
wright—606(A) 

Magnetic electron lenses, L. Marton—672(A) 

Model for electron motion in a magnetic field, A. Rose 
1144(A) 

Modulation of G-M counters, J. N. Shive—1133(A) 

Molecular beam resonance method for measuring nuclear 
magnetic moments, P. Kusch, S. Millman—596(A); 
S. Millman—628; I. I. Rabi, S. Millman, P. Kusch, 
J. R. Zacharias—526 

Negative power factors in air capacitors, A. V. Astin 
594(A); explanation, H. L. Curtis, A. V. Astin 
594(A) 

Neutron measurements with counters, S. A. Korff, 
W. E. Danforth—980(L) 

Orientation of crystals by x-rays, F. E. 
684(A) 

Oriented metal films, A. E. Smith, O. Beeck—602(A) 

Oscillator for ultra-high frequency, R. King—1127(A) 

Particle size determination; x-ray reflection, C. Nus- 
baum—1115(A) 

Photronic cells and photometric measurement, H. S. 
Stewart, Jr., B. O’Brien—1121(A) 

Proton beam for biological investigations, G. W. Scott, 
Jr., C. P. Haskins—1112(A) 

Quenching rates in alloys, H. L. Logan 

Quiet boiling, N. E. Dorsey—594(A) 

Radiation pyrometer, J. Strong—1114(A) 

Recording G-M counter, L. J. Brady—1133(A) 

Recording voltmeter for lightning studies, E. J. Work- 
man, R. E. Holzer—606(A) 

Reduction for rotation group, J. M. Keller—508(L) 

Reflection from glass, reduction, C. H. Cartwright, A. F. 
Turner—595(A); 675(A) 

Reflection of light from glass; interference, K. B. Blod- 
gett—391 

Resolving power of apparatus, R. C. Spencer—239(A) 

Roots of polynomials, mechanical synthesizer, S. L. 
Brown—604(A) 

Scaling circuits in random counts, H. Lifschutz, O. S. 
Duffendack—412(L); 1133(A) 

Separation of gas isotopes, A. K. Brewer, A. Bramley 
590(A); L. Onsager—1136(A); theory, W. H. Furry, 
R. C. Jones, L. Onsager—1083, 1137(A) 

Separation of gases by centrifuging, J. W. Beams— 
591(A) 

Separation of nuclear isomers, E. Segré, R. S. Halford, 
G. T. Seaborg—321(L) 

Single crystals of Fe, Co, Ni and their alloys, P. P. 
Cioffi, O. L. Boothby—673(A) 


Haworth 


1139(A) 


Melvin—600(A); 687 

Spectrophotometer, infra-red, J. D. Hardy, A. I. Ryer— 
1112(A) 

Spherical coil for uniform field, J. A. Hipple, Jr.—597(A) 

Stopping power of hydrogen for H', F. T. Rogers, Jr.— 
588(L) 

Superconductivity for radiometric purposes, A. Goetz— 
1270(L) 

Temperature gradient in arc welding of cylindrical 
tubing, W. A. Bruce—594(A) 

Theoretical physics and pure mathematics, J. T. O’Calla- 
han, S.J.—683(A) 

Theory of scaling circuits, H. Lifschutz, O. S- Duffen- 
dack—1133(A) 

Thermal conductivity of solid or molten metals, C. ( 
Bidwell—1139(A) 

Ultracentrifuge for liquids, A. V. Masket, F. W. Linke, 
J. W. Beams—674(A) 

Ultrasonic determination of elastic properties, H. Lud- 
loff—593(A) 

Velocity of light apparatus, W. C. Anderson 

Westinghouse electrostatic generator, W. 
599(A) 

X-ray spectrometer, high vacuum, J. H. Munier—1116(A) 


1128(A) 
H. Wells 


Molecular structure and constants (see also Spectra, 


molecular and Raman spectra) 
Of CO, S. E. Whitcomb, R. T. Lagemann—181 
Distances in gas molecules Se:, HgCl, Cus, Cl, CuBr, 
and Cugls, L. R. Maxwell, V. M. Mosley—238(A) 
Effect of shape on attraction in monolayers, R. T. 
Florence, W. D. Harkins—237(A) 

Exchange forces in H2, H. Beutler—1118(A) 

Molecular vibrations in CO., W. H. Pielemeier, D. Tel- 
fair—1127(A) 

Tetrahedrally symmetrical molecules, W. H. Shaffer, 
H. H. Nielsen, L. H. Thomas+-1130(A) 


Neutrino (see also Radioactivity) 


Absorption, H. R. Crane—501 

Recoil nucleus in §-disintegration, J. Halpern, H. R. 
Crane—1123(A) 

Theory of, W. H. Furry—602(A) 


Neutrons 


Absorption by B, Co and Mn, E. O. Salant, W. J. 
Horvath, H. I. Zagor—111(L) 

From breakup of He’, H. Staub, W. E. Stephens—-845 

Capture by atoms in a crystal, W. E. Lamb, Jr.—190; 
234(A) 

Collimation of fast neutrons, P. C. Aebersoid—596(A) 

Cross sections, M. D. Whitaker, H. G. Beyer—1124(A) 

Depolarization in ferromagnetic media, O. Halpern, Th. 
Holstein—601 (A) 

Dipole-dipole resonance forces, G. W. King, J. H. Van 
Vieck—1165 

Forward scattering by paramagnetic media, J. H. Van 
Vieck—924 

Highly collapsed stars or neutron stars, equilibrium of 
spheres, J. R. Oppenheimer, G. M. Volkoff—374; 
R. C. Tolman—364; G. M. Volkoff—413(L); 421(A); 
F. Zwicky—726 
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Magnetic scattering, O. Halpern, M. H. Johnson—898 

Measurements with counters, S. A. Korff, W. E. Dan- 
forth—980(L) 

Neutron-proton interaction, J. Schwinger—235(A) 

Resonance absorption in In, J. H. Manley, H. H. Gold- 
smith, J. Schwinger—107(L) 

Scattering cross section, V. W. Cohen, H. H. Goldsmith, 
J. Schwinger—106(L) 

Scattering of D-D neutrons, Seishi Kikuchi, Hiroo Aoki 
—108(L) 

Scattering by He, H. Staub, W. E. Stephens—131; 
235(A) 

Scattering in ortho- and parahydrogen, L. W. Alvarez, 
K. S. Pitzer—596(A) 

Slowing down by heavy nuclei, G. Placzek—1138(A) 

Transmission of medium fast neutrons, R. B. Roberts, 
P. Wang—596(A) 

Transmission through crystals, M. D. Whitaker, H. G. 
Beyer—1101(L) 

Yields from p-» reactions in Li and Be, J. E. Hill 
1117(A) 


Nuclear moments and spin (see also Hyperfine structure) 


Basis of a-particle model, R. G. Sachs—825; 1131(A) 

Of Be*, P. Kusch, S. Millman, I. I. Rabi—666(L) 

Of Cs, P. Kusch, S. Millman—596(A) 

And liquid-drop model, K. Way—963 

Of Mn, R. A. Fisher, E. R. Peck—270 

From multiplets, R. A. Fisher—1112(A) 

Of N™, Na**, K*®* and Cs'4, P. Kusch, S. Miliman, 
I. I. Rabi—1176 

Of H' and H?, J. M. B. Kellogg, I. I. Rabi, N. F. Ram- 
sey, Jr., J. R. Zacharias—318(L); 595(A) 

Quadrupole moment of In™*, D. R. Hamilton, N. A. 
Renzetti—680(A) 

Resonance experiments on Hz and Dz, I. I. Rabi, J. R. 
Zacharias, N. F. Ramsey, Jr., J. M. B. Kellogg— 
595(A) 

Rotational magnetic moment of H; and Dz, N. F. Ram- 
sey, Jr.—595(A) 

Of Rb and Cl, P. Kusch, S. Millman—680(A) 

Signs of nuclear magnetic moments by molecular beam, 
S. Millman—628 

Of Na** and K**, S. Millman, P. Kusch—596(A) 

Of ;Li®, ,sLi’ and ,yF, I. I. Rabi, S. Millman, P. Kusch, 
J. R. Zacharias—526 


Nuclear structure (see also Disintegration of nucleus) 


Analysis of binding energies, W. H. Barkas—691 

Binding energy of H*?, F. T. Rogers, Jr., M. M. Rogers— 
106(L); 263 

Binding energy of He*, W. A. Tyrrell, Jr.—678(A) 

Binding energy of He*, H. Margenau—678(A); 1173 


Energy of isobaric nuclei, J. G. Fox, E. C. Creutz, 


M. G. White, L. A. Delsasso—1106 
Binding energy of Li’, K. G. Carroll—1128(A) 


Energies of light nuclei, W. A. Tyrrell, Jr., K. G. Carroll, 


H. Margenau—790(L) 
Energy of 4n-nuclei, B. O. Grénblom, R. E. Marshak 
229(L) 


Energy levels in B**, P. G. Kruger, F. W. Stallmann, 


W. E. Shoupp—1129(A) 


Energy levels of H*, He* and He*, K. Way—678(A) 

Excited state of C™, J. R. Richardson—1129(A) 

y-radiation from B, E. R. Gaerttner, W. A. Fowler, 
C. C. Lauritsen—27; J]. Halpern, H. RvCrane—415(L) 

y-rays from Al, G. J. Plain, R. G. Herb, R. E. Warren— 
1135(A) 

Internal conversion of y-rays, S. M. Dancoff, P. Morri- 
son—122 

Iteration method, oxygen problem, G. Horvay—70; 
604(A) 

Liquid-drop model, K. Way—963 

Many-body interactions in nuclear systems, H. Prima- 
koff, T. Holstein—1218 

Meson potentials, G. Breit, L. E. Hoisington, S. S. 
Share, H. M. Thaxton—1103(L); S. Share, L. E. 
Hoisington, G. Breit—1130(A) 

Meson theory of nuclear forces, H. A. Bethe—1130(A); 
1261 

Nuclear forces from field theories, E. Feenberg—602(A) 

Nuclear models, H. Brown, D. R. Inglis—1182 

Quadrupole moment of H*, R. F. Christy, S. Kusaka— 
665(L) 

Range of forces, D. R. Inglis—988(L) 

Related magnetic moments, D. R. Inglis—329 

Resonance levels of I and In, J. Hornbostel, F. A. 
Valente—108(L) 

Shape and stability of heavy nuclei, E. Feenberg— 
504(L); G. Young—1102(L) 

Stability of ,Be*, S. K. Allison, E. R. Graves, L. S. 
Skaggs, N. M. Smith, Jr.—107(L) 

Widths of energy levels, J. H. Manley, H. H. Goldsmith, 
J. Schwinger—39 


Optical constants and properties 
Dispersion of water, L. L. Skolil—880(L) 
Infra-red pleochroism, CH, groups, J. W. Ellis, J. Bath— 
1098 
Of K at low temperatures, D. M. Packer—1121(A) 
Reflecting power of multilayer films, C. H. Cartwright, 
A. F. Turner—1128(A) 
Reflection from glass, multilayer films, C. H. Cartwright, 
A. F. Turner—675(A) 
Reflectivities of evaporated metal films, G. B. Sabine— 
1064 
Scattering of light by water, L. H. Dawson, E. O. Hul- 
burt—1128(A) 
Optical theory 
Wide-angle interference experiments, F. W. Doermann, 
O. Halpern—486; 681(A) 


Packing fraction (see also Isotopes) 
Of heavy elements, A. C. Graves—863 
Paschen-Back effect 
Of Ne, J. B. Green, J. A. Peoples, Jr.—1147(A) 
Phosphorescence 
Decay after electron bombardment, R. B. Nelson, R. P 
Johnson—592(A) 
Decay of willemite, R. P. Johnson—881(L) 
Light output and current density, E. G. Ramberg, G. A 
Morton—409(L) 
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Photoconductivity 
Of crocoite crystals, J. J..Brady, W. H. Moore—424(A) 
Of metal films, T. C. Wilson—316(L) 
Photoelectric effect and properties; cells 
Of the deuteron, L. Eisenbud—1129(A) 
Surface and volume emission from Ba, R. J. Cashman, 
E. Bassoe—63 
Photoionization 
y-ray ion currents in air, J. W. Broxon, G. T. Merideth— 
883 
Photovoltaic effect 
Actinoelectric effects in tartaric acid crystals, J. J. 
Brady, W. H. Moore—308 
Piezoelectric effect 
Constants of Rochelle salt, W. P. Mason—775; 1141(A) 
Striated luminous glow on quartz, J. R. Harrison, I. P. 
Hooper—674(A) 
Positrons 
Creation by fast electrons, H. R. Crane, J. Halpern—838 
Proceedings of the American Physica! Society 
Chicago Meeting, November 25-26, 1938—232 
Los Angeles Meeting, December 19, 1938—420 
New York State Section, November 5, 1938—513 
Washington, D. C., Meeting, December 27-29, 1938— 
589 
New York Meeting, February 23-25, 1939—671 
Metropolitan Section, March 24, 1939—801 
Washington, D. C., Meeting, April 27-29, 1939—1109 


Quantum mechanics (see Mechanics, quantum) 
Quenching of radiation 


Of Hg resonance radiation, L. O. Olsen—1126(A) 


Radiation 
Emissivity of tantalum, L. Malter, D. B. Langmuir—743 
Radio 
Absorption and reradiation by resonators, C. R. Foun- 
tain, E. G. Pigg—592(A) 
Nature of fade-out, L. V. Berkner—536; D. F. Martyn— 
983(L) 
Oscillation of close-coupled circuits, R. R. Ramsey, 
W. L. Chenault, L. E. Long—239(A) 
Velocity of waves, G. H. Brown—1100(L); A. L. Vitter, 
L. C. Brieger—416(L) 
Radioactivity (see also Disintegration of nucleus) 
Activity of Mn by H!, A. Hemmendinger—604(A) 
Of Sb, J. J. Livingood, G. T. Seaborg—414(L) 
Of Be’, J. E. Hill, G. E. Valley—678(A) 
8- and y-ray spectra of Cu“ and Eu'™, A. W. Tyler— 
1136(A) 
B-decay of N**, B. O. Grinblom—1130(A) 
B-radiations of Rb, W. F. Libby, D. D. Lee—245 
8-ray spectra of P, Na and Co, J. L. Lawson—1136(A) 
8-ray spectrum of N™, E. M. Lyman—234(A); 1123(A) 
B-ray theory, A. I. Alichanian, V. Berestezky—978(L) 
B-rays of mesothorium and RaD, D. D. Lee, W. F. 
Libby—252 
8-rays from K, W. J. Henderson—238(A) 
8-spectra of I, G. F. Tape—1135(A) 
8-spectrum of ThC’’ and ThB, A. Zavelsky—317(L) 


Of Br®, D. C. DeVault, W. F. Libby—322(L) 

Of Cd and In, J. M. Cork, J. L. Lawson—1136(A) 

Coincidences between 8-rays and y-rays, L. M. Langer, 
A. C. G. Mitchell, P. W. McDaniel—1123(A) 

Constancy of activity of K®, A. K. Brewer—669(L) 

Double §-disintegration, theory of neutrino, W. H. 
Furry—602(A) 

Effect of cosmic rays, W. R. Smythe—316(L) 

Einstein's field equations for spheres of fluid, R. C. 
Tolman—364 

Equilibrium of spheres, G. M. Volkoff—413(L) 

Excitation of In by x-rays, G. B. Collins, B. Waldman, 
E. M. Stubblefield, M. Goldhaber—507(L); 1129(A) 

Excitation by neutrons, M. Goldhaber, R. D. Hill, 
L. Szilard—47 

Excitation by protons, S. W. Barnes, P. W. Aradine—50 

Of fission products from U, P. Abelson—670(L); G. N. 
Glasoe, J. Steigman—982(L); E. McMillan—510(L) 

-radiation from Co, B. R. Curtis—1136(A) 

y-rays from Au", Eu, Agi® Cu and N®, J. R. 
Richardson—609 

y-rays from RaE, J. A. Gray—586(L) 

Geological age measurements, A. V. Grosse—584(L); 
A. O. Nier—153 

Induced by ,H? in Cu, Ni, Ag, A and Mo, L. A. Del- 
sasso, L. N. Ridenour, R. Sherr, M. G. White—113 

Induced in Cd and In by H!, S. W. Barnes—241(A) 

Interval conversion electrons from Br*®, G. E. Valley, 
R. L. McCreary—666(L) 

Of Fe®, J. J. Livingood, G. T. Seaborg—1268(L) 

Isomerism and chemical separation in Te, G. T. Sea- 
borg, J. W. Kennedy—410(L) 

Isomerism in «Ma, G. T. Seaborg, E. Segr¢—808 

Isomers of Br, L. I. Roussinov, A. A. Yusephovich— 
979(L) 

Of isomers of Ag’, T. Enns—1118(A) 

Isomers of Sr, D. W. Stewart—674(A) 

Isotopes of Cu, Zn, Ga and Ge, R. Sagane—31 

Isotopes of element 43, B. N. Cacciapuoti—110(L) 

Isotopes of Zn, J. J. Livingood, G. T. Seaborg—457 

Of Li*, C. Kittel—515 

Of Mo, D. Ewing, T. Perry, R. McCreary—1136(A) 

Natural fission of Th and U, W. F. Libby—1269(L) 

Periods of Sn, J. J. Livingood, G. T. Seaborg—667 (L) 

K-electron capture in Ag’, J. R. Richardson—236(A) 

Probability of pm and p-y reactions, C. V. Strain— 
679(A) 

Production by a-particles, L. D. P. King, W. J. Hender- 
son, J. R. Risser—1118(A) 

Radioactive content of atmosphere, G. R. Wait—591(A) 

Radon content of spring waters, J. L. Bohn, F. H. Nadig 
—685(A) 

Recoil of nucleus in 8-disintegration, J. Halpern, H. R. 
Crane—1123(A) 

Of Re, K. Sinma, F. Yamasaki—320(L) 

Of Te; isomers, G. T. Seaborg, J. J. Livingood, J. W. 
Kennedy—794(L) 


Raman spectra 


Depolarization factors, F. F. Cleveland, M. J. Murray, 
J. Shackelford, H. H. Haney—1146(A) 
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Depolarization measurements, F. F. Cleveland, M. J. 
Murray—1113(A) 
In difluorochloromethane, G. Glockler, J. H. Bachmann 
—669(L) 
Of fluorochloromethane, G. Glockler, J. H. Bachmann— 
1273(L) 
Of gaseous amines, J. S. Kirby-Smith, L. G. Bonner— 
1114(A) 
Of phenyl-1-propyne-1 and chloro-2-phenyl-1-acetylene, 
F. F. Cleveland, M. J. Murray—600(A) 
Relativity 
Equilibrium of spheres, J. R. Oppenheimer, G. M. Vol- 
koff—374; R. C. Tolman—364; G. M. Volkoff— 
413(L); 421(A) 
General theory and flat space, N. Rosen—681(A) 
Modification of special relativity, C. H. Page—1i131(A) 
Resistance, electrical (see Electrical conductivity and 
resistance ) 
Resonance radiation 
Of Hg, quenching, L. O. Olsen—1126(A) 


Scattering of atoms and molecules (see also Atomic and 
molecular beams) 

Of K and K; in gases, P. Rosenberg—1267(L) 

Scattering of electrons, neutrons and ions (sce also Elec- 
trons, scattering of; Electron diffraction) 

Analysis of scattering of H' by H', G. Breit, H. M. 
Thaxton, L. Eisenbud—603(A); 1018 

Angular distribution of neutrons, Seishi Kikuchi, Hiroo 
Aoki, Tetuo Wakatuki—1264(L) 

Cross sections of metallic U for neutrons, M. D. Whit- 
aker, C. A. Barton, W. C. Bright, E. J. Murphy— 
793(L) 

Cross sections for slow neutrons, M. D. Whitaker, H. G. 
Beyer—1124(A) 

Depolarization effects for electrons, M. E. Rose, H. A. 
Bethe—601 (A) 

Determination of force fields, F. C. Hoyt—664(L) 

Of D-D neutrons, S. Seely, W. H. Zinn, V. W. Cohen— 
679(A) 

Electron scattering, radiative corrections, S. M. Dancoff 
—959 

Erratum: The scattering of a-particles by argon, oxygen, 
and neon, G. Brubaker—877(L) 

Of fast 8-particles by nuclei, F. C. Champion, A. Barber 
—111(L) 

Of fast electrons in gases, J. H. Bartlett, R. E. Watson— 
235(A); A. L. Hughes—350 

Of fast neutrons, Hiroo Aoki—795(L) 

Of fast neutrons by Pb, R. F. Bacher—679(A) 

Internal scattering of 8-rays, G. E. M. Jauncey—237(A) 

Neutron-alpha and alpha-proton scattering, H. Prima- 
koff, H. H. Goldsmith—1117(A) 

Neutron-proton cross section, L. Simons—792(L) 

Of neutrons in crystals, O. Halpern, M. Hamermesh, 
M. H. Johnson—1125(A) 

Of neutrons in ferromagnetics, temperature dependence, 
F. Bloch—1118(A) 

Of neutrons in He, W. E. Shoupp, P. G. Kruger, F. W. 
Stallmann, G. H. Gamertsfelder—1118(A); H. Staub, 
W. E. Stephens—131; 235(A) 





Of neutrons by H; and Ds, M. Hamermesh, J. Schwinger 
—679(A) 

Of neutrons by protons, V. W. Cohen, H. H. Goldsmith 
—597(A); E. O. Salant, R. B. Roberts, P. Wang— 
984(L) 

Of neutrons by ortho- and parahydrogen, L. W. Alvarez, 
K. S. Pitzer—596(A); W. F. Libby, E. A. Long—339 
Polarization, absence of, M. E. Rose, H. A. Bethe—277 
Proton-proton scattering, N. P. Heydenburg, L. R. 

Hafstad, M. A. Tuve—603(A) 

Proton-proton scattering, experimental, R. G. Herb, 
D. W. Kerst, D. B. Parkinson, G. J. Plain—603(A); 
998 

Of H'! by Li, E. C. Creutz—679(A); 819 

Of slow neutrons by U, H. H. Goldsmith, V. W. Cohen, 
J. R. Dunning—1124(A) 

Secondary electrons (see Electrons, secondary) 
Solid state (see Crystalline state) 
Spark discharge (see Discharge of electricity, etc.) 
Specific heat 
Of monatomic liquids, W. J. Archibald—1139(A) 
Of Ta, D. B. Langmuir, L. Malter—1138(A) 
Spectra, absorption 

Of NH, perpendicular vibrations, E. F. Barker—657 

Of fatty acids, infra-red, R. C. Herman, R. Hofstadter— 
683(A) 

Of heavy benzene at 2730—2250A, H. Sponer—683(A) 

Of heavy water vapor, N. Fuson, H. M. Randall, D. M. 
Dennison—590(A) 

Of HS, M. N. Lewis, J. U. White—894 

Of hydroxyl groups, infra-red, J. W. Ellis—597(A) 

Intensities in benzene vapor, C. A. Beck, W. F. Radle— 
1120(A) 

Of liquid water at 2.52yu, J. R. Collins—470 

Of methylamine, infra-red, L. G. Bonner, A. P. Cleaves, 
H. Sponer—1113(A); A. P. Cleaves, E. K. Plyler— 
1113(4%); R. G. Owens, E. F. Barker-—1119(A) 

Of phenol vapor, infra-red, V. Williams, R. C. Herman, 
R. Hofstadter—684(A) 

Of silver halides, N. Metropolis, H. Beutler—1113(A) 

Of Ag I, ultraviolet, N. Metropolis—239(A); 636 

Of substituted benzenes, A. L. Sklar—1120(A) 

Of thiocyanates, D. Williams—1120(A) 

Spectra, atomic 

Of Ce II, W. E. Albertson, G. R. Harrison—-1119(A) 

Excitation of O**+, M. H. Hebb—1114(A) 

Fine structure of Ha and Da, S. Pasternack—421(A); 
C. F. Robinson—423(A) 

Fine structure of (4686 of HelII, Djen-Yuen Chu— 
423(A) 

Intensities of singlet-singlet and singlet-triplet transi- 
tions, G. W. King, J. H. Van Vieck—1120(A) 

Lines and terms in ionized K, Cu, Se and Ti, L. W. 
Phillips—708 

New terms in Fe, L. C. Green—1209 

Nitrogen forbidden line, R. Bernard—511(L); J. Kaplan 
—598(A) 

Of K, Ca and Sc, P. G. Kruger, L. W. Phillips—352 

Recombination spectrum of Hg, R. C. Garth, G. E. 
Moore, H. W. Webb—677(A); energy distribution 
—677(A) 
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Spectra, atomic (continued) 


Self-consistent field for Cril, R. L. Mooney—557; 


598(A) 
Of V I in violet, C. E. Moore—710 
Spectra, general 
Intensity of lines in Hg arc, O. S. Duffendack, O. G. 
Koppius— 1199 


Spectra, molecular (see also Molecular structure and 
constants ) 
Of Hz and Dz, H. M. James, A. S. Coolidge—184; 
234(A) 
Intensities in halide spectra, R. S. Mulliken—239(A) 
Intensities in H, spectram, N. Ginsburg—1112(A) 
Interaction between rotation and oscillation, H. H. 
Nielsen— 289 
Magnetic rotation spectra of SO, and CS:, P. Kusch, 
F. W. Loomis—850 
Of N**H, ND and N*, R. W. Wood, G. H. Dieke— 
1120(A) 
In Nz, O. R. Wulf, E. H. Melvin—600(A); 687 
NH bands in night sky, J. Kaplan—583(L) 
Of SnH, W. W. Watson, R. Simon—358 
Vibration-rotation energies in XY,, W. H. 
H. H. Nielsen, L. H. Thomas—878(L) 
Of SaH and PbH, W. W. Watson, R. Simon—677(A) 
Spectroscopy, technique 
Spectrophotometer, infra-red, J. D. Hardy, A. I. Ryer— 
1112(A) 
Spinor analysis 
Fundamental space-time coordinates, E. E. Witmer— 
1132(A) 
Structure factor 
For zinc crystals, E. M. McNatt, G. E. M. Jauncey— 
237(A) 
Superconductivity (see Electrical conductivity) 


Shaffer, 


Thermal conductivity . 
Of metallic contacts, C. Starr, R. B. Jacobs—684(A) 
Of solid or molten metals, C. C. Bidwell—1139(A) 
Thermionic emission of electrons; Emitting surfaces 
Thermionic cathode for gaseous discharge tubes, A. W. 
Hull—1145(A) 

Time changes in oxide-coated cathodes, J. P. Blewett— 
713 

Of W for various crystallographic directions, M. H. 
Nichols—1144(A) 

Thermodynamics 
Equilibrium and microscopic entropy, E. C. Kemble— 

602(A) 


Van der Waals forces 
In B molecule, J. K. Knipp—601(A) 
And calculation of polarizabilities, J. K. Knipp—1244 
In He, H. Margenau—1137(A) 
Repulsive forces in adsorption, W. G. Pollard—1137(A) 
Vapor pressure 
Of BaO, J. P. Blewett, H. A. Liebhafsky, E. F. Hennelly 
—1138(A) 
Virial coefficient 
Of He gas for the lowest measured temperature, L. 
Gropper—1095 


+ armen eee am 





ANALYTIC SUBJECT 





INDEX 


Viscosity 
Of air, E. L. Harrington—230(L) 
In an expanding bubble, E. C. Westerfield, W. B. Pie- 
tenpol—306 
In two-dimensional systems, E. Boyd, W. D. Harkins— 
1131(A) 


X-rays, absorption 
Chemical binding and absorption edges, R. Landshoff— 
631 
Of Fe, Ni, Cu and Zn, H. Friedman, W. W. Beeman— 
1115(A) 
Ly11 absorption of I, Ba, and Ba compounds, E. H. 
Green—1072 
X-rays, diffraction, scattering, reflection, refraction and 


polarization 

Diffraction by liquid ethyl alcohol, G. G. Harvey— 
1115(A) 

Diffraction by liquid K, N. S. Gingrich, C. N. Wall— 
1116(A) 


Diffraction by liquid sulphur, N. S. Gingrich—236(A) 

Diffraction by liquid Sn and liquid Cl, C. Gamertsfelder 
—1116(A) 

Diffuse scattering from single crystals, O. J. Baltzer, 
E. M. McNatt—237(A) 

Diffuse scattering from Zn, G. E. M. Jauncey, E. M. 


McNatt—498 

Discontinuities in diffuse scattering, G. G. Harvey— 
1147(A) 

Dynamical theory, W. H. Zachariasen—241(A) 


Laue patterns, effect of quartz filters, G. W. Fox, D. W. 
Stebbins—405 

Particle size determination, C. Nusbaum—1115(A) 

Trigonometric interpolation, C. Lanczos, G. C. Daniel- 
son—7242(A) 

X-rays, emission (see also X-rays, spectra and spectroscopy, 

etc.) 

La satellites, R. E. Shrader, F. K. Richtmyer—605(A) 

La satellites, L. G. Parratt, C. A. Randall—1114(A) 

K ionization of Ni, D. L. Webster, L. T. Pockman, K. 
Harworth, P. Kirkpatrick—682(A) 

Ag L-series lines from K Auger transitions, C. 
bank—421(A) 

Spectra of valence electrons, H. W. B. Skinner, H. M. 
O’ Bryan—604(A) 

X-rays, tubes, apparatus 

High vacuum spectrometer, J. H. Munier—1116(A) 

Measurement of x-ray production, M. I. T. generator, 
L. C. Van Atta, D. L. Northrup—681(A) 

Memorial Hospital installation, G. Failla—677(A) 

Pressure-insulated electrostatic x-ray generator, J. G. 
Trump, R. J. Van de Graaff—676(A) 


J. Bur- 


Zeeman effect 

At fields of 100,000 gauss, G. R. Harrison, F. Bitter— 
1125(A) 

Forbidden lines of K, F. A. Jenkins, E. Segr@—545 

Quadratic effect, F. A. Jenkins, E. Segré—52; 420(A); 
theory, L. I. Schiff, H. Snyder—59; 421(A) 

Theory of Paschen-Back, J. B. Green, J. F. Eichelberger 
—1126(A) 

In W; line \4659, J. H. Roberson, J. E. Mack—1126(A) 
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